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Introduction

In the scientific literature, the debate on inequality has long been a central theme—not
only because of its ethical and theoretical relevance, but also due to its numerous
social and economic implications. One of the most widely studied forms of inequality
concerns education. Education plays a crucial role, as it significantly affects various
dimensions of individuals’ lives—including employment, health, and income—which
are precisely the channels through which major social inequalities emerge.

A key determinant of educational outcomes is socioeconomic status. The debate
on how socioeconomic status affects educational opportunities dates back to the
1960s, when this issue was first brought to light by what can be considered a seminal
work: the Coleman Report (Coleman et al., 1966). This report showed, for the first
time, that a student’s academic performance is influenced not only by the family
background, but also by the socioeconomic environment of the peers.

The literature on peer effects—which moves beyond a strictly individual view of
student characteristics and focuses on the role of the social context and classroom
or school composition—has been growing steadily. The underlying idea is that peers
influence academic achievement through mechanisms such as shared norms of effort,
mutual expectations, behavioral models, and information exchange (Manski, 1993;
Sacerdote, 2001; Epple and Romano, 2011). However, rigorously demonstrating a
causal peer effect is extremely challenging.

Given these considerations, it becomes clear that assessing and measuring in-
dividuals’ educational outcomes is essential to identify potential issues within the
school system and to understand where and how policy interventions may be needed.
In Italy, this is achieved through the INVALSI (National Institute for the Evaluation
of the Education and Training System) tests, which provide standardized assess-
ments of core competencies in Italian, Mathematics, and English. These tests are
administered to all students in specific grades of primary and secondary education.
The INVALSI assessments also include an anonymous questionnaire, which collects
information on students’ characteristics and family background. This enables re-
searchers to reconstruct each student’s socioeconomic profile. The indicator used to
summarize this profile is the so-called ESCS (Economic, Social, and Cultural Sta-
tus). The ESCS is a standardized index derived from a principal component analysis
of three indicators proposed by INVALSI: i) the parents’ occupational status, ii) the
parents’ level of education, iii) the possession of certain material goods. The ESCS

is measured at the individual level and then aggregated into the class and school
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ESCS by taking the average. The Ministry of Education and Merit introduced, via
Ministerial Decree No. 90 of May 19, 2023, an official threshold for the school-level
ESCS indicator. For upper secondary schools, this value is set at —0.31243, mean-
ing that, all schools with an ESCS value below the threshold should receive special
attention, as they host students living in at-risk family and economic conditions. In
general, the INVALSI data represent an important instrument for studying educa-
tional inequalities in Italy, as they allow the joint analysis of individual performance
and contextual factors such as school environment and territorial disparities. Nu-
merous empirical studies have highlighted the persistent performance gap between
the northern and southern regions and the strong association between the’ socioe-
conomic background of students and their academic achievements (Agasisti, 2014;
Agasisti and Vittadini, 2012).

In such complex contexts, it becomes evident that there is a need for tools capable
of isolating the causal effect of certain factors or phenomena on others. This is made
possible through causal inference, whose goal is to evaluate the causal effect of a
treatment on an outcome of interest, where “treatment” refers to the implementation
of a policy, program, or, more generally, an intervention (Pearl, 2000; Spirtes et
al., 2000; Elster, 1983). Causal analysis is straightforward when the treatment is
assigned randomly, since randomization guarantees comparability between treated
and control units: belonging to either group is analogous to a coin flip. However,
for ethical or practical reasons, random assignment is often not feasible.

In the absence of randomization, the Regression Discontinuity (RD) design of-
fers a viable alternative. Introduced by Thistlethwaite and Campbell (1960), RD
estimates treatment effects in non-experimental settings. It is considered one of
the most credible quasi-experimental methods for causal inference, and its use has
expanded considerably in recent decades. It is now widely adopted in Economics,
Sociology, Education, Political Science, Epidemiology, Criminology, and other fields
(Cattaneo et al., 2020; Cattaneo et al., 2024; Imbens and Lemieux, 2008).

In a classic Regression Discontinuity design, each unit is associated with a score
(also called running variable, forcing variable, or index), and treatment is assigned
if this score exceeds a known threshold or cutoff. The intuition behind the design is
that individuals with scores just below the cutoff (who do not receive the treatment)
provide a valid comparison group for those just above it (who do receive the treat-
ment). The discontinuity in outcomes at the threshold then identifies the causal
effect of the treatment. Thus, in RD, identification of the causal effect relies on the
existence of a known threshold determining treatment assignment. Once the general

functioning of this approach is understood, it can be applied to the empirical setting



of this thesis.

Since one of the objectives of this thesis is to analyze the role of the school’s
socio-economic context in determining Italian students’ academic performance, the
Regression Discontinuity design is particularly well suited for this purpose. It al-
lows for a credible estimation of the causal effect of the socio-economic environment
by exploiting the ministerial threshold of the ESCS indicator as the treatment as-
signment criterion, thereby isolating the actual impact of the school background
from other individual or family-related components. As mentioned earlier, for the
2023-2024 school year, the Ministry of Education and Merit established a thresh-
old to classify schools. This threshold serves as the cutoff used to identify schools
with a “low” socio-economic status. Consequently, all schools with an ESCS be-
low this threshold are considered treated, while those above constitute the control
group. Treatment assignment—attending a school with low ESCS—is therefore not
determined by individual choice, but by a clear, observable ministerial rule. Using
Regression Discontinuity, it is possible to estimate, in a causal framework, the peer
effect of attending a low-ESCS school by comparing the Mathematics outcomes
of students located just above and just below the threshold. As variable of out-
come, we use the Mathematics score, as it represents one of the most reliable and
commonly employed measures for assessing basic cognitive skills, as well as an im-
portant predictor of future success in academic and professional contexts (Hanushek
and Woessmann, 2012; OECD, 2019).

However, applying RD to the INVALSI data presents an important methodolog-
ical issue: the running variable, ESCS, is not continuous, but discrete!, taking on
values commonly referred to in the literature as mass points. The presence of mass
points reduces the effective sample size. Indeed, RD requires sufficient variation in
the running variable to construct local approximations on either side of the cutoff.
What matters, therefore, is not the total number of observations, but the number of
distinct values assumed by the running variable. This results in the so-called sample
size inflation problem. A common solution in the literature is to aggregate the data
at the level of mass points by taking the mean outcome of all observations sharing
the same running variable value (Cattaneo et al., 2024). This avoids sample size
inflation by producing a new dataset in which the number of observations equals
the number of mass points, rather than the total number of raw observations.

However, when multiple individuals share the same value of the running vari-

IThe ESCS indicator is defined at the school level, meaning that all students attending the
same school share the same value. Although, in theory, ESCS values can take any real number, in
practice they are finite and correspond to the number of schools in the sample, effectively making
the variable discrete.



able, summarizing them exclusively via the mean can be reductive and may fail to
capture the actual distribution of the outcome. In the presence of skewness, heavy
tails, or outliers, the mean is particularly sensitive to extreme values, potentially
leading to biased or unstable estimates. As a consequence, part of the within-group
heterogeneity may be concealed or misrepresented, compromising the accuracy of
the analysis.

For this reason, two alternatives to the simple mean that are more robust in the
presence of outliers within mass points are proposed: the median and the medoid
(Sannino et al., 2025a; Sannino et al., 2025¢; Sannino et al., 2025b). The use of
robust measures such as the median or medoid allows for a more faithful representa-
tion of the underlying distribution, especially when mass points exhibit asymmetric
or heavy-tailed structures.

To evaluate the impact of mass points in Regression Discontinuity designs with
discrete running variables, a Monte Carlo simulation study is also proposed in this
thesis. The aim is not only to compare different collapsing strategies—aggregation
using the mean, the median, or the medoid—but, more importantly, to provide
guidance on choosing the most appropriate approach given the structure of the
data.

Nonetheless, RD alone is not sufficient to address another key characteristic of
the data: their hierarchical structure. Students are nested within schools, which
are in turn nested within regions—or any other territorial aggregate. To account for
this additional level of complexity, Multilevel Models are introduced. The goal of
multilevel regression is to estimate predictive models while taking into account the
hierarchical organization of the data. If on one hand, RD allows for estimating the
Local Average Treatment Effect (LATE) at the cutoff; on the other hand, multilevel
models allow us to study how such an effect varies across higher-level units. Com-
bining the two approaches makes it possible to estimate both the treatment effect
and how it varies depending on the grouping structure.

The approach proposed in this thesis aims to go beyond standard practices for
implementing Multilevel Regression Discontinuity in educational settings—such as
those described by Luyten (2006) and Steinmann and Olsen (2006)—Dby integrat-
ing both traditional and more advanced RD procedures, including optimal band-
width selection (the window of observations considered around the cutoff) and kernel
weighting of observations. To this end, three different methods are proposed: the
General Bandwidth Method, the Average Bandwidth Method, and the Weighted Av-
erage Bandwidth Method. The three methods differ in how the optimal bandwidth is

selected and how this bandwidth is weighted across groups. To assess the strengths



and weaknesses of these methods, a second simulation study was conducted to com-
pare their performance under various conditions.

Summarizing the thesis, the present work aims to address several methodological
issues related to Regression Discontinuity designs by proposing new approaches and
applying them to real data. Thus, it has a twofold objective: on the one hand, the
main goal is to contribute to the methodological debate on the extension of RD in
the presence of discrete running variables and heterogeneous contexts; on the other
hand, a second goal is to provide empirical evidence on the role of the school socio-
economic context in determining Italian students’” Mathematics performance, with
particular attention to territorial differences between the North, Centre, and South
of the country. From this perspective, the research seeks to offer useful tools both to
scholars interested in causal evaluation and to policymakers committed to reducing
educational inequalities.

The thesis is structured in 5 chapters. Chapter 1, titled “Introduction to causal
inference”, introduces the theoretical framework of causal inference. It discusses
the goals of causal analysis and the methods used to achieve them, with a focus on
Randomized Controlled Trials, considered the gold standard for causal identification.
Their functioning and limitations are discussed. The chapter then presents the core
technique of this thesis—the Regression Discontinuity design—through a literature
review. It traces its origins, evolution, and rapid diffusion across various fields,
highlighting its methodological flexibility. The main extensions of RD are outlined,
including Sharp and Fuzzy RD, Geographic RD, Regression Discontinuity in Time,
and others.

Chapter 2, titled “Estimation procedure in Regression Discontinuity design”, fo-
cuses on the estimation process in RD. It provides a detailed explanation of the
steps involved in implementing the design, with particular emphasis on the Local
Polynomial Approach, the most commonly used method in RD. Special attention is
given to the optimal bandwidth selection algorithm—a crucial phase in the proce-
dure—the underlying assumptions of the model, and the associated diagnostic tests.
The chapter concludes with an introduction to Multi-Dimensional RD settings, in-
cluding multiple cutoffs, cumulative cutoffs, and multiple scores.

Chapter 3, titled “Investigating the effect of economic, social, and cultural con-
ditions on students’ performance: insights from INVALSI Tests”, applies the RD
framework to the empirical case study of INVALSI tests. The aim is to assess the
role of school socio-economic status in shaping Mathematics outcomes among Italian
students. The analysis uses INVALSI test data administered to grade 13 (final-year
high school) students between March and May of the 2023/2024 school year. The



running variable for treatment assignment is the school’s Fconomic, Social, and
Cultural Status (ESCS).

Chapter 4, titled “Regression Discontinuity design with discrete running vari-
able”, examines RD settings where the running variable is discrete, with values
typically referred to as mass points. The chapter discusses the challenges associated
with this particular case and the solutions proposed in the literature. It then intro-
duces an original methodological proposal designed to handle situations in which the
distribution of the outcome within each mass point is asymmetric—an issue that can
compromise the accuracy of the estimates. To evaluate its effectiveness and com-
pare it with traditional approaches, a simulation study is carried out, allowing the
methodology to be tested in controlled settings and its performance to be assessed
in terms of bias, variance, and mean squared error. Finally, because the INVALSI
application involves a discrete running variable, the chapter concludes by extending
the proposed method to the case study.

Chapter 5, titled “Handling the hierarchical structure of the data”, introduces
the Multilevel approach, whose purpose is to account for the nested (hierarchical)
structure of the data. The chapter develops a methodological extension of RD to
multilevel models, enabling the estimation of whether and how a treatment effect
varies across different hierarchical levels. Three strategies for integrating RD with
multilevel models are introduced, each defined by a different approach to selecting
the bandwidth of observations around the cutoff. To assess the effectiveness of the
proposed approaches, a simulation study is conducted, with the aim of identifying
the most appropriate method under different empirical conditions. The chapter
concludes with the application of the selected method to INVALSI data, exploiting

the regional heterogeneity that characterises the Italian context.



Chapter 1

Introduction to causal inference

The goal of causal inference is to evaluate the causal effect of a treatment, where
treatment refers to the implementation of a policy, a program, or, more generally, an
intervention. The term “causality” has evolved considerably over the years. Until the
1990s, the explicit use of the term causality was relatively rare and often discouraged
(Imbens, 2022). Causal inference could, for example, be related to evaluating the
effect of a drug or medication on health; or, we could want to evaluate the effect of
education on wages.

One of the greatest threats to causal inference is represented by the so-called
problem of confounders, which Elster (1983) defined as a spurious relationship: a
correlation between two variables that does not stem from a direct causal link be-
tween them, but from their common relation to some third variable. This situation
makes the danger of confusing correlation with causation a constant problem in
the statistical explanation of phenomena. In recent years, there have been sig-
nificant methodological developments in causal inference from observational data
(Pearl, 2000; Spirtes et al., 2000). In particular, Pearl (2000) provided a rigorous
theoretical framework based on causal graphs and the do-calculus, which makes it
possible to formalize the problem of confounders and to establish precise conditions
for identifying causal relationships beyond mere statistical associations.

Thus, the first question to answer is how a causal effect can be defined, i.e. what
we mean when we say that something causes something else. In our framework,
causal effects will be defined using the term “counterfactuals”, the so-called “what
if?” questions. As an example, if we refer to a medical treatment, the counterfactual
would be: would the patient suffer in the absence of a certain treatment? If we had
not administered a certain treatment, would the patient be in the same situation?
Instead, if we refer to the effect of education on wages, our counterfactual would
be: what would be the wage of graduates if they had never gone to university?
Thus, the idea in causal inference is to compare the scenario we are observing with
this “counterfactual scenario”. The problem is evident, and it arises from the fact
that, by definition, the counterfactual is never observed, because it is clear that if

we measure the graduate’s wage, we could never know what their wage would be if
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they had not graduated. For this reason, the main challenge in causal inference is to
“construct” the counterfactual scenario, i.e., to deduce what would have happened
in the opposite scenario (Chernozhukov et al., 2013). Let’s try to construct the
counterfactual scenario in a very naive way. For example, let’s say that if a patient
takes a medicine for a headache and, after a while, it goes away, it means that
the medicine has worked. Or we could say that graduates generally earn more, so
education increases wages. All these naive statements refer to a causal effect that
is implicitly based on different types of counterfactuals. In the case of the patient
with a headache, we are constructing the counterfactual based on the same unit
(the same patient) but before the intervention. In the case of graduates, we are
constructing the counterfactual based on another group of units that is subjected
to a different intervention (the non-graduates). This is one way to deduce a causal
effect.

A natural question arises: is this a reasonable approach to constructing our
counterfactual? The answer is negative. In the case of the patient with a headache,
we use the same unit at a different point in time. But, very often, the pain simply
goes away because its effect fades over time (a phenomenon in statistics called “mean
reversion”: if a variable deviates significantly from its mean, it is likely that, over
time, it will return to its average or expected value). Perhaps the pain would have
gone away even if the patient had not taken the medicine. This means that using the
same patient to construct our counterfactual might not be optimal; we need many
more assumptions if we want to do it, and these assumptions could be very strong.
In the second example, we compare people who attend college with those who do
not. However, individuals who do not attend college may abstain either because they
are unable to or because they choose not to, and thus they differ in many respects
from those who do (motivation factor, income preventing them from enrolling in
college, different social networks, etc.). When we compare these two groups, we
do not know whether we are actually measuring the causal effect of education or
if we are confusing it with many other factors that differ between the two groups.
Therefore, these “naive comparisons” are invalid and represent a classic example of
“correlation fallacy”: the mere fact that two things are associated (correlated) does
not mean that one causes the other. If we want to talk about causal effects, we
must be sure that the one and only difference between the two groups or units is
the treatment and that these units are identical in every other aspect (a condition
that is defined in economics by the Latin phrase “Ceteris paribus,” which literally
means “if everything else remains the same”).

Now, after making these premises, let us introduce a model to define and analyze
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causal effects. We will start with a very simple model and define the causal effect as
“Potential outcome”. Suppose that there are n units, indexed by ¢ = 1, 2, ...,n from
a certain population at a certain point in time ¢. At each time period ¢, unit 7 can
be in one of two scenarios: treated, untreated. Implicitly, we are assuming that our
treatment is binary (for simplicity). Now let’s introduce the potential outcomes for

this unit 7:
o Y (1): the potential outcome when i is treated
o Y;;(0): the potential outcome when 7 is untreated

In this way, we can define the treatment effect for unit 7 at time ¢ as:

Tie = Y (1) — Yy (0) (1.1)

Thus, the treatment effect is simply the difference between the two outcomes
(for example, the wage of a unit if they attend college minus the wage of a unit if
they do not attend college). Clearly, the effect of a policy or treatment can vary
across units and over time, and this scenario is what we define as “Heterogeneous
Treatment Effect”.

An important question then arises: what insights can the observed data provide
about the phenomenon under investigation?

To start simply, consider only a binary treatment indicator:

1 if 7 is treated at time ¢
0 if 7 is untreated at time ¢

And the observed outcome will be:

Yi(l) itDy=1
Yy, = (1) ' (1.3)

Thus, we will have:
Yie = Yie(1) Dy + Yie(0) (1 — Dyy) (1.4)

Or, equivalently:
Yy = Yi(0) + 734 Dy (1.5)

Now, we're interested in the treatment effect for each unit in the population, which is
very useful to know but also very difficult. Obviously, knowing the treatment effect

of each unit is very challenging and requires many strong assumptions. Instead,
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we can focus on what we call the “Average Treatment Effect (ATE)”, that is, the
average treatment effect for the entire population. We can define the ATE at time

t as:
ATE, = Elry) = E[Ya(1) — Ya(0)] (1.6)

We are saying that the ATE is given by the average of all treatment effects for all
units in the population, which, in turn, is the average of the difference between the
potential outcomes of the treated and untreated units. Alternatively, we might want

to focus our attention on the ATE for a specific group at time ¢:

AT Egroups = E[7it| group] (1.7)

If we could observe the entire population, the ATE for a specific group would be
the average of the treatment effect but only for that specific group, rather than the
treatment effect for the entire population. We can thus define what we call the
“Average Treatment Effect on the Treated (ATT)” at time t as:

which is the average treatment effect for units that are currently receiving the treat-
ment. Another specific treatment effect for a group that we can obtain is what we
call the “Conditional Average Treatment Effect (CATE)” at time t:

CATE(z) = E[1| Xit = ] (1.9)

This is, similarly, the average treatment effect for a specific group in a population
(for example, the average treatment effect for men or for women).

Now, the key question is: what can the observed data tell us about these pa-
rameters? This is what is called in statistics or econometrics the “identification
problem”, which has received considerable attention in econometrics (Pearl, 2010).
Can we learn something about these parameters of interest based on the data we
can observe? Unfortunately, at this point, we face a problem, which is something
that the statistician Holland (1986) called “The Fundamental Problem of Causal In-
ference”. Holland says that it is impossible to observe the value of Y;;(1) and Y;(0)
for the same unit ¢ at the same time ¢ simultaneously and therefore it is impossible
to observe the treatment effect on any unit 7. This is because, for each unit, we
can only observe Y;;(1) or Y;;(0), but never both. This means that there is always
a counterfactual scenario that is unobserved: the counterfactual will be given by

Yi+(0) if the unit receives the treatment and by Yj;(1) if the unit does not receive
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the treatment.

In light of this, all the causal parameters we defined earlier are unobservable.
Now, we need to understand how we can deduce the counterfactual to learn some-
thing about the treatment effect. As mentioned earlier, we will focus on the average
effect, simplifying by ignoring the time dimension ¢. We stated that in this very
simple scenario, our observed data consist of a treatment indicator D, that tells us
whether a unit receives the treatment or not, and an outcome Y;. A natural ap-
proach would simply be to compare the averages of the outcome for the treatment
and control units. For example, returning to the example of graduates and non-
graduates, we simply compare the average income of students who graduated with

those who did not. We can define this difference as:
A =ElY;|D; = 1] — E[Y;|D; = 0] (1.10)

This difference seems to be the best we can achieve with the available data. The
question is how to link this comparison of observed results with actual and potential
results and treatment effects to see if this is a useful and suitable measure of the

treatment effect or under what conditions it may be a useful and suitable measure:

A=E[Y; | D; =1] - E[Y; | D; = (] (1.11)
—E[Y,(1) | Dy = 1] ~ E[Y,(0) | D; = 0
— B[Y(1) | D; = 1] E[¥(0) | D; = 1]
FEY(0) | Dy = 1]~ E[¥i(0) | D, = 0]

The parameter A is given by the difference between the average observed outcome
for the treated minus the average observed outcome for the untreated. The first
term, E[Y;|D; = 1], is the observed outcome for the treated, which we can write
as the potential outcome for the treated E[Y;(1)|D; = 1]; while the second term is
the observed outcome for the untreated, E[Y;|D; = 0], which we can write as the
potential outcome for the untreated E[Y;(0)|D; = 0]. In the third line, we add and
subtract the same term E[Y;(0)|D; = 1], that is, the average outcome Y;(0) for the
treated in case they hadn’t received the treatment (which we cannot observe). The
term (E[Yi(1)|D; = 1] — E[Yi(0)|D; = 1]) is the average difference between Y;(1) and
Y;(0) for the treated, representing the ATT"

o« ATT = (E[Y:(1)|D; = 1] — EY;(0)|D; = 1]) = E[r;|D; = 1], the difference in

the outcome between receiving and not receiving the treatment for the units
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that are currently receiving it.

The extra term represented by E[Y;(0)|D; = 1] — E[Y;(0)|D; = 0] is the difference in
Y;(0), i.e. the outcome for the untreated, between the people who are treated and
those who are not. This term is generally not equal to zero because, for example,
returning to the college case, we might think that people who go to college could
have better family resources and could use these resources to find a better job and,
as a result, might have a higher salary than those who didn’t attend college. This
is what we call Selection Bias (SB):

« SB = (EYi(0)|D; = 1] — E[Y;(0)|D; = 0]).
This term captures the fact that there is selection in college enrollment, meaning
that units are not randomly assigned to college but rather they choose to enroll
themselves, which, as mentioned earlier, can depend on many factors such as mo-
tivation, social networks, family resources, making the units that attend college
different from those who do not.

So, to summarize, we have this interesting decomposition of the average difference
A in the ATT parameter (which we want to study) and the SB parameter, which
is something we need to eliminate. However, this is something we cannot do with
the data available because it is a source of bias. ATT and SB cannot be separated
because the ATT alone cannot be measured, as it contains the counterfactual related
to the potential outcome Y;(0) for the treated that we cannot observe. Similarly, in
the other term related to S B, namely (E[Y;(0)|D; = 1]—E[Y;(0)|D; = 0]), we cannot
truly measure the SB based on our data, as it also contains the potential outcome
Y;(0) for the treated. Thus, since we cannot measure these two terms separately,
we take their sum. However, the sum is not very useful because it contains the bias
that we want to eliminate. In fact, considering the sum, if the treatment effect were
10, for example, we wouldn’t know the real contribution of each term to the value:
ATT could be 10 and SB equal to 0, or ATT could be 100 and SB equal to -90, or
even ATT equal to 0 and SB 10.

Since the inability to separate ATT from SB stems from the way treatment
is assigned, the real challenge becomes understanding and, ideally, controlling the
‘treatment assignment mechanism’ what determines who receives the treatment

and who does not.

1.1 Randomized Controlled Trials (RCTs)

The best way to determine who is treated and who is not is to control the assignment

mechanism to the treatment. If we could decide who to assign to the treatment and
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who not, we would solve the selection bias problem because, by construction, we
would be sure there is no selection. This can be done by implementing what is
called Randomized Controlled Trials (RCTs). The history of RCT dates
back to approximately 600 BC with the first clinical trials, and then became a very
popular and famous technique in the 19th and 20th centuries (Stolberg et al., 2004).
In an RCT, researchers know the treatment assignment mechanism, and they choose
it. It is a very popular mechanism in medicine and, recently, also in social sciences.
In the simplest case of an RCT, we have a sample of interest and simply flip a
coin to decide who will be treated and who will not (Bernoulli trial), so to avoid
the selection issue. The advantage of flipping a coin is that it guarantees random
assignment, and in this case, the potential outcome will be statistically independent
of the treatment:

(Yi(1),Y3(0)) L D; (1.12)

In other terms, we mean that the treatment will not be associated with any of the
characteristics of the units (for example, it will not be associated with whether a
unit is male or female, or whether a unit has a high income or not). When we
have random assignment, we can be sure that the treated and untreated units are
comparable because, on average, they will be identical except for the fact that some

will be treated and others will not. For random assignment, for d = 0, 1, we have:
EY;|D; = d] = E[Yi(d)|D; = d] = E[Yi(d)] (1.13)
It follows that:
SB = E[Y(0)|D; = 1] — E[Y;(0)| D; = 0] = 0 (1.14)

Thus, with random assignment, the selection bias is zero. Mathematically, this
happens because, since the outcome and treatment are statistically independent, we
can eliminate the terms D; = 1 and D; = 0. Intuitively, SB will be zero because we
eliminate the selection bias by flipping a coin: we are sure that treated individuals
will not be more motivated, will not have higher income, etc.

As aresult, the simple comparison of the outcome of the treated with the outcome

of the untreated will give us the average treatment effect:

In an RCT, the average treatment effect for the treated is equal to the average

treatment effect for the entire population.
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Therefore, it can certainly be stated that the main advantage of an RCT is due
to the fact that the distortion from selection bias is eliminated, thus allowing the
average treatment effect to be derived simply by comparing the outcome of the
treated with the outcome of the untreated. Therefore, the estimate of the average
treatment effect will be very simple. Let us take a closer look at how estimation
works. Suppose we have a random sample consisting of n independent and identically

distributed observations and we randomly allocate the treatment by flipping a coin:

(Y3, Di)isy (1.16)

As mentioned above, we can estimate the average ATE treatment effect as a differ-

€nce on average:

i ViDL Yi(l = Dy)
nq o

(1.17)

where:

n =Y Ding= (1- D) (1.18)
This estimator will enjoy several properties:

o Unbiased and consistent: First, the variance of the estimator 7 will have a
very simple form given by the sum of the variance of the treated units divided
by the number of treated units, and the variance of the untreated units divided

by the number of untreated units:

2 2
Var[t | D1, Ds,...,Dy] = 91y &, o2 = VarlYi(d)] (1.19)
N1 Ny
o Asymptotically normal:
T — TATE
—_— 0,1 1.20
se(T) N(©,1) (1.20)

Thanks to these properties, it is possible to construct the usual inferential tools to

assess the statistical significance of the estimated treatment effect:

o Test hypothesis: for Hy : Targ = 70 Vs Ha : TaTe # To, reject Hy if

7/;—7'0

T] =

_a (1.21)
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o Confidence Interval:

CLi_o(m0) = [T — 2z1—aj25e(T), T + 21_a/25€(7)] (1.22)

In an RCT, we can estimate the treatment effect not only by simply taking the

difference between the means but also by implementing an OLS linear regression:

Yi=a+71D;+¢ (1.23)

Where the coefficient 7 will give us an estimate of the ATE. Clearly, choosing
either method makes no difference. However, estimating the AT E using the OLS

method may have some advantages such as:
— Ability to control for covariates
— Estimate heterogeneous treatment effects

— Estimate multiple treatment effects

Take into account the possible correlation between observations (clustering).

Alternatively, to conduct inference, we could turn to Fisher’s approach. This is
an alternative procedure for conducting inference in an experiment. The difference
between this approach and the classical one shown earlier is that, while classical
inference works by exploiting the central limit theorem and therefore requires a
sufficiently large sample size, this approach can be used even when the sample size

is small.

1.2 Threats to the validity of experiments

In order to fully exploit the potential of experiments, it is necessary to conduct a

study on their validity. In this regard, it is important to make a distinction between:

— Internal validity: an experiment is internally valid if the statistical inference

made about causal effects is valid for the population under analysis.

— FEaxternal validity: an experiment is externally valid if the results and inferences

can be generalized to other populations.
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1.2.1 Internal validity

There are several causes that make an experiment internally invalid:

e Failure of randomization: A threat to the internal validity of experiments
is the lack of proper randomization. When assignment to treatment is not
random but influenced by the characteristics or preferences of participants,
the results of the experiment may reflect both the effect of the treatment
and the effect of the non-random assignment. For example, in a study on
a vocational training program, if participants are assigned to the treatment
group based on the first letter of their last name (first or second half of the
alphabet), systematic differences between groups could be observed. Due to
ethnic disparities in last names, the racial composition of the groups could
vary. Since race may be correlated with factors such as work experience,
education level, and other labor market characteristics, these omitted variables
could influence the results, creating systematic differences between the groups.
In these cases, non-random assignment generates a correlation between the

treatment and the error term.

« Violation of the experimental protocol: This is the case when units vol-
untarily choose to refuse the treatment despite being assigned to the treatment,
or conversely, receive the treatment even though they were not assigned to it.
In this case, due to the element of choice, a correlation between treatment
and error would be generated, leading to biased estimates. However, in this
case, a non-biased estimate of the causal effect could still be obtained by using
instrumental variable estimation of the treatment effect if information on both

the treatment actually received and the initial assignment is available.

o Attrition: This condition occurs when one or more units, after being assigned

to a treatment or control group, drop out of the experiment.

o Experimental effects: This threat to internal validity arises because some
units, knowing they are part of an experiment, may change their behavior
(Hawthorne Effect).

o Small sample sizes: Another source of threat is related to small sample

sizes, which can cause problems in conducting statistical inference.
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1.2.2 External validity

The causes of threats to the external validity of experiments must also be considered.

Among these, we have:

o Unrepresentative sample: This occurs when the studied population and

the population of interest are not sufficiently similar to generalize the results.

o Unrepresentative program: Just as with the population, the similarity

issue also applies to the program or policy studied and the one of interest.

o General equilibrium effects: This threat, as defined by economists, may
arise because the actual program is permanent, while the experimental pro-
gram has the main characteristic of temporariness. This transition between
two such different scenarios could cause the economic environment to change

in a way that makes the results non-generalizable.

1.3 Regression Discontinuity design

As previously mentioned, the most effective way to estimate causal effects is to con-
duct an RCT. However, in practice, it is very difficult to create the conditions to
carry out it, both for ethical reasons and the high computational costs. Sometimes,
in reality, due to external events, the treatment of some individuals happens “as
if it were” random. This condition of near-randomness produces what is called a
“quasi-experiment” (or “natural ezperiment”). These external variations that lead
to the birth of a quasi-experiment can arise, for example, from the implementation of
policies of various types, changes in institutions, or geographical factors. One of the
most credible methods for analyzing causal effects in these conditions is “Regression
Discontinuity (RD) design”. RD was introduced by Thistlethwaite and Campbell in
1960 (Thistlethwaite and Campbell, 1960) as a method to estimate treatment effects
in non-experimental contexts, where treatment assignment depends on exceeding a
known threshold (called cutoff or threshold) of an observed variable (called forc-
ing variable, running variable, or score). To better understand RD, consider the
following example: suppose that a school introduces a test to assign financial sup-
port (scholarships) to all students whose score exceeds a certain threshold ¢ on the
entrance test. The goal is to estimate the causal effect of the scholarships (treat-
ment, D;) on academic outcomes (outcome, Y;). The outcome could, for instance, be
represented by the GPA—a grading system commonly used in schools and univer-

sities, particularly in the United States, to summarize a student’s overall academic
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performance. Thus, the assignment mechanism for the treatment is as follows:
— Students take an exam for which they will receive a score X;

— Scholarships will be assigned to all those who score greater than or equal to
the threshold X > ¢

Unlike an RCT, this time it is not the researcher who decides who will receive
the treatment and who will not, but there is a very clear rule that determines this
(X; > ¢) (Angrist and Pischke, 2009). The goal now is to capture the causal effect of
the scholarships. One might think of using a naive approach, simply comparing those
who receive the scholarship with those who do not. However, this approach would
lead to a series of confounders because, by construction, students who receive the
scholarship have better academic performance, and these results can be correlated
with many different factors such as 1Q, study hours, motivation, etc. Therefore, if

we simply compare students with and without a scholarship, we obtain:
A=ATT + SB (1.24)

Where SB represents the selection bias, which in this case is caused by the con-
founders mentioned earlier (IQ, study hours, motivation).

In general, many of these confounders are unobservable, which is a significant
problem. RD takes these factors into account, both the confounders and the fact

that, by construction, students will be different. Suppose that:

— Students do not have exact control over their score. Certainly, students can
have some control because they can decide how many hours to dedicate to
studying or, for example, their motivation. However, this control cannot be
exact (e.g., if the cutoff were 0.5, students could not decide to get exactly
0.51).

— The confounders will not have a “jump” at the cutoff.

These are assumptions that, in many cases, are more than reasonable. Through RD,
we will compare students just above the cutoff with those just below it. The basic
idea is that we cannot compare all students above the cutoff with all students below
the cutoff because these will differ from each other in many ways. Instead, the closer
we get to the cutoff, the more we can compare students who are similar in many
aspects: they probably studied the same amount of hours, have similar IQs, or have
very similar motivation. However, while some were perhaps just lucky to end up

just above the cutoff, others were not as lucky and ended up below. For example,
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two students might have answered a question entirely by chance, but while the first
one was lucky enough to guess it and get a score of 100.1, the second was unlucky
and got a score of 99.9. Thus, the closer we get to the cutoff, the more comparable
the students will be, and this is the fundamental idea behind RD.

From this point onward, the following notation will be used:
« Potential outcome: (Y;(1),Y;(0)), with 7, = Y;(1) — Y;(0)

e Running variable: X;. For the moment, it is assumed that this variable is
continuous (there is also the case of a discrete running variable, which will be

discussed later, and which can generate several problems in the analysis).

o Treatment indicator: D; = D;(X;) = 1 if treated, 0 otherwise. There will
be a deterministic rule such that if the value of the running variable is above

the cutoff, the unit will receive the treatment, otherwise, it will not.
« Observed outcome: Y; = Y;(1)D; + Y;(0)(1 — D;)

One of the main advantages of RD is that it is very easy to represent graphically
and is very intuitive. In fact, sometimes it is possible to spot the presence of dis-
continuities simply by plotting a scatterplot between the outcome and the running
variable.

In Figure 1.1, we represent a typical RD graph. On the X axis, we have the
running variable, which, returning to the previous example, could be the entrance
test score, and on the Y axis, we have the outcome, namely the GPA. Two different

curves are shown:

— The black curve represents the average outcome without the scholarship as a

function of the score. What would the GPA be if the entrance test score were

EYOK] e

 EYOIX]

Yi: outcome variable
w

0.00 025 0.50 075 1.00
Xi: running variable

Figure 1.1: Treatment effect in RD
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Yi: outcome variable

0.00 0.25 0.50 075 1.00
Xi: running variable

Figure 1.2: The value of the Outcome if the Running Variable did not exist

0.25 without the scholarship? Moving for a while at the Figure 1.2, the Y
for the unit that scored 0.1 is about 0.58. What would the GPA have been
if the entrance test score were 0.75 without the scholarship? By projecting it
(blue line), the answer would be about 2.34. This is how it would work if the
scholarship did not exist. Since the scholarship exists, we can also plot the red

curve.

— The red curve: represents the outcome when the scholarship is awarded. Since
the red curve is above the blue one, it means that the scholarship has a positive
effect on the GPA.

The treatment effect is represented by the vertical distance between these two curves,
i.e., the parameter 7. However, there is a problem because the two curves black and
red will be observed only for those who do not receive the treatment and for those
who do (the contiuous part of the red and black curves). This means that the dashed
black curve, as well as the dashed red curve, are not observed, as they represent the
outcome of the units if the treatment had not been assigned and the outcome of the
units if the treatment had been assigned to everyone. In summary, we will never
observe Y (1) and Y (0) at the same time.

A very naive approach would be to simply calculate the average outcome for
those who receive the treatment and compare it with the average outcome for the
units that do not receive the treatment (the two horizontal dashed blue lines in
Figure 1.3). However, in this way, we would obtain an estimate that is quite far
from the true treatment effect, because we confuse the effect of the scholarship with
confounders. Furthermore, using this naive approach, we are comparing units whose
score is very high in the entrance test (for example, a score of 0.9 or 1.0) with units

whose score is very low (for example, a score of 0.0 or 0.1). Obviously, these two
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Yi: outcome variable
©

0.00 025 0.50 075 1.00
Xi: running variable

Figure 1.3: Treatment effect in RD: naive approach

groups are not comparable. Since these units are so different from each other, one
might consider excluding them from the analysis and only taking those units whose
score is between 0.25 and 0.75 (Figure 1.4). From Figure 1.5, we can see how we
can approach the estimate of the true treatment effect 7, reducing the bias. To get
closer to the true treatment effect, one might consider continuing to exclude units
that are still very different from each other. This leads to focus the comparison only
on those units that are very close to the cutoff (Figure 1.5). In this way, we get
as close as possible to the true parameter 7. Therefore, the idea behind RD is to
localize the analysis around the cutoff, looking only at a small window around it
and comparing only those units that are just above the cutoff with those just below
it. Under some assumptions that will be discussed later, this process will eliminate
the selection bias.

In summary, only units with scores of 0.49 and 0.51 (for example) will be selected,

Yi: outcome variable
w

0.00 025 0.50 075 1.00
Xi: running variable

Figure 1.4: Treatment effect in RD taking the window between 0.25 and 0.75
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Yi: outcome variable
©

0.00 025 0.50 075 1.00
Xi: running variable

Figure 1.5: Treatment effect in RD taking the window between 0.375 and 0.625

because these units have probably dedicated the same amount of study hours, will
be similar in terms of IQQ or motivation, but, perhaps, due to a purely lucky factor
related to a single wrong or correct answer, one ended up in the treatment group
and the other in the control group. By getting very close to the cutoff, we will have
something very similar to a randomized experiment. Thus, with the use of RD, it is
possible to say something about the treatment effect only at the cutoff because it is
the only point where we will have overlap, the only point where we will have treated
and untreated units. In Figure 1.4, it would not be possible to measure the treatment
effect if the cutoff were, for example, 0.25 or 0.75, because at these points there are
only untreated or treated units, respectively. This means that the treatment effect
cannot be studied at other points in the score distribution: the treatment effect is
identified in a non-parametric way only at the cutoff. By identification, we mean
that by observing the data, we can say something about the treatment effect; by
non-parametric we mean that no functional form or assumptions about the model
are made. In fact, one of the advantages of RD is that no assumptions need to be
made about how the functions (the red and black ones) behave, whether they are
linear, quadratic, or cubic: the choice is guided by the data. Thus, this is a huge
advantage, as non-parametric methods help avoid the so-called “misspecification
bias”, which occurs, for example, when assuming that a function is linear when
it is actually not, leading to incorrect estimates. For the estimation, we need to
understand how to calculate the two points whose distance represents the treatment
effect (the two points at the intersection of the red curve and the black curve with
the dashed vertical line representing the cutoff). Thus, in order to obtain the so-
called “Nonparametric identification” (Hahn et al., 2001), we will need very

mild assumptions:
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1. Sharp design: D; = 1(X; > ¢)
2. Smoothness: E[Y;(0)|X; = z], E[Y;(0)|X; = z] continuous at z = ¢

The first assumption involves a Sharp design, where crossing the cutoff means nec-
essarily receiving the treatment, and not crossing it means not receiving it (the
differences between the two most famous RD design, the Sharp and the Fuzzy ones,
will be discussed in Chapter 2). With the second assumption, which cannot be
verified in practice, it is intended that the two curves (the black and red ones) are
continuous at the cutoff, showing no jump. The presence of a jump in either of
these two functions, could related to another type of treatment different from the
one of interest. And, if there is another treatment far from the cutoff, we would
not be able to distinguish between the two treatments. The bad news is that this
is something that cannot be controlled within the data, since we will only observe
the solid functions in figures 1.1, 1.2, 1.3, 1.4 and 1.5 previously shown: we will not
observe, of course, the treatment function if the unit had not received the treatment
or the non-treated function if it had received the treatment. Once this assumption

is made, we will have:
E[n|X; = ¢ = liinE[Yi]Xi = x| — li%nE[YAXZ- = x] (1.25)

Thus, under these two assumptions, it is very simple to identify the average treat-

ment effect at the cutoff.

1.3.1 The evolution of Regression Discontinuity: from ori-

gins to widespread adoption

Regression Discontinuity Design (RDD) was first introduced by Thistlethwaite and
Campbell in 1960 (Thistlethwaite and Campbell, 1960) as a method to estimate
treatment effects in non-experimental contexts, where treatment assignment de-
pends on exceeding a known threshold (referred to as the cutoff or threshold) of an
observed variable (also known as the forcing variable, running variable, or score in
the literature). In their initial application of the method, Thistlethwaite and Camp-
bell analysed the impact of merit-based awards on subsequent academic outcomes,
leveraging the fact that the awards were assigned based on a test score. The core idea
of the research design was that individuals with scores just below the threshold (who
did not receive the award) represented suitable comparisons to those with scores just
above the threshold (who did receive the award). The discontinuity between the two

groups at the threshold provided a reliable estimate of the average treatment effect.
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Following the work of Thistlethwaite and Campbell, Van der Klaauw (2002) and
Angrist and Lavy (1999) also applied the RD design in the education sector to esti-
mate the discontinuities generated by, respectively, a financial aid programme and
a policy targeting class size reduction on educational outcomes. By employing RD,
Van der Klaauw estimated how financial aid increased the probability of university
enrollment for students with financial need. Angrist and Lavy, on the other hand,
studied the treatment effect of the “Maimonides’ rule”, a policy implemented in
Israeli public schools stating that classes could not be composed of more than 40
students. Authors showed that reducing class sizes led to significant and substantial
improvements in test scores for third and fourth-grade students, but not for those
in third secondary grade.

Despite being introduced over fifty years ago, this evaluation strategy has gar-
nered significant attention from economists only relatively recently, becoming one
of the most widely used non-experimental techniques. One reason for this rise in
popularity lies in the relatively mild assumptions required by RD compared to other
non-experimental methods (Hahn et al., 2001; Lee and Lemieux, 2010). Numerous
studies in the literature clarified the methodological aspects of RD, providing prac-
tical guides for its application across diverse analytical contexts (see, e.g., Imbens
and Lemieux (2008); Cattaneo et al. (2020); Skovron and Titiunik (2015); Hahn
et al. (2001); Cattaneo et al. (2024); R. Jacob et al. (2012); Cattaneo and Titiunik
(2022)). In many cases, the recent popularity of RD designs appears to be well-
justified. Black et al. (2007) and Buddelmeyer and Skoufias (2004) compared RD
with randomised experiments, showing that results obtained from the two methods
were very similar (see Cook and Wong (2008), for a synthesis of studies comparing
RD and experiments).

Cook and Wong (2008) conducted a review tracing the history of RD, describ-
ing its origins, the lack of interest shown by statisticians, its limited acceptance
in economics from 1972 to approximately 1995, and its subsequent revival and in-
creasingly common usage. Lee and Lemieux (2010) aimed to clarify the growing
body of RD-based studies, identifying 77 applications in economics, categorised by
sector. These applications span education, labour markets, economic policy, health,
crime, environment, and other fields. Obviously, since 2010, the number of studies

employing RD has clearly increased further.
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1.3.2 Extensions and applications of Regression Discontinu-
ity designs

Building on its historical development and methodological consolidation, the RD
framework has been applied in a wide range of contexts and has also been extended
into several variants. These applications illustrate both the flexibility of the design
and its ability to address diverse research questions beyond the original educational
setting. In what follows, we review some of the most influential studies and introduce
the main extensions of RD—such as Sharp, Fuzzy, Geographic, and Time-based
designs—highlighting their distinctive features and empirical relevance.

An innovative study by Meyersson (2014) examined the impact of Islamic po-
litical governance on women’s empowerment using a Sharp RD design in Turkish
municipalities. In a Sharp RD, the probability of receiving treatment is equal to
1 if the value of the running variable exceeds the cutoff, 0 otherwise. Thus, there
is an abrupt jump in the probability of treatment at the cutoff from 0 to 1. An-
alyzing the 1994 municipal elections, in which an Islamic party narrowly won in
some areas, the study compared municipalities where the party barely won or lost,
using the party’s margin of victory as the running variable to generate treatment
and control groups. Despite a crude negative correlation between Islamic gover-
nance and women’s rights, RD results showed a significant increase in secondary
education among young women in the six years following the election. This finding
contradicted the correlation analysis, which, unlike RD, did not focus on units just
above or below the threshold, but instead analyzed the entire sample.

Remaining within the realm of Sharp RD, another notable study was conducted
by Ludwig and Miller (2007). This research analyzed the effects of the “Head Start”
program on health and education, exploiting a funding discontinuity in 1965, when
the Office of Economic Opportunity (OEO) provided technical assistance to the 300
poorest districts in the United States. Access to treatment was reserved only to the
300 poorest districts. The results show a significant reduction in child mortality due
to program implementation and an increase in educational attainment. Despite some
limitations in the available data, the results suggest that Head Start has produced
benefits in excess of costs in the most disadvantaged districts, reducing educational
inequalities and improving opportunities for poor children.

A design distinct from Sharp RD is the Fuzzy RD. Unlike the Sharp design,
where the probability of receiving treatment jumps from 0 to 1 at the cutoff, in a
Fuzzy RD, the probability of treatment increases when the running variable exceeds

the cutoff but does not jump abruptly from 0 to 1. A recent study by Londono-Vélez
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et al. (2020) examined the impact of financial aid on higher education enrollment,
university choice, and student composition in Colombia using a large-scale program
targeting high-achieving, low-income students. The results of the RD design indi-
cated that the eligibility for financial aid increased the immediate enrollment rates
between 56.5% and 86.5%, narrowing the socioeconomic gap in enrollment among
the best performing students.

Given its flexibility, RD criteria can also be applied in geographic frameworks,
where the running variable is represented by a boundary (geographic or admin-
istrative) dividing regions or territories into treatment and control groups. This
approach, known as Geographic Regression Discontinuity (GRD), is increasingly
popular in political science and has been applied to various topics. One of the first
studies using geographic discontinuity was conducted by Card and Krueger (1994).
This study analysed the effects of a 1992 policy raising the minimum wage in New
Jersey by comparing employment in 410 fast-food restaurants in New Jersey and
Pennsylvania, where the minimum wage remained unchanged. Contrary to predic-
tions from traditional economic models, the study found that the increase in the
minimum wage did not reduce employment in New Jersey fast-food establishments.
Instead, the results suggested a relative increase in employment compared to Penn-
sylvania. Prices in New Jersey fast-food restaurants increased relative to those in
Pennsylvania, indicating that the cost of the minimum wage increase was partially
passed on to consumers.

Keele and Titiunik (2015) take up the studies conducted by Huber and Arceneaux
(2007) and (Krasno and Green, 2008) to provide an excellent guide for the use of the
geographic discontinuities. These authors exploited differences in the distribution of
presidential campaign television advertisements within the same state to study their
effects on voter turnout and political attitudes. The authors compared voters resid-
ing in adjacent counties belonging to different media markets (Designated Market
Areas, or DMAs), where some markets received a large number of advertisements
while others received few or none. Both studies focused on the 2000 presidential
election, hypothesising that voters near the border between two DMAs were ef-
fectively randomised in their exposure to campaign ads. This quasi-experimental
situation arose because, due to their proximity to Philadelphia, residents of eight
counties in southern New Jersey were exposed to 2,247 presidential advertisements
during the final three weeks of the 2000 campaign. In contrast, voters in 12 coun-
ties in northern New Jersey, near New York City, received only 16 advertisements.
This stark difference between counties was due to the designation of southern New

Jersey as part of the Philadelphia DMA, whereas northern New Jersey was part of
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the New York DMA. In both studies, the authors found no significant evidence that
exposure to presidential campaign advertisements during the 2000 election increased
voter turnout.

Another framework in which RD is applied is Regression Discontinuity in Time
(RDiT), where the running variable is time, and the cutoff corresponds to a specific
date. Most applications of RDiT focus on estimating the treatment effects of envi-
ronmental or energy policies (see, e.g., Anderson (2014), Auffhammer and Kellogg
(2011), Burger et al. (2014), Chen et al. (2009), Grainger and Costello (2014), Lang
and Siler (2013)). According to Hausman and Rapson (2018), the proliferation of
this technique in energy and environmental economics is tied to the availability of
high-frequency pollution data. Anderson (2014) utilised a natural experiment in Los
Angeles in 2003, when a 35-day strike halted the city’s public transport system. The
author leveraged this abrupt disruption to estimate the effects of public transport
services on traffic congestion, assuming that most public transport users commute
along routes most affected by delays. By limiting observations to a specific win-
dow around the cutoff (known as bandwidth), set at 28 days on either side of the
strike’s start date (14 October 2003, with the bandwidth spanning 16 September
to 10 November 2003), the results showed a 47% increase in delays when public
transport services ceased.

When analysing the effectiveness of a programme, policy makers may be inter-
ested in more than just the overall average effect. For example, there may be situa-
tions where the average net effect is negative, but the programme is still adopted be-
cause of its distributional implications. Consider a vocational training programme:
if the programme increases wages at the upper end of the wage distribution, it is
likely to be rejected by policymakers. Conversely, if the programme raises wages
at the lower end, it may be approved. Traditional methods that account for treat-
ment heterogeneity but focus solely on estimating the average treatment effect are
insufficient for distinguishing between programmes with these differing distributive
characteristics. For these reasons, another framework explored within RD is the
quantile approach, through the so-called Quantile Regression Discontinuity (QRD).
A significant contribution in the literature is the work of Frandsen et al. (2012),
who introduced a nonparametric estimator for the local quantile treatment effect
within the regression discontinuity design using data from B. A. Jacob and Lefgren
(2004) for the application. These authors examined a policy implemented in 1996
in Chicago public schools, which required students to pass mathematics and read-
ing tests in June. Students who failed to meet the standards in either test were

mandated to attend a six-week summer school programme. The goal was to exploit
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this discontinuity to identify the causal effect of summer school attendance on test
performance one and two years later. Results showed the heterogeneity of treat-
ment effects: while the impact was negligible at the lower end of the distribution,
there were significantly positive effects at the upper end. The authors interpreted
unobserved heterogeneity as a measure of motivation, suggesting that motivated
students benefited from the additional summer instruction, whereas unmotivated
students gained nothing, arguing that students who dislike school do not improve
when required to attend additional hours.

In the context of RD with heterogeneous effects, Becker et al. (2013) analysed
the distribution of Objective 1 Structural Funds from the European Commission to
regions in EU member states below a certain income threshold. Employing an RD
design with systematically heterogeneous treatment effects, the study examined how
the treatment effect varied according to the quality of governance and the level of
human capital in different regions. Using regional per-capita income levels prior to a
programming period as the running variable and interacting Objective 1 treatment
with institutional quality and education levels, the authors found that only regions
with sufficient human capital and good institutions were able to translate programme

transfers into faster growth in per-capita income and investments.
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Chapter 2

Estimation procedure in Regression

Discontinuity design

The estimation procedure in RD requires to estimate two different regression func-
tions, one to the right and one to the left of the cutoff. There are different approaches
that can be exploited to thus end. The first (which is the method used in the 1990s
and early 2000s) is the so-called “Global parametric approach”, which con-
sists of a global estimation, as the name suggests. This approach involves choosing
a degree p for the polynomial and then estimating a polynomial to the right and
one to the left and comparing the value of the intercept. It is a very simple and
intuitive approach but it comes with some problems. The first issue is the choice
of the polynomial: we are dealing with a parametric estimation problem where a
bias will be introduced if the degree p of the polynomial is wrong. For example,
one might think of choosing a one-degree polynomial, but if the observations do
not behave linearly because the true model is actually cubic, it will simply produce
bias. On the other hand, one might try to avoid bias by choosing a very high degree
for the polynomial, making it more flexible to the data, but once again, this could
introduce bias due to overfitting, a problem known in statistics as “Runge’s phe-
nomenon”. It is known that, due to this phenomenon, higher-degree polynomials
behave poorly at the boundary points, which is a major problem since we are in-
terested in estimating precisely at those points. A second approach is the so-called
“Flexible parametric approach”: it involves trying to estimate a polynomial
within an ad hoc bandwidth. This approach is much more in line with the basic
idea of RD, where we can say something about the causal effect only at the cutoff.
However, the problem with this approach is that the bandwidth is chosen ad hoc,
which creates a problem due to arbitrariness in its selection. Therefore, we need to
find a data-driven approach to determine how close we can get to the cutoff. For this
reason, the third approach, which is the most recommended, is the so-called “Local
polynomial approach”. The advantage of this approach is that it is completely
non-parametric. Therefore, no assumptions need to be made about whether the

true data are linear, quadratic, or cubic. Another advantage is that it offers a data-
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driven method for selecting the bandwidth. In fact, the bandwidth will be chosen
based on the nature of the available data, which eliminates the arbitrariness that

characterizes the other approaches.

2.1 Global parametric approach

As mentioned earlier, using the global parametric approach to estimate the average
treatment effect means considering all the observations to the left and to the right of
the cutoff, regardless of their proximity to it. Thus, it involves making a parametric
assumption about the two global regressions to estimate. For example, using the

notation proposed in the Chapters, let us assume that these functions are linear:
E[Yi(d)|X:] = aq + Ba(X; — ¢)

If these two functions were linear, it would mean that the treatment effect could
be estimated by implementing a simple regression of the outcome (Y;) using an
intercept (o), the indicator for treatment (D;), the running variable (X; — ¢), and

an interaction between the two ((X; — ¢)D;):
EYi|Xi] = oo + (o1 — ) D + Bo(Xi — ¢) + (B1 = o) (Xi — ) Ds +u; - (2.1)

where the coefficient oy — a7 will represent the treatment effect. One thing to note
is that when including the running variable, it will be denoted as X; — ¢, so that it
is centered in such a way that the new cutoff becomes 0. Thus, the study is reduced
to an RD (Regression Discontinuity) design where the cutoff is 0.

As mentioned earlier, an important choice when implementing the RD is the
order of the polynomial p. If the simplest polynomial, i.e., of order 0, is chosen, as
shown in Figure 1.3 in Chapter 1, it would be like estimating a flat line. This means
comparing the average of the outcome above and below the cutoff. Clearly, this will
not provide a reliable estimate of the treatment effect. For this reason, one might
consider using a polynomial of order 1. As shown in Figure 2.1, this could be an
excellent estimate of the average treatment effect, since the distance between the
two dashed lines is very similar to the true unknown parameter 7. Alternatively,
one might consider fitting an even more flexible polynomial, such as a quadratic
polynomial with p = 2, as shown in Figure 2.2. By comparing Figures 2.1 and 2.2,
we can observe that a quadratic polynomial provides a worse estimate: by trying to
give more flexibility to the polynomial, we only move further away from the actual

value of the parameter 7.
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Figure 2.1: Global parametric approach with p =1

Yi: outcome variable
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Xi: running variable

Figure 2.2: Global parametric approach with p = 2
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Figure 2.3: Global parametric approach with p =3
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The more flexible the polynomial, the more likely it is that the treatment effect
will be overestimated. Indeed, by continuing to increase the order of p until a cubic
polynomial is reached, as shown in Figure 2.3, we can appreciate how the situation
worsens. Since we can never know the true model, the Global parametric approach
seems not to be the most suitable method. All this can be explained again by
the problem highlighted earlier, known as Runge’s phenomenon: observations with
scores of 0.0 or 0.1 will influence the estimator at the boundary points, affecting
the shape of the polynomials to the right and left of the cutoff. For this reason,
an alternative approach do not use all the available data, but only those within a

certain window around the cutoff point (the bandwidth).

2.2 Local polynomial approach

The Local polynomial approach introduces another important choice in the context
of RD, namely the choice of the bandwidth to consider. Once the bandwidth around
the cutoff is chosen, observations outside this bandwidth will automatically be ex-
cluded. This result can be achieved through the use of the classic Ordinary Least
Squares (OLS) approach. To do this, suppose we have a cutoff ¢ = 0. Choose a
bandwidth h > 0 and a kernel function K(-) that assigns a certain weight to the

observations:
A4+ A+ . - 2 Xz
(6, 8%)=arg min) (Vi —a—BX;)° K(—) L(X; > 0) (2.2)
(0,8) i=1 h
. n X;
(6=, 87) = arg min 3 (Y; — a — X,)2K (h) 1(X, < 0) (2.3)
(0,8) i=1
The treatment effect at the cutoff will be given by:
F=a"—-a" (2.4)

where the superscripts + and — indicate, respectively, the treatment group (to the
right of ¢) and the control group (to the left of ¢). The only difference with OLS is
that the procedure is performed separately for the observations above (X; > 0) and
below the cutoff (X; < 0), which in this case is assumed to be 0 for simplicity. The
key term in the two equations 2.2 and 2.3 is the term K (X;/h), which is the weight
assigned to the observations depending on their distance from the cutoff. Therefore,
a choice is introduced in the implementation of RD, namely the choice of the Kernel
function, which essentially represents the weight to be assigned to each observation.

Generally, a weighting function is chosen that assigns a higher weight the closer the

35



observations are to the cutoff, as they are the most influential for the comparison.
In summary, the steps to follow with this approach, which is the most popular,

are:
1. Choose a polynomial order p and a kernel function K(-).
2. Choose a bandwidth h.

3. Assign a weight of 0 to observations outside of h and a certain weight to

observations within hA.

4. Implement a weighted linear OLS regression separately for the treatment group

and the control group.

5. Calculate the difference between the intercepts of the two linear regressions,

which will represent the treatment effect.

2.2.1 The Choice of the Bandwidth

A crucial topic concerns the choice of the bandwidth: how many observations should
be involved in the analysis? The goal is to estimate two different regressions, one
to the right and one to the left of the cutoff, the difference between the intercepts

providing the treatment effect measure. Thus, from the theory about OLS, we will

have:

y=oa+pPr+e (2.5)

A~ cov(x,y
j= LULY) (2.6

V(z)

&=y — Bz (2.7)
Translated into the RD framework where weights, bandwidth, and cutoff are added,

becomes: _
at =Y, - X5t (2.9)

The coefficient « is the one of most interest. Now, we need to understand the
functioning of these two estimators, 4+ and &*. To this end, we turn to the non-
parametric approach. The parametric approach assumes a given form for the true

model, e.g. linear, and then select the corresponding estimator without exploiting
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the data to check the validity of the assumptions. In the non-parametric approach,
on the other hand, these linear regressions are viewed as an approximation of the
true model, acknowledging that it might not be correct. For this reason, in the
non-parametric approach, the goal is to understand the form of the bias, its size, so
that we can try to make it as small as possible and model it. The expected value of

the two estimators, 81 and &™), is:

E[3" | X] = /i1(0) + op(h) (2.10)
E[a" | X] = p1(0) + B + +op(h?) (2.11)

Where p(x) is given by:
m(x) =EY;()|IX; = 2], ju(r) =dEY;(1)|X; = 2]/dx (2.12)

Such term represents the expected value of the potential outcome as a function of z,
which graphically represents the two true curves that we do not know in Figure 2.4
(the red and black curves). Therefore, 1(0) is the value of the function at the cutoff.

On average, the slope in Equation 2.10 would estimate the first derivative of
Equation 2.12, since the first derivative corresponds to the slope of the tangent,
and here we have a function that could be non-linear being approximated by a
linear function. It’s as if we were estimating the slope of the function at the cutoff.
Therefore, the coefficient of the slope (B*) will estimate the first derivative of this
function p;(x). The term op(h) is simply a residual that will disappear if the sample
is large enough.

Instead, @", which is the most relevant term, will estimate the exact value of the

function at the cutoff, which is precisely what we want to obtain. In Equation 2.11,

.‘.', e

Yi: outcome variable

2 :g.'.

Figure 2.4: The potential outcome as a function of the running variable
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there is also the term h2B, which indicates an approximation of the bias of the
estimator (this bias exists because we are using the non-parametric approach). This

additional term depends on two things:

1. The term B, which is a constant that depends on the second derivative of
the function. The second derivative represents the curvature, allowing us to
consider the amount of non-linearity. Therefore, there is a bias term, and we
attempt to use a linear function to approximate a function that is actually
non-linear and has a certain curvature. The bias will depend on how non-
linear the true function is. Since the second derivative of a linear function is 0,
the more linear the true function is, the more the constant B, will tend to 0,
and therefore the bias will be reduced. Conversely, if the true function is far
from being linear, the second derivative will be far from 0, and the bias will
increase. An example of this is shown in figures 2.5 and 2.6. In Figure 2.5, if
we tried to estimate the true functions with linear functions, we would get an
excellent result, since near the cutoff these functions are almost linear, and the
bias will be very low. On the other hand, in Figure 2.6, the opposite would
happen, and we would have a very high bias because the true functions are

very non-linear.

2. The term h?, which represents the bandwidth squared. Clearly, the smaller the
bandwidth, the smaller the bias, and the closer it will be to 0. In Figure 2.7, if
we take the bandwidth h; (which is smaller than hy), we are reducing the bias
compared to what we would get with hsy, because in the first bandwidth, we
are approximating the true function with a linear function, getting very close
to a good solution. However, if we took ho, we would increasingly move away

from linearity, causing the bias to increase.

Yi: outcome variable
w IS
L

N

0.00 0.25 0.75 1.00

050
Xi: running variable

Figure 2.5: The bias problem: a good estimate of 7
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Figure 2.6: The bias problem: a bad estimate of 7

Yi: outcome variable
P
-

hy hy
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0.00 0.25 0.50 0.75 1.00
Xi: running variable

Figure 2.7: Bias reduction by reducing the bandwidth
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Thus, to summarize, the bias will depend both on the amount of non-linearity in
the true model and on the bandwidth we choose. On one hand, the amount of
non-linearity will depend on how the true model behaves, something that cannot
actually be controlled. On the other hand, it is possible to control and choose the
bandwidth. Therefore, we can use the following formula to choose the bandwidth

and reduce the bias as much as possible:
E[G7|X] — 1 (0) = h*B + op(h?) (2.13)

If h were equal to 0, the term h?B would be 0, and the estimator would be unbiased.
However, this is not possible because h? cannot be 0, as in that case, there would
be no observations within the bandwidth. Another issue arises from the variance: if
we choose a very small bandwidth, there will be few observations within it, and the
variance of the estimator will increase. Therefore, we need to look at the variance

of the estimator at the cutoff, which will be given by:
1
Varla*|X] = 2F 1 op () (2.14)
n

In Equation 2.14, we again have the term op, which is still something that will dis-
appear once the sample is sufficiently large. The term V, (the subscript + indicates
that we are on the right side of the cutoff) is a constant that indicates the variability
of the outcome around the cutoff. This term, which depends on the true model that
cannot be controlled or known, is divided by nh, following the same principle as
for the sample mean, where the variability of the estimator is given by its variance
divided by the number of observations n. This time, the sample size is multiplied
by the bandwidth h, resulting in the term nh, which is referred to as the “effective
sample size”. Such name is motivated by the fact that we do not use all observations
for our estimates, but only those within the bandwidth. Again, the bandwidth is
something we can control. If desired, we can also control the sample size, but this is
very rare (for example, in surveys, it can be done by increasing the number of inter-
viewees). All of this leads to the so-called “bias-variance trade-off”: the closer
we are to the cutoff, the closer the bias will be to 0, but the variance will increase
because, as we go back to the term %, the denominator will become smaller and
the variance will increase. If, on the other hand, we choose a very large bandwidth,
the variance will be small because the estimator will be very precise, but the bias
will be very high (see equation 2.14). Therefore, the question arises: how can we
summarize this trade-off, and how can we use it to choose the bandwidth?

The above concerns the coefficient @™, but, clearly, it holds also for the left side of
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the cutoff, i.e. for the coefficient &~. It is worth to recall that we are interested in the
treatment effect, see Equation 2.14, given by the difference between the intercepts
of the treated and untreated groups at the cutoff. Therefore, once we obtain more
information about the coefficients &+ and &, we can gather more information about

the treatment effect 7:

E[#|X] — 7 = h*B+ op(h?), B=B"—B~ (2.15)
Var[#|X] = Y <1> V=yt—y- (2.16)
A= T ) N '

The bias of the treatment effect estimator will again depend on the term h2B.
However, its variance will depend on the term nh (effective sample size). At this
point, the Mean-Squared Error (MSE) comes into play, which is given by the sum

of the variance and the square of the bias:
MSE(#) = Bias(#)* + Var[7] (2.17)

Thus, the MSE measures how far the estimator is from the true parameter. By
substituting the terms mentioned earlier, we can approximate the MSE with the

following equation:

Y
AMSE(?) ~ h*B% + —
(7) + o

These substitutions represent a significant advantage, since the equation will depend

(2.18)

on the constant B and the bandwidth A that is chosen, as well as the variance.
However, one must always consider the trade-off: if a small bandwidth is chosen,
the term h*B? tends to 0, but - increases.

It is possible to balance this trade-off by choosing the bandwidth that minimizes
the MSE, solving a function that depends on h and minimizing it. In this way, we
obtain the formula for the MSE-optimal bandwidth:

hysy = argmin AMSE(7) (2.19)
h
v 1/(2p+3) i )
_ —1/(2p+3
(mw) 2

where p indicates the order of the polynomial, and the optimal bandwidth depends

on three elements:

1. V: the variability of the outcome at the cutoff. It positively depends on

the variability of the outcome, because, if the outcome is very noisy, more
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observations will be needed to try to reduce this noise;

2. B: the bias of the estimator. It negatively depends on the bias because, if it
is very large, the function will be very nonlinear, and the bandwidth will need
to be narrowed to move closer to the cutoff, giving a better chance that the
function will be approximately linear at least there. On the other hand, if the
bias is small, it means the function will be more linear even away from the

cutoff, allowing for a larger bandwidth;

3. n: the sample size. This term is raised to the power of —1/5, meaning that
the larger the sample size, the smaller the optimal bandwidth tends to be,
because with more observations available, a sufficient number will lie close to

the cutoff, allowing the estimator to focus on a narrower neighborhood around
the threshold.

Since the treatment effect is given by the difference between two different func-
tions at the cutoff, in some applications, an asymmetric bandwidth is chosen, mean-
ing different widths on the right and left of the cutoff. In these cases, the formula
for the MSE-optimal bandwidth becomes:

y Ve
hse— = | ——— A 2.21
e <2<p+ 1)8%) ! 221
v, 1/(2p+3) T
h =t A 2.22
MSE,+ (2(p + 1)6_2|_> ny ( )

where hysp— and hysp 4 represent the bandwidths for the control and treatment

groups, respectively.

2.2.2 Inference procedure

A final step concerns inference: we need to construct confidence intervals and hy-
pothesis tests to determine whether this effect is truly significant or not. When we
want to apply the central limit theorem (if we have a sufficiently large sample, our
estimator will be approximately normal), which is typical in inference, our estimator

will be approximately normal but characterized by bias:
Vnhx(? — 1) 2 N(B,Q) (2.23)

Thus, it will no longer be the usual approximately normal distribution with mean 0

and some variance, but rather an approximately normal distribution with bias and
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some variance. The explanation is that the optimal bandwidth width selected to
balance bias and variance will never be such that it reduces the bias to 0. Therefore,
it is essential to consider this because if we ignored the bias, the p-values and
confidence intervals would be incorrect.

To ensure the estimates are correct, one of the best approaches is called “bias
correction”. The idea of this method is to recognize the presence of bias and subtract

it from the estimator to correct for it:
Vnhx(7 — 7 — B) & N(B, Q) (2.24)

However, we need to estimate the bias since it is unknown. Therefore, instead of

having the term B, we will have:
Vnh«(? —7— B,) & N(B,Q+ 1Y) (2.25)

This time, there is an additional term, 33, because every time something is estimated
(in this case, the bias), it affects the variance of the estimator. Confidence interval
construction can also be done in different ways. In particular, it is possible to

construct confidence intervals by erroneously ignoring the presence of bias:
Clys = [ £1.96 - VV] (2.26)

where the subscript US stands for “Undersmoothing.”
A more robust strategy consists of constructing confidence intervals accounting

for bias through the “bias correction” approach:
Cly = [(7 — B) £1.96 - VV] (2.27)

where the subscript be stands for bias correction, and an estimator B for the bias B
is included.

Finally, an even more robust strategy, known as “robust bias correction,” can
be employed. This strategy, which performs better both theoretically and in finite
samples, ensures smaller coverage errors and a shorter average length compared to
the previous two. Moreover, robust bias correction is valid even when using the
MSE-optimal bandwidth in point estimation, and it allows the same data to be
used for both point estimation and inference. Confidence intervals generated with
robust bias correction are based on eliminating the estimated bias term B from
the RD point estimator. However, unlike C'I;,., this approach allows the estimated

bias term to converge in distribution to a random variable, thereby contributing to
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the approximation of the RD estimator’s distribution. This setup leads to a new
asymptotic variance V that includes the variability introduced by the bias correction
process. Consequently, V is larger than the conventional OLS variance when using
the same bandwidth, thus incorporating the additional uncertainty arising from bias

estimation:

Cloye = [(Fsrp — B) £ 1.96 - V/Vi] (2.28)

2.2.3 Assessing the validity of Regression Discontinuity

As previously mentioned, RD requires compliance with some fundamental assump-
tions to ensure the validity of causal estimates. In particular, we do not want units
that have exact control over their score, otherwise, selection bias would be gener-
ated, and the estimates would be invalid. Therefore, it is important to provide some
evidence regarding the validity of the technique and its assumptions. Specifically,

the assumptions to be respected are:

— No sorting around the cutoff. RD is invalid if individuals can manipulate
the score. Returning to the example of students mentioned in the Chapters, the
technique will not be valid if students can decide exactly what score to obtain
on the exam in such a way as to enter the treatment group to benefit from the
treatment itself. If this were not the case—if students could choose whether
to be in the treatment or control group near the cutoff—selection bias would
be generated. In Figure 2.8, an example of running variable manipulation is
shown. Specifically, in the left part of the graph, the assumption is respected
as there is no jump at the cutoff in the distribution of the running variable.
On the other hand, in the right part of the graph, there is a clear jump at the
cutoff, meaning that, probably, the units were aware of the implementation of
a certain policy/program for which they were able to manipulate the running
variable by deciding whether to be in the treatment or control group. One
way to check for this issue is to test for discontinuities in the density function
of the running variable using the so-called “McCrary density test” (McCrary,

2008), which will give to us an objective evidence regarding the sorting.

— Continuity away from the cutoff. It is important to remember that iden-
tification relies on the continuity of E[Y;(d)|X;]. In reality, it is not possible
to directly check the continuity of the functions of the treated and untreated
at the cutoff, because we only observe the functions to the right or left of the
cutoff, never both, as it would be impossible to observe the function of the

treated if they had never received the treatment or vice versa. However, it is
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Figure 2.8: No sorting around the cutoff assumption

possible to check for continuity at other points away from the cutoff. If there
were other discontinuities far from the cutoff, one could no longer be sure that
E[Y;(d)| X;] is continuous—there could be other treatments at play beyond the
one being estimated. Testing this assumption is quite simple: one only needs
to change the cutoff value and check whether a significant treatment effect

appears.

No discontinuities in covariates and placebo outcomes. In many cases,
it is well known that there are variables for which no treatment effect should be
present. One example is provided by variables that, in RD terminology and
in experimental studies in general, are called “placebo outcomes,” meaning
outcomes that should not be affected by the treatment. In reality, a distinc-
tion should be made between predetermined covariates and placebo outcomes.
Predetermined covariates are variables determined before treatment assign-
ment and therefore cannot be influenced by the treatment itself (e.g., gender
or age). Placebo outcomes, on the other hand, are variables determined after
treatment assignment that, based on causal logic, should not be influenced
by the treatment. For example, if the treatment concerns the implementation
of safety measures for certain cars, one would expect a treatment effect on
mortality due to car accidents but not on mortality from other causes, such
as cancer deaths. Thus, cancer mortality would be a good placebo outcome
in this case. The reasoning here is quite simple. As mentioned earlier, RD
aims to simulate a sort of randomness in the assignment mechanism to the
treatment or control group to ensure that the treatment effect is isolated. To
achieve this, units very close to the cutoff are compared, units that are similar
in every respect except for the outcome and the fact that, perhaps due to pure
luck, they ended up in different groups. Therefore, these two groups will differ
only because some received the treatment and others did not, which is why

a discontinuity in the outcome is generated. For this reason, to validate the
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design, the two groups must be identical in all other aspects, meaning in their
covariates. Thus, covariates should not show any discontinuity at the cutoff.
Otherwise, if they did, the two groups would differ in other ways as well, and
it would no longer be possible to isolate the treatment effect on a given in-
tervention or policy outcome. This assumption is also very easy to test since
one only needs to estimate the regression discontinuity using covariates as the
outcome and check that there is no discontinuity at the cutoff. In general, co-
variates are not essential in RD. Sometimes they are included only to reduce
the variance of the estimator and increase its precision (Cattaneo et al., 2023;
Calonico et al., 2019; Frolich and Martin, 2019).

2.3 Sharp and Fuzzy Regression Discontinuity

The two most well-known RD designs are the Sharp design and the Fuzzy design.
As mentioned in Chapter 1, in a Sharp RD design, crossing the cutoff necessarily
means receiving the treatment, while not crossing the cutoff means not receiving
the treatment. In many cases, being assigned to the treatment does not necessarily
imply receiving it. Understanding compliance and non-compliance is crucial for
interpreting RD results. In a Sharp RD design, all units whose score value exceeds

the cutoff point enter the treatment group
— If X; > ¢, the unit ¢ will be assigned to the treatment group.
— If X; < ¢, the unit ¢ will be assigned to the control group.

Fuzzy RD, on the other hand, is characterized by “imperfect compliance,” which
means that some units above the cutoff point (eligible for treatment) decide not to
join to the treatment, while some units below the cutoff (not eligible for treatment)
manage to obtain it. To have an RD design in this case, discontinuity is still needed,
meaning that there must be a jump in the probability of receiving treatment at the
cutoff. However, unlike in the Sharp RD design, this probability will no longer
be strictly 0 or 1. Thus, there will be a jump in the probability of treatment at
the cutoff, but this jump will not necessarily be equal to 1. This is illustrated
in Figure 2.9, where we can see how the probability of receiving treatment at the
cutoff differs depending on whether we are in a Sharp (left side) or a Fuzzy design
(right side). In practice, many examples of Fuzzy RD can be found. One of the most
common cases of Fuzzy RD is represented by a program aimed at combating poverty.
In this case, all individuals with an income below a certain threshold benefit from

the treatment. However, given the importance of the policy, administrators might
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decide to extend the practice to some families very close to the cutoff, even if they
are not eligible to be treated. In many cases, it may also happen that some units
refuse treatment.

It can be stated that Sharp RD is a particular case of Fuzzy RD in which the
probability of receiving treatment jumps from 0 to 1 at the cutoff. In Fuzzy RD,

treatment assignment is defined as:

Zi=1(X; > ¢) (2.29)

This equation indicates whether a unit is above or below the cutoff, and, hence,

whether the unit is assigned to treatment or not. The treatment status is given by:
D; = D(X;) (2.30)

where D is a function of the score but is endogenous due to self-selection, meaning
that even if a unit is above the cutoff, it may decide not to be treated, and vise
versa. In the Sharp design, we have D; = Z;. In contrast, in the Fuzzy RD, D;
could be different from Z;.

In this scenario, it is no longer sufficient to compare the treated and untreated
groups, as receiving treatment is now based on a decision and is endogenous, making
the observations non-comparable. The fundamental idea remains the same: com-
paring units just above and just below the cutoff but in a different way, borrowing
some concepts from the Instrumental Variable (IV) literature (Pearl, 2000; Angrist
and Krueger, 2001).

In Fuzzy RD, multiple scenarios can arise since it is no longer simply the case
that units above ¢ are treated and those below are not. Thus, the treatment status

of unit 7 just above/below the cutoff is:

zlc

_—

RV RV

Treatment Probability
Treatment Probability

Figure 2.9: Treatment probability in Sharp (left side) and Fuzzy design (right side)

47



Now, four possibilities arise:

1. Always-takers: Dy; = Dy = 1. These are units that, regardless of their
position, always manage to access and receive the treatment. Thus, if they
are above ¢, they will receive the treatment, and if they are below, they will

manipulate the system to obtain it.

2. Never-takers: Dy; = Dy = 0. These are units that, regardless of their

position, never receive the treatment.

3. Compliers: Dy; =1, Dy = 0. These are units that do not receive treatment

when they are below ¢, but receive it when they are above c.

4. Defiers: Dq; =0, Dy = 1. These are units that should not receive treatment
when they are below ¢, yet they still manage to obtain it. Conversely, when

they are above ¢ and should receive the treatment, they do not.

In a Sharp RD scenario, we have only one type of unit described above: the Com-
pliers. In a Fuzzy RD scenario, however, all four possibilities described above can
be present. To better explain the Fuzzy RD, we must start with a key concept.
We know that in the Sharp RD, it is sufficient to compare treated and untreated
units, and the vertical difference at the cutoff will provide the average treatment
effect (AT'E). One might think of extending the same procedure to the Fuzzy RD
and then observing what happens. This is what is called the Intention To Treat
(ITT) parameter. Essentially, this approach ignores the fact that we are in a Fuzzy
scenario and simply replicates what would be done in a Sharp scenario. Thus, we
compare the outcome of units just above the cutoff with the outcome of units just

below it:
TITT = lglcl]E[YAXi =] - lxi?clE[n|Xi = 1] (2.32)
= E[(Y;(1) = Y;(0))(Dy; — Dg;)| X; = ]
where:

Yi(1) = Yi(0) = m

1 for Compliers
D1j — Dy { —1  for Defiers
0  for Always Takers/Never Takers
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In Equation 2.32, there is an expectation at the cutoff (E|X; = ¢) and two terms.
The first one is simply the difference between the potential outcomes of treated and
untreated units, Y;(1) — Y;(0) = 7; (in a Sharp RD design, this would be the end
of the analysis). Since there is imperfect compliance, there is an additional term,
Dy; — Dy;, which represents the decision of the units. Thus, we are computing the
average treatment effect at the cutoff and then multiplying it by this extra term. In
particular, regarding this extra term, if there were only Compliers, it would be equal
to 1 since Dy; = 1 and Dy; = 0. Instead, in case there are only Always Takers, the
units would receive the treatment regardless of their position relative to the cutoff,
so the extra term would always be equal to 0 since Dy; = 1 and Dy; = 1. If there
were only Never Takers, the result would be the same: the extra term would be
equal to 0 since Dy; = 0 and Dy; = 0. This means that both Always Takers and
Never Takers would be excluded from the calculation of the average treatment effect
because the extra term is always 0. For Defiers, the opposite of Compliers happens.
In this case, those above the cutoff refuse to receive the treatment, while those below
still manage to obtain it. The extra term will always be equal to -1 since Dy; = 0
and Dy, = 1.

To summarize, the average treatment effect receives a positive weight of 1 for
Compliers, a negative weight of -1 for Defiers, and a weight of 0 for Always Takers
and Never Takers. This presents a problem because it means that we are averaging
while assigning a negative weight to some units in the population (Defiers). This
implies that the effects will have opposite signs for Compliers and Defiers. The issue
is that we might estimate an effect of 0 in the parameter 7;7r even if the actual
treatment effect is not 0, simply because Defiers would counterbalance Compliers.
Thus, one might mistakenly conclude that the effect is 0 just because the Compliers
could be “canceled out” by the Defiers. This is the so-called “Identification Problem”
that arises when there is imperfect compliance.

The problem is that we can only observe the effect for those who are treated
or those who are not treated; we cannot know what would have happened to a
treated unit if it had not received the treatment, just as we cannot know what
would have happened to an untreated unit if it had received the treatment. The
only possible solution is to assume that there are no Defiers. This assumption is

called “monotonicity assumption™:
Dy; > Dy;, Vi (2.33)

With this assumption, we are essentially saying that D;; cannot be smaller than Dy;.

Intuitively, the monotonicity assumption implies that units just above the cutoff
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cannot reduce their probability of receiving the treatment, but they also cannot
increase it. Based on this assumption, the difference Dy; — Dy; can only be 1 (for
Compliers) or 0 (for Always Takers or Never Takers). Now, the parameter 7;pr,
which, to recap, is calculated by simply performing a standard RD comparison of

the outcome of units just above the cutoff with those just below, can be written as:
TITT = E[Y;(l) — Y;(O)’XZ = C, Dli > DOZ] . ]P)[Dlz > DOZ‘X’L = C] (234)

where:

— E[Y;(1) = Yi(0)|X; = ¢, D1; > Dy;] is the average treatment effect at the cutoff
for Compliers (Dy; > Dy;), which is called LATE because it represents the
Local Average Treatment Effect;

— P[Dy; > Dy;|X; = ¢] is the proportion of Compliers.

Multiplying by the proportion of Compliers acts as a scaling factor on the effect.
There could be cases where 7,77 is close to 0 even if LATE is large because there
are very few Compliers. However, the 7/ parameter remains an interesting metric
for policymakers because it measures the effect of “offering the treatment” to units.
In fact, this is crucial before implementing a certain policy.

At this point, it becomes important to explain why, in this case, we are able to
identify only the effect on Compliers. The fundamental idea in an RD design is to
exploit this discontinuity at the cutoff, leveraging the fact that if a unit is just above
the cutoff, its behavior will be slightly different from another unit that is just below.
However, in a Fuzzy RD, this is true only for the Compliers because if a unit is an
Always Taker or a Never Taker, its behavior will not change, regardless of whether
it is above or below the cutoff point. Therefore, an RD strategy will say nothing
about the behavior of these two subpopulations because their behavior will not be
affected by crossing the cutoff. Thus, in a Fuzzy scenario, the best that can be done
is to say something about those units that change their behavior when they cross
the cutoff, and these units are represented by the Compliers.

For the moment, let us ignore the fact that we are in a Fuzzy scenario and use
the notions introduced so far, simply comparing the outcome of units just above
the cutoff with that of units just below, multiplying the LAT'E by the proportion
of Compliers. The next step is to leverage the so-called “first stage”, a terminology
that comes from the literature on Instrumental Variables (IV). The first stage simply
concerns the effect of treatment assignment on the treatment status, which, in this

case, simply refers to the proportion of treated units just above the cutoff compared
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to the proportion of treated units just below:
Trs = liinE[DﬂXi =zx] — liglE[DJXi = z] (2.35)

where:

— lim,,.E[D;|X; = z] represents the proportion of units currently treated just

above the cutoff;

— limg. E[D;| X; = x] represents the proportion of units currently treated just
below the cutoff.

If this were a Sharp RD scenario, the first term would be equal to 1 and the second
equal to 0, since the jump at the cutoff goes from 0 to 1. In the Fuzzy scenario,
however, this condition is not necessarily fulfilled, as it is possible to have treated
units below the cutoff and untreated units above. Nevertheless, we can still compute
this difference and show that, under the monotonicity assumption, the first stage

coefficient 7rg is equal to the proportion of Compliers:
Trs = P[Dy; > Dy;| X; = ¢] = Plcomplier|X; = (] (2.36)

This is because we know that above the cutoff we can find either Compliers or
Always Takers; therefore, the term lim, . E[D;|X; = z] is given by the proportion
of Compliers (P¢) plus the proportion of Always Takers (Par). Conversely, we
know that below the cutoff we can find only the proportion of Always Takers; thus,
lim,+. E[D;|X; = ] is given by the proportion of Always Takers (P4r). However,
by computing the difference between these two, we obtain exactly the proportion of
Compliers:

(Pc + Par) — Par = Fc (2.37)

Thus, the first stage coefficient identifies the proportion of Compliers at the cutoff.
This is a very positive result because, looking at the parameter 7;7r in the Equa-
tion 2.34, it is something that can be easily estimated from the data, as it depends
only on observable variables. It represents the average outcome of units just above
and just below the cutoff. Once computed, we obtain the LATE for the proportion
of Compliers.

Next, we need to consider the proportion of treated units above and below the

cutoff to recover the proportion of Compliers. Finally, we simply divide the param-
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eter 7 by Tsr to recover the LATE:

lim, . E[Y;|X; = z] — lim,. E[Y;|X; = 2]

= TFRD (238)

where the numerator represents the parameter 7;7r and the denominator the pa-
rameter 7pg. By dividing the two terms, we obtain the Fuzzy RD parameter, which
is the true LATE at the cutoff:

It is important to keep in mind that this is a parameter only for the Compliers,
which is the subpopulation that changes its behavior depending on whether the
units are above or below the cutoff. This is precisely what we are interested in
when using RD. In fact, the behavior of Never Takers or Always Takers, is not of
interest since it remains the same regardless of their score and whether they are
above or below the cutoff. Each term in Equation 2.38 is simply an RD estimate.
The numerator is an RD using Y; as the outcome and X; as the score, while the
denominator is an RD using D; as the outcome and X; as the running variable.
Therefore, it is possible to estimate two separate RDs and then construct the ratio
of these two estimators using all the tools presented so far (bandwidth selection,
local polynomial estimation, robust bias-corrected inference, etc.). It is interesting
that using local constant regression (estimating two flat functions), it is numerically

equivalent to implementing a Two Stage Least Squares (2SLS) regression.

2.4 Local randomization approach

The fundamental logic of RD is that, near the cutoff, being treated or not is almost
as if it were random. For example, returning to the example of scholarships, we do
not compare students who have scores of 0.80 and 0.20, as they will differ in many
aspects; rather, considering a cutoff value equal to 0.5, we compare students who
received 0.51 and 0.49, where the first ones may have been slightly lucky on the
test and guessed a question that allowed them to surpass the threshold. Thus, near
the cutoff, receiving the treatment or not is something very close to randomness.
However, the framework presented so far does not formalize this interpretation. The
only aspect discussed concerns the need for regression functions to be continuous at
the cutoff, which is a good practice.

At this point, a natural question arises: in which cases can we think of RD as a

local experiment? Every experiment can be seen as a specific type of RD in which:
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— The score is a uniformly distributed random variable.
— The cutoff is chosen to ensure a given probability of treatment.

Just think about how units are assigned to treatment and control in an RCT. In
such a case, one simply takes the list of units and assigns them entirely at random
to the treatment and control groups, as flipping a coin. The fundamental difference
between the two techniques is that, in an RCT, the score is uncorrelated with the
potential outcome by design. In fact, the uniform random variable will have no effect
on the outcome in any way. Instead, in the classic RD design, the mechanism is
different because, as an example, it is known that the infant mortality rate strongly
depends on individuals poverty level, or that salary somehow depends on whether
one has attended university or not, and so on. Graphically, the main difference
between the two is that randomized experiments can be seen as an RD design where
the regression functions are flat (Figure 2.10, left side), whereas in the classical RD,
the functions may change depending on the score (Figure 2.10, right side). It is
well known that functions in RD are not flat, but one can assume that close to
the cutoff point, the idea of flat regression functions is a fairly good approximation.
In Figure 2.11, if we look only at the bandwidth between ¢ — wy and ¢ + wg, the
assumption that these functions are flat is likely to be much more reasonable. This is
the main idea of the Local randomization approach (Cattaneo et al., 2024; Cattaneo
et al., 2016; Cattaneo et al., 2018). Thus, the idea is that there exists a window
Wy = [¢—w, ¢c+w] around the cutoff in which a randomized experiment exists. The

following two conditions must be fulfilled for a randomized experiment:

— The probability distribution of X is not correlated with individuals’ character-
istics. This means that covariates, in the sense of characteristics, are balanced,

particularly for the running variable.

bl
b

% ors 100 » oz .
Xi: running variable Xi: running variable

Figure 2.10: Randomized experiment (left side) vs Regression Discontinuity Design
(right side)

23



— The regression functions are flat. Thus, the outcome is not affected by the
score value: Y;(d, x) = Y;(d).

The first condition states that everyone has the same probability of being treated
or not at a point very close to the cutoff. Returning to the scholarship example, it is
like saying that those who scored 0.51 and 0.49 differ simply because they randomly
guessed or missed a question. The second condition states that these two functions
are locally flat. It is clear that these conditions are much stronger than the previous
ones, as we are assuming that in a given window, the functions take on a specific
form (flat). Thus, this approach will be defined as non-parametric, and it is precisely
this feature that allows RD to be interpreted as a randomized experiment.

At this point, it is possible to leverage this idea in RD to determine the appro-
priate bandwidth to consider. If we assume that there exists a window where RD
and randomized experiments coincide, we “only” need to identify it. Thus, we look
at the covariates and select only the bandwidth in which they are balanced. This
is a completely different approach from the classical bandwidth selection method
that uses algorithms minimizing MSE or other criteria. To achieve this, an iterative

procedure composed of multiple steps is used:

— Step 1: Choose a statistic to measure the balance of covariates, for exam-
ple, the mean difference, comparing the proportion of males and females, the
average age, or the average income between the two groups; or using some-
thing more precise like the so-called “Kolmogorov-Smirnov” method, which
compares the distributions of covariates rather than just the means to check

if they are balanced.

— Step 2: Consider an initially very small window Wél) = [c —wqy, ¢+ w).

Yi: outcome variable
~ @
N
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\
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\
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'
\

0.00 025 c—w, 0.50 ct+w, 075 1.00
Xi: running variable

Figure 2.11: The Local randomization approach idea in RD
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— Step 3: If there is covariate balance in the first selected bandwidth, then it is

possible to slightly increase the initial window.

The procedure continues iteratively until a situation of imbalance between covari-
ates is found. This procedure is illustrated graphically in Figure 2.12. Once the
bandwidth is identified, we can proceed as in a randomized experiment, where the
treatment effect can be deduced simply by comparing the mean outcomes of the

treated and untreated individuals:
=Y, — }76 (2.40)

The main limitation of this approach is that no information are available on un-
observed covariates. For this reason, it is generally used as a complement to the

classical RD design.

2.5 Multi-Dimensional Regression Discontinuity

So far, we focused on the standard RD, where units are characterized by a score
that allows them to receive a specific treatment if it exceeds the cutoff point. In
this type of design, both the score and the cutoff were scalars. However, it is very
common to encounter designs characterized by more than one score, more than one
cutoff, or both. These designs are known as Multi-Dimensional RD since the score
and/or cutoff are no longer scalar but multidimensional, implying that the treatment
threshold depends on multiple dimensions rather than a single scalar value. This
adds complexity to the design but allows for the modeling of more realistic scenarios

where multiple factors simultaneously influence treatment assignment.

Yi: outcome variable

0.00 025 C— W, 050 c+v 075 1.00
Xi: running variable

Figure 2.12: Bandwidth choice in the Local randomization approach
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A typical example of Multi-Dimensional RD, could be the case a scholarship
program for students that may be awarded based on both an economic score (e.g.,
students with a family income below 10,000 euros) and a merit-based score (e.g.,
students with an average exam grade above 26). It is essential to distinguish between
three different scenarios: Multiple cutoffs, Cumulative cutoffs, and Multiple scores,

as detailed in the following subsections.

2.5.1 Multiple cutoffs

In a multiple cutoffs scenario, the cutoff changes depending on the region or over
time. However, the treatment remains the same in the sense that all units will
receive the same treatment once they exceed their respective cutoff. For example,
suppose two programs are implemented, one in Italy and one in France, to combat
poverty. A subsidy is offered to all individuals whose annual income is below €10,000
in Italy and below €15,000 in France: for an Italian citizen, the running variable is
centered at 0 by subtracting 10,000, while for a French citizen, it is centered at 0
by subtracting 15,000. By doing so, the problem is reduced to a single cutoff, which
is 0. In this case, it is very common to solve the problem using the “normalizing
and pooling” method, which essentially consists of recentering the running variable
according to the cutoff each unit faces, meaning that a different cutoff value is
subtracted depending on the observations.

To better understand the normalizing and pooling method, suppose there is a
cutoff. Each unit has its own value C}, and consider the case where there is a finite
and discrete set of cutoffs:

C= Co,C1y .-+, C
At this point, we simply recenter the running variable based on the cutoff value:

After this transformation, the cutoff will be the same for everyone and equal to zero.
Once this problem is reduced to a classic RD design with a single cutoff, estimation
can proceed in the usual way. Thus, to obtain the treatment effect, units just above
the cutoff are compared with those just below it based on the newly recentered value

of the running variable:
TP = liﬂ)l E[Y;|Xi = z] — li%E[YﬂXi = x] (2.41)
If there were only one cutoff, the average treatment effect at that cutoff would be
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estimated. However, in this case, there is no longer a single cutoff but multiple
cutoffs for different units. Thus, the question is about what type of parameter is
being identified when using this normalizing and pooling approach, given that the
parameter 7 defines, by definition, the treatment effect at the cutoff but, in this
case, we have multiple cutoffs.

Under certain continuity assumptions discussed earlier, the parameter 77, ob-

tained after recentering the running variable, becomes:

7 = S E[Yi(1) - Yi(0)|X; = ¢, C; = dw(c) (2.42)

ceC
Where:
— Y;(1) = Y;(0): represents the treatment effect for unit i
— X, = ¢: indicates that the treatment effect is measured at the cutoff

— (C; = ¢: indicates that the treatment effect is measured for each cutoff within
the data

— w(c): represents weights.

Thus, Equation 2.42 aims to calculate all treatment effects for different cutoffs and
then compute an average using weights. In this way, a weighted average of the
treatment effect at different cutoffs for different subpopulations is obtained. The

weights used are given by:

w(c) _ fX|C(C|C)P[Ci = C]
>eec [x1cP[C = ¢

(2.43)

These weights depend on:
— fx|c(c|c): represents the density of the running variable at each cutoff
— P[C; = ¢]: represents the proportion of the sample at each cutoff.

However, there are disadvantages associated with the normalizing and pooling ap-
proach. The first is that policy relevance may be unclear because, with this approach,
different treatment effects for different populations—characterized by different cut-
offs for specific reasons—are combined, and as a result, they may not be comparable
with one another (as if the heterogeneity characterizing them is eliminated). A sec-
ond disadvantage is that using this approach might flatten variations that could

actually be used to identify some other parameter of interest.
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To better understand how RD works in a multiple cutoff scenario, let us introduce
an example. Suppose we have two different schools where an education policy is
implemented to assign scholarships to students. These schools are characterized
by two different cutoffs: in the first school, students can access the treatment if
their grade point average is above 50, while in the second school, the grade point
average must be above 60. At this point, the regression function will be given by

the expected potential outcome as a function of the score and the different cutoffs:
pa(z,c) =ElYi(d)|X; =2,C;=¢], de€0,1 (2.44)

For example, the expected potential outcome as a function of the grade point av-
erage for first school could, in principle, be a completely different function from
the expected potential outcome as a function of the grade point average for second
school, since these schools could be highly heterogeneous. Therefore, there is no
reason to assume that the functions will be the same for the different schools. It is
possible to define the Conditional ATE, which is the average treatment effect at the

cutoff for each region separately:
7(z,c) = E[Y;(1) = Y;(0)|X; = 2,C; = ¢] = pu(z, ¢) — po(z, ¢) (2.45)

Now, consider when or how one can explore this variation in the cutoff to under-
stand something interesting about the treatment effect and its heterogeneity. In
Figure 2.13, the previously described example is graphically represented. The first
school, represented by the black functions, is characterized by the cutoff ¢5. On
the right there is the function for the treatment group, and on the left there is the
function for the control group, with the treatment effect at the cutoff indicated in
the figure as 7(cg, ¢p). The second school, represented by the red functions, faces a
higher cutoff indicated as ¢;. For the second school as well, the average treatment
effect at the cutoff is indicated as 7(cy, ¢1). One interesting aspect would be to try to
estimate the parameter 7(cy, ¢g), which represents the treatment effect at the higher
cutoff for the first school. However, this parameter could only be measured if one
were able to change the academic merit threshold for that school and increase it.
If it could be estimated, some interesting comparisons could be made between the
two schools. Alternatively, one could compare the parameter 7(cy, ¢g) with 7(cg, ¢o)
to investigate whether the treatment effect is heterogeneous across the distribution
of the running variable. Another option is to compare the parameter 7(cy, cg) with
7(c1, 1) to determine whether, given a certain level of merit, the effect of the schol-

arships is greater in the first or second school. In principle, in a standard RD design,
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Figure 2.13: Treatment effect with multiple cutoffs

this would not be possible because, near the parameter 7(cy, ¢g), there would only
be units that received the treatment and none belonging to the control group (Fig-
ure 2.13, point A). However, it is possible to observe some untreated units in the
second school at the same level of the cutoff one is interested in (Figure 2.13, point
D). Therefore, one could try to compare the treated units from the first school with
the untreated units from the second school. This solution appears to address the
overlap problem in RD but still does not provide a true measure of the treatment
effect of interest. In fact, comparing the treated units in the first school with the
untreated units in the second school would yield the treatment effect in the first
school with a higher cutoff 7(cy, o) plus a difference resulting from the fact that
these regions could be very heterogeneous, indicated in the figure as B(c;). Even in
the absence of treatment, the outcome would be different between the two schools
because, for example, one might be wealthier than the other, or one might consist
of students who dedicate more hours to studying. This difference can also be seen
in the fact that the potential outcome of the untreated units—the dashed black and
red lines—are at different levels across all points of the running variable.

Thus, comparing the treated units in the first school with the untreated ones
in the second school would yield the treatment effect plus the bias, which cannot
be estimated because it depends on the untreated units in the first school that will
never be observed. However, it is possible to observe, near ¢y, the untreated units

from both regions. For this reason, one could estimate the bias B(cy) by shifting to
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the lower cutoff level ¢y, which can be observed because there are both untreated
units from the first school and untreated units from the second school.

The question then becomes whether this bias is equal to the bias that cannot be
estimated and is of interest for the calculation of 7(cy, ¢p), i.e., it is B(cy) = B(cy).
If one assumes that they are equal, then the bias term B(c;) would also be known
and could be subtracted from the previously mentioned difference. This approach
closely follows the logic of the “parallel trend assumption” typical of the Difference-
in-Differences (DID) approach, except that instead of time, the z-axis represents
the running variable, which is continuous.

Now, one must determine whether the equality assumption of the two biases at
the different cutoffs makes sense. Technically, this is something that can never be
known for certain because, as already stated, the bias at B(cy) will never be observed.
However, one can examine the shape of the two functions from the starting point up
to ¢y and check whether they are parallel, as shown in Figure 2.14 with the vertical
blue lines. If they appear parallel at all points below ¢y, then the assumption that
they are equal is reasonable, and then, to obtain the treatment effect for the first
school at ¢y, given by 7(cy,¢p), it is sufficient to subtract B(c;) instead of B(cy).
This would mean that the bias is constant as a function of the score.

It is important to recall that one of the limitations of RD is that it is only possible
to infer the treatment effect at the cutoff. In this multiple cutoff scenario, as long as
one can sustain this assumption about the constancy of the bias, it becomes possible

to extrapolate the treatment effect even away from the cutoff.

2.5.2 Cumulative cutoffs

In the case of Cumulative Cutoffs, the treatment is multivalued. Here different
doses of treatment depend on the value of the score. For example, suppose there are
two different cutoffs: if an observation is below the first cutoff, it will not receive
any treatment; if it is above the first but below the second cutoff, it will receive
a certain amount of treatment; if it is above the second cutoff, it will receive a
different amount of treatment. Therefore, we have a treatment that assumes multiple
values (different levels of treatment) depending on where the observation falls on
the running variable. Thus, in addition to changing the cutoff, the treatment dose
also changes. Instead, in the Non-Cumulative design presented earlier, a unit with
a score X; = x can be exposed to any cutoff ¢ € C, and the treatment dose remains
the same, regardless of the cutoff it faces. In this scenario, we have a multivalued

treatment D; € dy,ds,...,d;. In this case, a parameter of interest measures the
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Figure 2.14: Testing the parallel trend in the bias assumption

switch from one treatment dose to another:
7y = E[Yi(d;) — Yi(dj-1)|Xi = ¢j] (2.46)

where the difference Y;(d;) — Y;(d;_1) precisely measures the switch from treatment

d;_1 to treatment d;.

2.5.3 Multiple scores

In the Multiple scores scenario, treatment is assigned based on multiple running
variables. For example, a scholarship might be awarded based on merit and economic
status (above a certain merit threshold and below a certain poverty threshold).
The distinguishing characteristic of a Multiple Scores Design is that treatment
is assigned based on multiple running variables. The most common case is when
there are two running variables, X; = (Xj;, Xs;). For instance, suppose that this
time, scholarships are awarded based on entrance test scores evaluating skills in
both Italian and Mathematics, such that students who score above 50 in Italian and
above 60 in Mathematics receive the funding. Thus, assuming that b; and b, are the
cutoff points for each dimension, the treatment is assigned if a unit has both scores

above the respective cutoffs:
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The goal is to identify the multidimensional RD parameter:
7(b) =E[Y;(1) - Y;(0)|X; =], beB (2.48)

It is called multidimensional because, this time, instead of having a simple cutoff,
there is a region in which each point can have a different treatment effect. This
concept is illustrated graphically in Figure 2.15. In this example, a unit is treated if
it scores above 50 in Italian and 60 in Mathematics on the entrance test. Graphically,
this corresponds to the red area labeled “Treated area.” The remaining blue areas
correspond to the control area, labeled “Control area.” The figure also shows how this
design differs from the classic one presented so far, since, instead of a single cutoff,
there are boundaries that define treatment group membership. The underlying logic
remains the same: compare units just below the treatment area with those just

above:

7(b) = d(a:,b)li%lmeBtE[Y; [ X =] = d(a:,b)li%lmeBcE[Y; | X = 2] (2.49)
where B; and B, are the treatment and control regions, respectively. The challenge
lies in defining the distance from the new cutoff and measuring the treatment effect.
To do so, various methods can be used to reduce the problem to a univariate RD
estimation.

The first method is pooling, where a distance measure is defined for each unit
by normalizing the running variable based on the shortest distance to the nearest
boundary point, leveraging the approach explained in the Multiple Cutoffs section
(see Section 2.8.1). An alternative approach, considered intermediate, is used when
one wants to assess treatment effect heterogeneity along the boundary. The starting
point consists of defining a set of boundary points of interest, which in the example
shown in Figure 2.15 might include points such as (50, 70), (75,60). The second
step involves defining a method to calculate distance (e.g., Euclidean distance) and
then estimating a pooled RD at each specified point.

A special case of Multiple-Score RD is the Geographic RD (GRD). In a typi-
cal GRD design, the treatment and control areas correspond to adjacent regions or
neighboring municipalities. The boundary set B corresponds to geographic borders
that separate the two regions, and the score X; corresponds to geographic coordi-
nates (latitude and longitude). The cutoff is represented by a geographic boundary
that separates two regions or an administrative/political border. An example of
GRD is shown in Figure 2.16. The two polygons represent two different Italian

regions (Lombardia in blue, Emilia-Romagna in red). The treatment region corre-
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Figure 2.16: Geographic RD: an example with Italian municipalities
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sponds to municipalities within the red area, while the control region corresponds to
municipalities within the blue area. The cutoff is represented by the administrative
boundary between the two regions, marked by the green line. Also, with GRD, the
same logic described so far applies: reducing the design to a classic RD with a single
score and cutoff by normalizing the running variable or defining specific points where
the treatment effect is estimated to assess its heterogeneity. However, when dealing
with a GRD design, several challenges may arise that researchers must consider.

The first issue deals with compound treatments: when using a boundary repre-
sented, for example, by a state or county line, one must be cautious, as changing
regions may involve multiple simultaneous policy changes that could inflate the es-
timated treatment effect. A second issue concerns the manipulation of the running
variable, as in many cases, units may be able to move from the control area to the
treatment area or vice versa. For example, consider two regions with very different
tax regimes; clearly, the region with lower taxation levels could incentivize people to
move to the treatment area. A final issue is related to spillovers/interference: when
units are very close to each other, they may influence each other indirectly (Angrist
and Lavy, 1999; Forastiere et al., 2006; Papadogeorgou et al., 2019).
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Chapter 3

Investigating the effect of economic,
social, and cultural conditions on

student’s performance: insights from
INVALSI Tests

Policymakers face a crucial challenge in reducing inequalities across different seg-
ments of the population. Education plays a fundamental role in this process, as
it has a significant impact on various aspects of individuals’ lives, including em-
ployment, health, and income. Abdullah et al. (2015) highlight that education can
help mitigate income inequalities by redistributing wealth from the rich to the poor.
Similarly, Furnée et al. (2008) show a positive relationship between education and
health, both directly and indirectly, through factors such as employment, economic
conditions, psychosocial resources, and lifestyle choices.

A key determinant of educational outcomes is socioeconomic status (SES). The
1966 Coleman Report (Coleman et al., 1966)—one of the most influential education
reports of the last 60 years (Hanushek, 2016)—emphasized for the first time that a
student’s academic performance is shaped not only by family background but also
by the socioeconomic environment of their peers. Monitoring students’ competen-
cies is therefore essential. The link between school performance and socioeconomic
background has been the subject of investigation for decades. The first major syn-
thesis was the meta-analysis by White (1982), which reviewed nearly 200 studies
published before 1980 and showed that the strength of the association depended
heavily on how both SES and achievement were measured: under the “standard”
definitions of the time, the relationship appeared on average rather weak, although
it varied depending on the indicators and metrics used.

Following White, the 1990s produced multiple empirical studies with results
that did not always converge. In some cases, the association appeared strong: for
instance, in the work of Lamdin (1996) on standardized test performance, where

SES entered as a significant factor alongside other school variables, or in Sutton
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and Soderstrom (1999), which showed that average school outcomes closely tracked
the demographic and socioeconomic characteristics of the catchment area. In other
contexts—especially with restricted samples—the effect of SES could weaken to the
point of being negligible or non-significant: such as in the studies on “inner-city”
adolescents by Ripple and Luthar (2000), where psychosocial and school adaptation
factors were more predictive, or in research highlighting the influence of teachers’
perceptions on performance, such as Seyfried (1998).

This heterogeneity motivated a second influential synthesis: the meta-analysis
by Sirin (2005), which reexamined studies published between 1990 and 2000. The
picture that emerges is clearer: the relationship between SES and achievement varies,
on average, from moderate to strong. However, its magnitude depends on the unit of
analysis (student, school, district), on the scope and source of the SES measure, and
on the type of outcome used—reinforcing the importance of measurement choices
in shaping conclusions.

A recent study by Tan et al. (2025) provides a third meta-analysis that, unlike
the previous two, focuses on the effects of SES at the school level (School SES). It
synthesizes the results of 97 studies published between 2000 and 2020, analyzing a
total of 480 effect sizes. The findings show that students in high-SES schools benefit
from access to high-quality human resources (skilled and motivated principals and
teachers) that foster a positive school climate, underscoring that material resources
alone are not the key factor.

At the same time, recent research has updated the way disadvantage itself is mea-
sured. Today it is more common to use a diverse set of indicators—family income,
mother’s education, and family structure. By contrast, school SES is typically mea-
sured using several key indicators, including parents’ education, household income,
parents’ occupational status, and access to material and cultural resources within
the home. School SES is defined as the average SES of its students. In other words,
to measure a school’s SES, researchers calculate the mean of the socioeconomic data
of all its students. Student achievement is more closely related to school SES than
individual SES. In other words, the overall well-being and social environment of the
school appear to exert a stronger influence on learning outcomes than a student’s
individual socioeconomic background (OECD, 2016). A particularly telling example
is the study by Borman and Dowling (2010), which reexamined Coleman’s historical
data and estimated that the socio-demographic composition of the school had 1.75
times the impact of students’ individual characteristics in explaining differences in
academic performance.

It is in this context that the literature on peer effects emerges, shifting attention
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from individual resource endowment to the role of class and school composition. The
central idea is that peers influence outcomes through norms of effort, mutual ex-
pectations, behavioral models, and information channels. Formally, the distinction
proposed by Manski (1993) separates endogenous effects (influence of peers’ own
outcomes), contezrtual effects (influence of peers’ exogenous characteristics, such as
parents’ education), and correlated effects (reflecting shared factors). Sacerdote
(2011), instead, defines peer effects as almost any externality in which peers’ back-
ground, current behavior, or outcomes affect an individual’s outcome. However, the
peer effects literature in education is rather contradictory and controversial, with
studies reporting positive, negative, or, in some cases, null effects (Sacerdote, 2011;
Epple and Romano, 2011). Typically, the literature investigates interactions among
classmates (De Paola and Scoppa, 2010; Granger-Serrano and Villarraga-Orjuela,
2021; Gu, 2023; Vardardottir, 2013), roommates (Sacerdote, 2001; Zimmerman,
2003), or schoolmates (Schneeweis and Winter-Ebmer, 2007; Zimmer and Toma,
2000).

This third chapter follows this approach and also focuses on interactions between
schoolmates to estimates the peer effect of attending a school classified as low-ESCS
according to the ministerial threshold, comparing Mathematics outcomes among

students.

3.1 The INVALSI survey

Given these premises, it is necessary to assess and measure students’ educational
achievement to identify potential problems and critical issues at the school level
and to understand where and how intervention may be needed. In Italy, this is
done through the INVALSI (acronym for “National Institute for the Evaluation of
the Education and Training System”) tests, which measure in a standardized way
the core skills in Italian, Mathematics, and English, and involve all Italian students
attending specific grades in primary and secondary school.

INVALSI, established in 1999, is a public research body under Italian law. It ini-
tially conducted surveys, collected information, and developed tools and software for
analyzing exam results and evaluating staff. Today, under its mandate from public
institutions, it carries out multiple functions. Since the 20052006 school year, its
key task has been to conduct periodic and systematic assessments of Italian students’
knowledge and competencies, as well as of the overall quality of the educational pro-
vision of schools and vocational training institutions, including in the context of

lifelong learning. These assessments are based on national tests administered to
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students across various grades, producing results of crucial importance. They are
also used to investigate the causes of school failure and dropout, with reference to
social context and types of educational provision. Alongside the Italian, Mathemat-
ics, and English tests, students also complete an anonymous questionnaire, which

collects information on their personal and family background.

3.1.1 A focus on the running variable and the outcome

This chapter analyzes data from the INVALSI tests administered to students in
grade 13 (the final year of high school) between March and May of the 2023/2024
school year.

The running variable for treatment assignment is the school’s Economic, Social,
and Cultural Status (ESCS) index!. Thanks to the anonymous questionnaire ad-
ministered to students during the INVALSI tests, it is measured at the individual
level and then aggregated to the class and school levels. This index is derived from

a principal component analysis based on three factors:
— HISEI: parents’ occupational status

— PARED: parents’ level of education expressed in years of formal schooling,

standardized according to international criteria

— HOMEPOS: ownership of specific material goods serving as proxies for an

economically and culturally favorable learning environment

The HISEI factor is composed of two indicators: father’s occupational status
and mother’s occupational status. Initially, parental occupations were classified
into 12 specific employment categories. These raw data were then aggregated into
6 distinct groups, ordered along an ascending occupational status scale. This op-
eration produced two ordinal categorical variables (father’s occupational level and
mother’s occupational level), whose combined maximum value was used to define
the student’s family occupational status indicator (HISEI).

The PARED factor is determined by recording the educational attainment of
both parents, which was initially classified into 6 ordered categories. The final
family indicator was established by selecting the highest level of education between
the two parents. This qualification was then converted into an estimate of years of
schooling using the International Standard Classification of Education (ISCED 97)
(OECD, 1999). The ISCED 97, adopted by the OECD, UNESCO, and EUROSTAT,

Thttps://www.invalsiopen.it/indicatore-escs-valutazione-equa/
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divides educational pathways into seven levels and serves as the basis for creating
internationally comparable statistical indicators in the field of education.
Attention is also given to the presence or absence of certain household items.
Particular emphasis is placed on HOMEPOS indicator, as the possession of specific
material goods is considered by several researchers to be one of the main proxies
for measuring family socioeconomic status (OECD, 2007; OECD, 2008). For its

construction, the following dichotomous items were considered:

— At home, do you have a quiet place to study?
— At home, do you have a computer you can use for studying?
— At home, do you have a desk for doing homework?

— At home, do you have educational software, e.g., GeoGebra, Matlab, Google
Earth, MindMapper, etc.?

— At home, do you have a fixed Internet connection e.g., modem?
— At home, do you have a room of your own?

— At home, do you have books of classical literature, e.g., Dante, Manzoni,

Tolstoy, etc.?
— At home, do you have works of art, e.g., paintings, sculptures, etc.?
— At home, do you have technical manuals, e.g., software user guides, etc.?
— At home, do you have a dictionary, in Italian or other languages?

— Approximately how many books are there in your home excluding school text-
books?

These items were then summarized through a scaling procedure based on the Rasch
methodology (Campodifiori et al., 2010; Bond and Fox, 2007).

As previously described, the ESCS represents the first principal component of a
PCA conducted on the variables HISEI, PARED, and HOMEPOS. The evolution
of the ESCS is monitored by the Italian Ministry of Education to guide policies
aimed at reducing socio-economic disparities. In this regard, in 2023 the Ministry
of Education and Merit issued Ministerial Decree No. 90 of May 19, 2023, which

identifies as socioeconomically disadvantaged those secondary schools with an ESCS
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below —0.31243% (see Section 3.2.2 for details on the decree). This value is used as
the external threshold of the running variable that determines treatment assignment:
starting from this cutoff, all schools with an ESCS below the threshold are classified
as “low” ESCS schools. Consequently, the treatment group consists of students
attending schools identified as low- ESCS according to the threshold established by
the Ministry of Education and Merit.

The outcome variable is the students’” Mathematics test score obtained in the
INVALSI tests (Math score), estimated using a Rasch model (Rasch, 1966; Rasch,
1980). The Rasch model, which provides so-called “objective measurements,” is used
to estimate student ability independently of the difficulty of the items administered.
In theory, this model eliminates distortions related to variability in subjects or items.
In practice, however, a student’s response is still influenced by item difficulty, which
in turn depends on the student’s level of preparation.

Figure 3.1 shows the distribution of ESCS by region using violin plots, colored
by Geographic area, with boxplots embedded inside. The regions are ordered in as-
cending order according to the median value. A clear negative trend can be observed
for the southern regions, which all cluster at the lower end of the distribution accom-
panied by greater variability in ESCS values—evidence of substantial differences in
socioeconomic and cultural background.

Figure 3.2, in turn, presents a scatterplot of average ESCS against average Math
score at the regional level. Regions are color-coded by geographical area. The
red vertical and horizontal lines indicate, respectively, the national mean of ESCS
and the national mean of the Math score. Almost all southern regions—except
Abruzzo and Molise—fall in the third quadrant®, with values below the mean on
both dimensions. Conversely, the first quadrant contains the remaining regions, all
of which have a score above average on both variables. Lazio is a special case, as
it is the only central region located in the fourth quadrant, with an average ESCS
above the mean but an average Mathematics score below the mean. Once again, a

clear gradient emerges between the South and Islands and the rest of the country.

3.1.2 The INVALSI data

The original dataset contained 473,990 observations (students) and 36 variables.

After an initial phase of variable selection—where those irrelevant to the analysis

2https://www.miur.gov.it/documents/20182/7414469/m_pi.AOOGABMI .Registro+Decreti%2
8R%29.0000090.19-05-2023.pdf/44e239ff-2151-8c6a-3d45-851a38834ded?version=1.0&t=1690
386661238

3The quadrants are numbered counterclockwise, starting from the top-right one
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were removed?, we retained 13 variables, 10 quantitative and 4 qualitative, which
are reported in the first two columns of Tables 3.1 (quantitative variables) and 3.2
(qualitative variables). The variable N student class was later created to capture
the class size, meaning the number of student in the class attended by each student.

With regard to missing values in the quantitative variables, our approach aimed
to minimize information loss. The first step was to remove 784 individuals with
NA in the treatment assignment variable, namely the school ESCS. The decision to
exclude these cases stems from the assignment mechanism: since the exact value of
the running variable was unknown, it was not possible to determine with certainty
whether these students belonged to the treatment or the control group. Next, a
further 235 individuals were removed because they had NA in all variables.

Before proceeding with imputation, we decided to drop the variables correspond-
ing to written grades in Italian, Mathematics, and English for two reasons: first,
because they contained very high proportions of missing values—76.81%, 85.12%,
and 81.91% respectively; second, because in the absence of written grades, students’
first-term assessment is based only on their oral grade®. The missing values for oral
grades were then imputed using the mean at the province level, differentiated by
school type. After this preprocessing phase, the dataset consists of 472,971 obser-
vations and there are no missing values.

Table 3.1 reports the main position indexes of quantitative variables. The table
shows that oral grades display similar, though not identical, averages: Italian has
a mean of 6.90 and a median of 7.00 (CV = 0.16), English 6.94 and 7.00 (CV =
0.18), while Mathematics is slightly lower, with a mean of 6.47 and a median of
6.29 (CV = 0.21). The fact that the medians for Italian and English are slightly
higher than their means suggests a mild left-skew (a few low grades pulling the
mean downward), while in Mathematics the greater heterogeneity (higher CV) is

consistent with a more dispersed distribution of results.

4The variables removed were: i) Grade: school grade; ii) Sidi Invalsi: student’s SIDI INVALSI
code; iii) Timetable code: student’s timetable code; iv) Number of connected PCs: number of
PCs available for test administration; v) Number of computer labs: number of computer labs in
the test location; vi) ISTAT province code: code of the province to which the school belongs;
vii) Month: month of birth; viii) Year: year of birth; ix) Building code: school building code; x)
Level: student’s performance level in the mathematics test; xi) Written grade Italian: first-term
written grade in Italian; xii) Written grade Math: first-term written grade in Mathematics; xiii)
Written grade English: first-term written grade in English; xiv) School unit code: code of the
school branch; xv) ESCS class: Economic, Social and Cultural background of the class; xvi) ESCS
student: Economic, Social and Cultural background of the student; xvii) Place: student’s place of
birth; xviii) Father’s place: father’s place of birth; xix) Mother’s place: mother’s place of birth;
xx) Regularity: indicator of regularity with respect to school progression; xxi) Origin: indicator of
the student’s origin; xxii) Province: province code

Shttps://www.normattiva.it/uri-res/N2Ls?urn:nir:stato:decreto.legislativo:2017-9
4-13;621vig=
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Table 3.2: A description of the qualitative variables

Variable

Categories

% Frequency

School type

Gender

Geographic area

Region

Scientific lyceum
Other lyceum
Technical institute
Professional institute

Male
Female

North-West
North-East
Center

South and islands

Valle D’Aosta
Piemonte

Liguria

Lombardia

Veneto
Friuli-Venezia Giulia
Emilia-Romagna
Toscana

Umbria

Marche

Lazio

Abruzzo

Molise

Campania

Puglia

Basilicata

Calabria

Sicilia

Sardegna
Trentino-Alto Adige

24.27%
29.69%
31.65%
14.38%

50.02%
49.98%

23.54%
18.03%
19.83%
38.61%

0.18%
6.34%
2.14%
14.87%
7.72%
1.77%
6.96%
5.81%
1.46%
2.70%
9.86%
2.12%
0.50%
14.18%
6.78%
0.98%
3.28%
8.53%
2.24%
1.57%
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Age is highly homogeneous, with a mean of 19.18, a median of 19, a range from
17 to 22 years, and a CV of 0.04, indicating very limited variability around the
central value. By contrast, class size shows considerable dispersion: mean 19.15,
median 19, range 1-42, and CV = 0.28, reflecting the presence of schools with very
different class structures.

The Math score, which is the outcome variable of our study, has a mean of 193.01
and a median of 191.34, with CV = 0.20: variability is moderate, and the closeness
of the mean and median suggests the distribution is not strongly skewed. The ESCS,
our running variable, spans a wide range (2.55; 1.81) and has a median of 0.03, with
a mean close to 0, as expected for a standardized index. In this case, the CV (22.43)
is not informative, since the denominator is very close to zero.

Turning to the qualitative variables reported in Table 3.2, we recoded the cat-
egories of the variable Geographic area, merging “South” and “South and Islands”
into a single category. In terms of distribution, the South and Islands account for
the largest share of students (38.61%), followed by the North-West (23.54%), the
Center (19.83%), and the North-East (18.03%). Gender variable is almost perfectly
balanced, with 50.02% male and 49.98% female. Regarding the variable School type,
most students attend a Technical institute (31.65%), followed by Other lyceums
(29.69%), Scientific lyceums (24.27%), and Professional institutes (14.38%). Lom-
bardia is the most represented region, with 14.87% of students, followed by Campa-
nia (14.18%) and Lazio (9.86%).

3.2 Empirical analysis

From this point forward, we transformed the running variable, the school ESCS.
Specifically, it was centered at 0 (with 0 corresponding to the threshold value of
0.31243) and then inverted by multiplying it by 1, so that the treatment group
appears on the right-hand side and the control group on the left. This operation
was carried out purely as a matter of convention.

Before verifying whether the assumptions required to implement the RD design
hold (see Section 2.3.3), we first examine our treatment assignment mechanism. As
mentioned earlier, treated students are those attending schools with a low ESCS
according to the threshold set by the Ministry of Education and Merit. Figure 3.3
illustrates the probability of receiving treatment across individuals. As expected,
this probability shifts from 0 to 1 at the cutoff, moving from the control group on
the left to the treatment group on the right—evidence that we are dealing with a
Sharp RD design (see Section 2.3). The treated sample consists of 132,750 students,
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while the control group includes 340,221 students.

3.2.1 Checking the assumptions of the Regression Discon-
tinuity

The first assumption to be tested is the no sorting around the cutoff assumption.
This assumption states that individuals cannot manipulate the mechanism assign-
ment to the treatment or control group. Under ordinary circumstances, this can be
checked by applying the McCrary density test (McCrary, 2008). The idea behind
the McCrary test is simple: plot the distribution of the running variable and verify
whether a discontinuity appears at the cutoff. However, as Figure 3.4 shows, there
is a sharp jump at the cutoff, moving from the control group on the left to the
treatment group on the right—something that may raise concerns.

However, we are dealing with a special case of RD, namely a case in which the
running variable is discrete. In such contexts, the distribution of the running variable
will display continuous jumps not necessarily due to manipulation but rather as a
consequence of its discrete nature. Indeed, we observe repeated jumps throughout
the distribution, not only at the cutoff.

To address this issue, Frandsen (2017) proposes a test specifically designed for
discrete running variables. The basic idea is that, in the absence of manipulation, the
number of observations exactly at the cutoff should follow a predictable distribution
given the overall frequency of the running variable values nearby. In the presence
of manipulation, however, the observed number of units at the cutoff would appear
anomalous compared to the expected value. The Frandsen test thus makes it possible
to distinguish between irregularities due to the discrete nature of the variable and
those attributable to strategic behavior by individuals, offering a more appropriate
diagnostic tool than the classical McCrary test. Applying the Frandsen test, we
obtain a p-value of 0.582. This result provides no statistical evidence of manipulation
of the running variable at the cutoff, suggesting that the observed irregularities are
attributable to its discrete nature rather than to strategic behavior.

In such cases, beyond the existence of a specific test for discrete running vari-
ables, it is important to assess ex ante whether individuals—in our case students
or families—could realistically manipulate the running variable. In our study, the
running variable is the ESCS, an indicator that is neither disclosed nor easily pre-
dictable by students or families at the time of school enrollment. It is constructed
ex post on the basis of information collected through questionnaires and socioeco-
nomic data, and thus it is something parents or students have access to in advance.

Moreover, the threshold determining treatment is extremely precise and narrowly
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Figure 3.3: Conditional probability of receiving treatment

Note. The cutoff was centered at 0 (0 corresponds to -0.31243). The running variable was inverted.
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Figure 3.4: McCrary density test: the distribution of the running variable

Note. The cutoff was centered at 0 (0 corresponds to -0.31243). The running variable was inverted.
The black and red curves are local polynomial (smoothed) estimates of the density of the running
variable on the left and right of the cutoff. The bands around the lines represent the confidence
intervals around the estimated density curves.
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defined, making it practically impossible for anyone to “fine-tune” their score. Even
if someone were inclined to manipulate their value, the precision of the threshold
and the exogenous construction of the index would render such manipulation unfea-
sible or prohibitively costly. This combination—a non-anticipatory running variable
and a sharply defined threshold—strengthens the plausibility of the assumption that
systematic manipulation of the running variable is absent. Accordingly, the lack of
evidence of mass discontinuity provided by the Frandsen test is consistent with the
theoretical argument that the ESCS is not subject to strategic behavior.

For the moment, we set aside the discrete nature of the running variable and
proceed as in a standard RD design, postponing the discussion and application of
the discrete design to Chapter 4.

Another assumption that must be verified concerns predetermined covariates and
palcebo outcomes, i.e., variables that cannot be affected by the treatment and that
can be used to test the plausibility of the RD design (see Section 2.2.3 for a discussion
of the difference between placebo outcomes and predetermined covariates). It is
important to recall that the most straightforward way to conduct an RD analysis is
to relate the outcome exclusively to the running variable. Although this basic setup
is generally adequate in most cases, some scholars prefer to enrich the specification
by including additional covariates beyond the score itself (Cattaneo et al., 2020).
The core assumption in a valid RD design is that, at the cutoff, the treatment
and control groups should not differ systematically in predetermined covariates,
since these cannot have been influenced by treatment assignment. To test this, we
examine the null hypothesis that the treatment effect is zero for each predetermined
covariate. If significant effects were found for these variables, the credibility of the
RD design would be undermined.

The covariates tested for plausibility are reported in Table 3.3. The variables
Age and Male are considered as predetermined covariates. On the other hand, the
three oral grades are considered as placebo outcomes. The analyses were carried out
in R using the package rdrobust, which implements local polynomial Regression
Discontinuity (RD) estimators with robust bias-corrected confidence intervals and
inference procedures developed in Calonico et al. (2014), Calonico et al. (2019), and
Calonico et al. (2018). The first column refers to the covariate under consideration.
The second column reports the bandwidth obtained using the mserd bandwidth se-
lection algorithm implemented in rdrobust, which minimizes the MSE and provides
a symmetric bandwidth on both sides of the cutoff (see Section 2.2.1 for further de-
tails on bandwidth selection in RD). The third column reports the treatment effect

estimate obtained from the RD. The fourth column specifies the weighting function
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used, namely a triangular kernel that assigns greater weight to observations closer
to the cutoff. The fifth and sixth columns report, respectively, the p-value and the
robust bias-corrected confidence intervals. Finally, the last two columns show the
number of observations to the left and to the right of the cutoff within the selected
optimal bandwidth.

The results suggest good balance for almost all predetermined covariates and
placebo outcomes considered. Oral grades in Italian, Mathematics, and English do
not show statistically significant discontinuities at the cutoff (p-values of 0.12, 0.11,
and 0.35, respectively), and the confidence intervals include zero—consistent with
the RD assumption of continuity of potential outcomes with respect to the running
variable. Both age and gender show a small negative jump: while statistically
significant due to the large sample size, the magnitude is negligible and unlikely
to affect the main results. Figure 3.5 displays the typical regression discontinuity
plots for each of the considered covariates: on the right is the treatment group
(students attending low- ESCS schools), while on the left is the control group. Each
plot provides a visual sense of the treatment effect: if the two regression curves
(shown in red) diverge at the cutoff, a discontinuity is present. The plots show
near-linear continuity in almost all cases, with the exception of the variable Male,
which displays a slight downward discontinuity, consistent with the results already
reported in Table 3.3. Both the formal analysis and the graphical analysis indicate
that the students right above and below the cutoff are similar in terms of their high

school performance.

MSE-Optimal RD

Variable R i Kernel Robust Inference N of Obs
Bandwidth  Estimator

p-value 95% CI left  right
Age 0.188 —0.024 Triangular 0.01 [-0.042, —0.006] 70,719 54,573
Male 0.084 —0.076 Triangular 0.00 [-0.097, —0.064] 29,667 27,022
Oral grade italian 0.171 —0.021 Triangular 0.12  [-0.048, 0.006] 63,089 50,778
Oral grade math 0.169 —0.031 Triangular 0.11  [-0.055, 0.004] 62,730 49,932
Oral grade english 0.266 0.017 Triangular 0.35  [-0.015, 0.042] 96,565 69,890

Table 3.3: RD effects on predetermined covariates and placebo outcomes

3.2.2 Results: the causal impact of school ESCS

Before presenting the main effect of interest—mnamely, the impact of attending low-
ESCS schools on Math score—it is important to clarify a key point concerning
Ministerial Decree No. 90 of May 19, 2023. The decree establishes that, for upper
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secondary schools, classes may be formed with no more than 27 students if the

following conditions are met:

— The ESCS is below the threshold of —0.31243;
— The school dropout indicator® is above the threshold of 1.33396;

— The depopulation indicator” is below —4.88110.

In our dataset, however, we only have information regarding the ESCS. More-
over, we conducted an analysis to show that, on both sides of the ESCS threshold,
the proportion of classes with fewer than 27 students is essentially the same, indicat-
ing that no policy intervention is confounding our estimated effect. To support this
claim, Table 3.4 reports an analysis grouping students by the variable class code.
Overall, there are 27,267 classes, of which 8,554 belong to the treatment group and
18,713 to the control group. As shown in the third and fourth columns, the per-
centage of classes with more than 27 students and the percentage of classes with 27
students or fewer are very similar across the two groups. To further strengthen our
analysis, we use the variable N student class as a placebo outcome to test whether
there is any discontinuity at the cutoff attributable to policy implementation. Fig-
ure 3.6 presents a standard RD plot of the placebo outcome N student class against
the running variable school ESCS. The figure clearly shows continuity on both sides
of the cutoff: there is no jump when moving from the control group on the left to
the treatment group on the right. This means that, at the threshold, there are no
policies in place that could confound the treatment effect of interest.

Once all the assumptions were verified, the RD was then estimated. Figure 3.7
shows the RD plot between the outcome of interest—the Math score—and the run-
ning variable, ESCS school. A clear discontinuity can be observed at the cutoff:
moving from the control group on the left (students attending schools with a non-

low ESCS) to the treatment group on the right (students attending schools with a

6Measures the share of young people who abandon education or fail to reach expected compe-
tencies
"Measures the decline of population in a given area and the intensity of demographic outflow

Table 3.4: Placebo outcome: an analysis of the number of student in each class

Number of classes Classes with Classes with
more than 27 students 27 students or less
Treatment 8,554 (31.37%) 324 (3.78%) 8,230 (96.22%)
Control 18,713 (68.63%) 469 (2.50%) 18,224 (97.50%)
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82



low ESCS). Table 3.5 reports the magnitude of the LATE. Once again, the opti-
mal bandwidth was selected using the mserd function from the rdrobust package,
which chooses the bandwidth that minimizes the MSE while accounting for the
bias-variance trade-off (see Section 2.2.1). As weighting function, we used a trian-
gular kernel, since when combined with the MSE-optimal bandwidth, it yields to
a point estimator with optimal properties (Cattaneo et al., 2020). To estimate the
causal effect, we employed a local polynomial of order 1, the most commonly used
specification in the literature (see Section 2.1 for a discussion of local polynomial
order).

With a bandwidth width of only 0.131 on either side of the cutoff and significance
at the 1% level, the treatment effect is negative and equal to —1.071, indicating that
attending a low-FESCS school has adverse consequences for Math score. However,
considering that the outcome ranges from 57.99 to 306.64, this effect is very small

and can be regarded as practically negligible.

Table 3.5: RD effect on the outcome Math score

MSE-Optimal RD

Variable R ] Kernel Robust Inference N of Obs
Bandwidth  Estimator
p-value 95% CI left  right
Math score 0.131 —1.071 Triangular 0.00 [—2.115, —0.338] 47,258 38,699

Faced with a negative but modest LATE, the most cautious interpretation is that
the socioeconomic composition of the school environment—and thus the potential
mechanisms of peer interaction—constitutes a real channel through which educa-
tional inequalities are transmitted, but not a dominant one in explaining mathe-
matics scores or students’ academic performance more generally. Simply attending
a low-ESCS school generates a statistically detectable effect, yet one that is eco-
nomically limited. This implies that the most effective levers for reducing learning
gaps in mathematics must combine the management of school composition with
targeted instructional interventions and broader school- or system-level policies. In
other words, changing the social composition of a school alone is not sufficient. This
result is consistent with the literature on peer effects, which suggests that classroom
context can influence performance through norms of effort, shared expectations, or
behavioural models. However, in the [talian case analysed here, such effects appear
to operate in a real but not dominant manner: socioeconomic composition alone is
not enough to produce large differences in outcomes.

Although small, the negative result we observe supports the idea that peer in-

fluence is exerted primarily through the school climate, expectations, and daily
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management of learning activities. In short, school composition matters, but what
is crucial is the quality of teaching and the organization of learning in the most
vulnerable contexts. To achieve substantial improvements in Mathematics, strate-
gies must therefore move beyond the belief that a slight shift in class composition
is enough and instead focus on integrated interventions. These include: intensive,
data-driven instructional support, professional training, attention to school climate
and prevention of behavioral disruptions, and the allocation of stable, planned ad-
ditional funding.

It is important, however, to acknowledge that the analysis conducted thus far
is subject to two limitations. The first one is that, as previously noted, we are ne-
glecting the discrete nature of the running variable. The RD design with a discrete
running variable is applied in Chapter 4. The second limitation concerns the het-
erogeneity of effects across students, schools, and geographical contexts—something
that a LATE at the threshold cannot fully capture. Proper assessment requires
subgroup analyses and alternative specifications, which is addressed in Chapter 5

by incorporating the regional component into the analysis.
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Chapter 4

Regression Discontinuity design with

discrete running variable

In the previous chapters, the RD design was introduced under the assumption that
the running variable was continuous. In reality, in many applications, the nature of
the running variable is discrete. In these cases, the implementation of RD encounters

some obstacles. Discrete random variables take on a finite number of values:
X € {xo,z1,... 2} with P[X =z > 0,Vk

These values can be, for example, 1, 2, 3, or not necessarily integers but still finite
numbers, where each value has a non-zero probability (there is some probability that
x equals 0, some probability that it equals 1.5, and so on). These values from zg to
xy, are generally defined as “mass points” (Cattaneo et al., 2024).

There are two characteristics that distinguish the RD design with a discrete
running variable. The first is that many units may have the same score on the
running variable; the second is that there may exist units located exactly at the
cutoff point:

PX;=¢ >0 with i=1,...n

This second characteristic represents a problem, at least within the “continuity-based
framework,” which is the standard framework with the weakest assumptions. In fact,
as the name suggests, it requires continuity of the running variable, something that
is absent when the running variable is discrete. This is problematic because, as
mentioned, in RD the goal is to get as close as possible to the cutoff point and
compare those units. However, if the running variable is discrete and takes values
such as —2,—1,0, 1, 2, it is not possible to get arbitrarily close to the cutoff, even
with a very large sample. Indeed, in this case, if the cutoff were 0, from the right
we could observe units exactly at the cutoff; but from the left, the closest point to
the cutoff would be —1, and we could not get any closer.

From a theoretical point of view, in such cases one could not strictly rely on

RD. However, from a practical perspective, even in the presence of mass points, RD
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still represents a good approximation. In this regard, it is important to distinguish

between the 3 possible cases in which mass points may arise:

1. Heaping: in this case we have a variable that appears to be continuous but
has mass points on top of it. Some examples of this situation are test scores
or dates of birth.

2. Rounding: this means that there is an underlying continuous running variable
that we do not observe, but instead we observe a discretized version of it. A
clear example is age, which is in itself a continuous variable but is very often
observed in years or months (as if rounded up or down). Another example is
income, which is also a continuous variable but is often categorized (income
brackets).

3. Discrete running variable: a case in which the variables are intrinsically dis-
crete by their nature. Examples include the number of seats in the Senate
or the number of employees in a firm (consider, for instance, a program im-
plemented for firms with fewer than 50 employees; this variable will naturally

take discrete values such as 1, 2, 3, etc.).

Figure 4.1 presents an example of heaping, created with simulated data, designed
to have a discrete running variable and an increasing outcome, with a jump at the
cutoff. On the left side of the figure, the histogram of the running variable is shown,
while on the right side, a scatterplot of the running variable against the outcome is
displayed. The running variable represented is essentially continuous, in the sense
that it takes values across the entire range of the histogram, but distinct spikes
appear where certain values occur more frequently than others. The right panel
of Figure 4.1 shows the scatter plot of the running variable against the outcome,
where the presence of repeated observations is evident in the form of stacked bars.
The case of rounding is illustrated in Figure 4.2, where the running variable may
take only integer values. Here too, as in Figure 4.1, we generated simulated data
designed to have a discrete running variable and an increasing outcome, with a jump
at the cutoff. In this case, the histogram appears as shown in the left panel, with
no observations between adjacent values. The right panel of Figure 4.2 displays a
scatter plot of the running variable against the outcome. Conceptually, one might
imagine that there are underlying values (represented by the gray points) that could
in principle be observed, but in practice are not, because the variable has been
rounded up or down (as in the case of age, which is typically reported in years or

months). Thus, the gray points are unobserved, while only the blue points appear in
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the data. Focusing on the scatter plot, it is possible on the right side to observe units
exactly at the cutoff, providing information on treated units at that point. However,
when attempting to compare them with untreated units, the closest observations are
at —1, since no units exist between —1 and 0.

The third and final case, that of a discrete running variable, is not shown graph-
ically because it closely resembles the rounding case, with the only difference being
that the gray points in the scatter plot are absent altogether, as they do not exist.

In the case of heaping, continuity-based methods may still provide a reasonable
approximation. As noted earlier, from a theoretical standpoint RD should not (or
could not) be applied, since the running variable is not strictly continuous. Nev-
ertheless, it remains a useful approximation because it still allows researchers to
get very close to the cutoff. However, in the other two cases, using RD is much
more complex. A good solution could be to use the Local randomization approach
(Cattaneo et al., 2024; Cattaneo et al., 2016; Cattaneo et al., 2018) (see Section 2.4

for a detailed discussion on the Local randomization approach).

4.1 The mass points problem

Several issues must be considered when using RD with a discrete running variable.
First, the presence of mass points can reduce the effective sample size. In fact, Local
polynomial methods require variation in the values of the running variable in order
to work: it must be possible to construct functions to the right and to the left of the
cutoff, and to do so, the outcome must vary with changes in the running variable.
Without such variation, estimation would not be possible. Figure 4.3 provides a
graphical illustration of this issue. The figure displays three scatter plots of three
different running variables against three different outcomes: the right panel was
obtained by generating a single discrete value of the running variable associated with
multiple outcome values; the central panel features a running variable that takes on
only two discrete values with multiple outcome values different from the previous
outcome; the third panel consists of a continuous random running variable and a
continuous random outcome. In the right-hand panel, it is shown that one cannot
estimate the relationship between the outcome and the running variable because
there is no clear way to fit a line. In the center panel, even though it is artificially
possible to fit a line, the information provided about how the outcome varies with
the running variable is very limited, since there are only two reference points. The
ideal scenario is shown in the left-hand panel, where there is a consistent variation

in the running variable, making it possible to estimate the line more accurately.
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What matters, therefore, is not the total number of observations, but the number of
distinct values of the running variable. Adding a very large number of observations
that all take only two distinct values of the running variable would contribute little
information. This means that Local polynomial methods behave as if the effective
sample size were equal to the number of mass points, not the total number of
observations, because the mass points provide information about how the outcome
changes with the running variable. Thus, in the presence of mass points, the sample
size is effectively “artificially inflated,” since one may have a very large number
of observations but only a small number of distinct running variable values. For
example, one might have a sample of 300,000 observations, but if the running variable
takes only 1,000 distinct values, then the effective sample size is 1,000, not 300,000.
This phenomenon is known as “sample size inflation”. One possible solution in
such cases is to aggregate the data at the level of the mass points, taking the
mean outcome for all observations that share the same value of the running variable
(Cattaneo et al., 2024). This approach avoids sample size inflation, producing a new
sample whose number of observations equals the number of mass points rather than
the total number of raw observations.

In the case of rounding, where the issue is that some units are observed directly
at the cutoff point (Figure 4.2), the treatment effect discussed so far can no longer
be identified—at least not in a nonparametric way. Recall that global polynomial
methods can behave very irregularly, especially near the cutoff. Thus, the effect is
no longer nonparametrically identifiable because it is not possible to get arbitrarily
close to the cutoff. The best approach in such situations is to rely on parametric
assumptions (Dong, 2015). However, this requires specifying assumptions about the
true model, which is complicated because even if the correct model were known, the

resulting estimates might still be inconsistent.
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Figure 4.3: Estimation problem with the presence of mass points
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In the case of a discrete running variable (the third case), where the running
variable is discrete by its very nature, continuity-based methods fail not only be-
cause it is impossible to approach the cutoff arbitrarily closely, but also because the
approach is conceptually invalid. For example, if the running variable is the number
of workers, it makes no sense to consider 49.9 or 50.1 workers. The best that can
be done in such settings is to compare units exactly at the cutoff (say, 0) with units
at —1 (the closest point to the cutoff from the left), since it is impossible to get
any closer. Therefore, Local polynomial methods are meaningless here, as well as
iterative bandwidth-selection algorithms that minimize M SFE. In such cases, the
most appropriate approach is to rely on the Local randomization framework.

In summary, when working with a discrete running variable, it is important to
analyze the mass points, assess how many there are, and examine their distribu-
tion. If there are many mass points and, in particular, if they are sufficiently close
to the cutoff, continuity-based methods still provide a reasonable approximation.
Care must be taken in defining the effective sample size because, as discussed, the
true sample size is determined not by the total number of observations but by the
number of mass points. One possible strategy is to aggregate the data at the level
of the mass points and then carry out the analysis on these aggregated data. If
there are only a few mass points and they are far apart—especially far from the
cutoff—continuity-based methods will not work, either practically or conceptually.
In such cases, the local randomization approach may be more appropriate from a

conceptual standpoint.

4.2 A solution to the mass points problem

As mentioned in the previous section, a possible solution to the problems arising
from the presence of mass points is to collapsing the data using the mean. This
means that, within each discrete value of the running variable shared by a certain
number of observations, that discrete value is summarized by taking a simple av-
erage of the outcome. Table 4.1 illustrates an example of how collapsing to the
mean works, assuming there are only two mass points (—2.00 and —1.98) and ten
individuals. The first column refers to the individual, the second to the value of the
running variable, the third to the corresponding outcome value, and the fourth to
the collapsed outcome for the first six individuals who share the same discrete value
of the running variable, and for the subsequent four.

However, in many cases, summarizing a group of individuals who share the same

value of the running variable using the simple mean may yield an incomplete picture
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Table 4.1: Collapsing on the mean: an example with ten individuals and two mass
points

Individual RV Y Y collapsed on mean

1 -2.00 2.54 9.42
2 -2.00 4.87
3 -2.00 6.12
4 -2.00 891
3 -2.00 1.34
6 -2.00 32.76
7 -1.98  3.18 5.09
8 -1.98  5.72
9 -1.98  8.45
10 -1.98 299

of the complex structure of the outcome, masking the presence of outliers, skewed
distributions, or heavy tails. In such circumstances, the mean tends to be strongly
influenced by a few extreme values, producing biased or overly variable estimates and
reducing the ability to capture the true heterogeneity of the group. This limitation
becomes particularly relevant when the sample size is small, as the efficiency of
the mean comes at the cost of marked vulnerability to the shape of the outcome
distribution.

For this reason, we propose two alternatives to the simple mean that aim to
be more robust in the presence of outliers within mass points: the median and the
medoids (Kaufman and Rousseeuw, 1990). The use of robust measures such as the
median or the medoid allows for a more faithful representation of the underlying
data structure, especially in the presence of skewed distributions or anomalous val-
ues. The median, being insensitive to outliers, provides a stable representation of
the central tendency of the group, reducing the distortion that the mean would suf-
fer under strong skewness. The medoid, in turn, offers an additional advantage: it
identifies an actually observed and representative unit of the group, thereby pre-
serving the discrete nature of the data and limiting distortions caused by extreme
values. Both methods therefore yield more compact estimates that are less sensitive
to the shape of the distribution.

The Partitioning Around Medoids (PAM), also known as K-Medoids, was first
introduced by Kaufman and Rousseeuw (1990). Like K-Means, it is a partitioning
clustering method, but instead of focusing on centroids, it focuses on medoids. The
method seeks k representative objects, called medoids, that minimize the average

dissimilarity of all objects in the dataset relative to their nearest medoid. As Kauf-
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man and Rousseeuw themselves noted, the idea of using a representative object
for cluster analysis had previously been discussed by other researchers in related
contexts, such as Vinod (1969), Rao (1971), and Mulvey and Crowder (1979). Let
X = {x,x9,...,2,} be a set of n points in a space with a distance function d. A

medoid is defined as:

n
Tmedoid = arg 2%1;{»1 ; d(y, z;).

Thus, medoids represent those objects within a cluster for which the average
dissimilarity with respect to all other objects is minimal, and they are always con-
strained to belong to the dataset itself. Our idea is to treat each group of mass
points as a separate cluster and to extract from it the individual that best rep-
resents the group through the use of medoids. One of the main advantages of the
medoids is its low susceptibility to outliers (even lower than that of the median). On
the other hand, one of its main disadvantages—typical of non-hierarchical clustering
methods—is the selection of the initial clusters. However, by considering each mass
point as a distinct cluster, we overcome this drawback of the medoid approach.

Table 4.2 includes two additional columns that highlight the differences between

the use of the mean, medoids, and the median. We can observe that for the first

Table 4.2: Collapsing on the mean: an example with ten individuals and two mass
points

Individual RV Y Y collapsed Y collapsed Y collapsed

on mean on medoid  on median
1 -2.00 2.54 9.42 6.12 5.50
2 -2.00 4.87
3 -2.00 6.12
4 -2.00 891
5 -2.00 1.34
6 -2.00 32.76
7 -1.98  3.18 5.09 5.72 4.45
8 -1.98  5.72
9 -1.98  8.45
10 -1.98  2.99
group of observations (running variable/mass point value = —2.00), where an outlier

is present (32.76, individual 6), the mean provides a much more distorted summary
measure, as it is less stable in the presence of skewness. By contrast, the summaries

provided by the medoid and the median remain more faithful and representative
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of the group’s characteristics. The difference between the two lies in the fact that,
for the medoid, the value corresponds to an observation already present in the data
distribution (individual 3).

Turning to the other group of individuals (running variable/mass point value
= —1.98), the three methods yield very similar summaries due to the absence of

outliers.

4.3 Simulation study

To assess the impact of mass points in RD designs with a discrete running variable,
we developed a Monte Carlo simulation study. The goal is not only to compare
different strategies for collapsing the data at the mass points—aggregating by the
mean outcome, selecting a representative individual via the medoid, and aggregating
by the median—but, above all, to provide guidance on how to choose the most
appropriate method given the structure of the data. In particular, the analysis
focuses on the sensitivity of these approaches to sample size, the number of mass
points, and the shape of the outcome distribution. The strategies consist of simulating
as many observations as there are mass points. In the first case we take the average of
the outcome; in the second we use the medoid—that is, a representative observation
of the dataset or of clusters (in our case, of each mass point); and in the third we use
the median of the outcome instead of the mean. The latter two methods offer greater
robustness to outliers. In each simulation, the running variable X was generated as

a discrete vector on m grid of equally spaced values in the interval [—2, 2]:
X, e{-2,..,2}, i=1,..m

where m corresponds to the number of distinct discrete values assumed by the

running variable. In general, four sample sizes were considered:
n € {5,000, 10,000, 15,000, 20,000}.

The equations of our simulation study are defined as:

Yoi = 0.3X; +0.2X7 + ¢ (4.2)
Yi=Yu+71-D; (4.3)
e ~ N(0,1). (44)
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Where Y,; denotes the outcome in the absence of treatment, Yj; represents the
outcome under treatment and the parameter 7 corresponds to a treatment effect
fixed a priori equal to 0.5. To assess the robustness of our approach, we considered

two different distribution of the outcome within each mass point:
— Normal: symmetric, with skewness and kurtosis equal to 0

— Exponential: highly asymmetric, with skewness equal to 2 and kurtosis equal

to 6, so as to emphasize the effect of outliers on mean-based estimates.

The density of the mass points was controlled by fixing three percentage levels

relative to the total sample size:

Mass points € {1%,1.5%,2%}

Table 4.3: Factors and levels of the simulation plan

Factors Levels
n 5,000, 10,000, 15,000, 20,000
mass points 1%, 1.5%, 2%

Distribution of Y Normal, Skewed

In this way, for each sample size we generated datasets in which the discrete
values of the running variable appear with different concentrations. Combining
the different factors of the study with the different levels, a total of 24 distinct
scenarios were simulated. An overview of how many factors and how many levels
are taken into account in the study is provided in Table 4.3, while an overview of
the 24 scenarios is provided in Table 4.4. Furthermore, to ensure robustness of the
results, we generated 500 samples for each scenario. Thus, the experimental design
spans multiple dimensions, varying the sample size, the density of the mass points,
and the distribution of the outcome, in order to explore scenarios with different

characteristics in terms of symmetry and presence of outliers.

4.3.1 Simulation results

Figures 4.4 and 4.5 show the distribution of the estimated coefficients, summarized
with density plots in which each curve is color-coded by the method used. Specifi-
cally, Figure 4.4 displays the results for a normal distribution of the outcome at each

mass point, whereas Figure 4.5 refers to the case of a skewed distribution. In each
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Table 4.4: Simulation study plan

Scenarios n mass points Distribution of Y
1 5,000 50 (1%) Normal
2 5,000 50 (1%) Skewed
3 5,000 75 (1.5%) Normal
4 5,000 75 (1.5%) Skewed
5 5,000 100 (2%) Normal
6 5,000 100 (2%) Skewed
7 10,000 100 (1%) Normal
8 10,000 100 (1%) Skewed
9 10,000 150 (1.5%) Normal
10 10,000 150 (1.5%) Skewed
11 10,000 200 (2%) Normal
12 10,000 200 (2%) Skewed
13 15,000 150 (1%) Normal
14 15,000 150 (1%) Skewed
15 15,000 225 (1.5%) Normal
16 15,000 225 (1.5%) Skewed
17 15,000 300 (2%) Normal
18 15,000 300 (2%) Skewed
19 20,000 200 (1%) Normal
20 20,000 200 (1%) Skewed
21 20,000 300 (1.5%) Normal
22 20,000 300 (1.5%) Skewed
23 20,000 400 (2%) Normal
24 20,000 400 (2%) Skewed

figure, rows illustrate the effect of sample size, while columns show the different lev-
els of the percentage of mass points considered. Note that the treatment effect was
set to 0.5. The density plots in Figure 4.4 show that the mean, the medoid, and the
median all yield essentially correct estimates: the distributions of the estimated co-
efficients are centered around 0.5, indicating no systematic bias. The key difference
concerns dispersion. For small samples (n = 5,000), the density for the mean is more
concentrated (higher peaks and shorter tails), whereas those for the medoid and the
median are wider with more pronounced tails. In other words, for the same level
of accuracy, the mean is more efficient (lower variance), while the medoid and the
median incur a cost in terms of variability. This efficiency difference appears at all
three levels of mass-point concentration (1%, 1.5%,2%). However, as the percentage
of mass points increases, the variability differences between the approaches reduces.

In fact, with n = 5,000 and 2% mass points, the three curves are more similar than
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those with 1% or 1.5% of mass points. Moving to n = 10,000, we see a uniform
contraction of all the densities: the peaks become sharper and the tails pull in, but
the mean retains an advantage in precision (a narrower curve) compared with the
medoid and the median, which continue to show slightly greater dispersion. The
same pattern holds for n = 15,000 and n = 20,000: the densities progressively con-
verge, with only marginal differences. Results provided in Figure 4.4 suggest that,
under symmetry, increasing the sample size makes the approaches nearly equiva-
lent in terms of the distribution of the estimated coefficients. Sensitivity to the
percentage of mass points also remains limited across all panels: with 2% of mass
points the densities are slightly “fatter” at small n, but the effect fades quickly as n
increases. In summary, under normality: (i) greater efficiency of the mean for small
or moderate samples (more concentrated density); (ii) differences that shrink as n
grows, almost disappearing; (iii) a modest impact of the share of mass points, which
does not change the ranking of methods but may slightly reduce—at small n—the
higher variability of the medoid and the median as its percentage increases.

In the density plots of the estimated coefficients for the skewed distribution in
Figure 4.5, marked differences emerge among the three approaches. With small
samples (n = 5,000), the distribution of mean-based estimates is wider and more
dispersed, with long tails and a less pronounced peak; this reflects the mean’s greater
sensitivity to outliers and to the long tail typical of the exponential distribution. By
contrast, both the median and the medoid show curves more concentrated around
0.5, with sharper peaks and shorter tails, indicating that these robust approaches
succeed in limiting the variability induced by asymmetry. This difference is al-
ready evident at a low percentage of mass points (1%) and becomes even more
pronounced at 2%, when the mean further increases its dispersion while the median
and the medoid maintain stable, compact distributions. As the sample size increases
(n = 10,000 and n = 15,000), the three densities tend to tighten, but the relative
advantage of the robust approaches persists: the mean remains more exposed to
tails and variability, whereas the median and the medoid continue to produce more
concentrated estimates, with higher peaks and estimates symmetrically distributed
around 0.5 (7). Only with very large samples (n = 20,000) a partial convergence is
observed: the differences between the mean and the robust methods diminish, but
the superiority of the median and the medoid in terms of stability and precision
remains visible, especially when the share of mass points is high.

Overall, these results indicate that in asymmetric scenarios the mean suffers a
systematic loss of efficiency, amplified in small samples and when the percentage of

mass points is higher. By contrast, the median and the medoid offer a clear advan-
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tage, producing distributions of the estimated coefficients that are more compact
and concentrated around the true value, with robustness that makes them method-
ologically preferable in real applications where outcome asymmetry is the rule rather
than the exception.

In addition to the distributions of the estimated coefficients obtained through
the proposed method, we also assess the differences with the mean and median-
collapsing method to evaluate performance by comparing two indices: the Relative
Bias (RBias) and the Root Mean Square Error (RMSE) of the estimates based on
the 500 replications. The RBias was calculated as:

1S (7 =T

RBia3:Z< ) s=1,2,...,500 (4.5)
S = T

Where S represents the number of replications in the simulation, 7 is the estimate

of the treatment effect for the generic replication, and 7 is the treatment effect fixed

a priori (0.5). Instead, the RMSE was computed as:

1
RMSE = JSZ(@—TV, s=1,2,...,500 (4.6)

s=1

Tables 4.5 and 4.6 below report the results for RBias and RMSE. The upper part of
the tables refers to a normal distribution of the outcome at each mass point, while the
lower part refers to the skewed distribution. As with the previous figures, the tables
show, for each row, the effect of sample size, while each column reports the different
levels of the percentage of mass points considered. In all scenarios, RBias values
are very close to zero, confirming the absence of systematic distortion for the mean,
medoid, and median. No clear winner emerges: for n = 5,000 the mean is slightly
closer to zero at 1% mass points (0.011 versus 0.008/0.004), whereas at 1.5% the
medoid/median prevail (0.007/0.007 versus 0.015 for the mean). With n = 10,000
and n = 15,000, the differences remain minimal and mixed (e.g., n = 10,000, 2%:
mean 0.003 vs medoid 0.002 vs median 0.003; n = 15,000, 1.5%: mean 0.004 vs
0.001/0.001). For n = 20,000, the values continue to fluctuate around zero, with a
negligible level of distortion for all methods. In sum: under normality, RBias does
not discriminate among the three approaches; it increases slightly in absolute value
for smaller samples and, for a given n, varies little with the percentage of mass
points. The evidence confirms that, under symmetric conditions, all estimators are
unbiased, and the small differences observed reflect finite-sample fluctuations rather
than structural differences. As for the skewed distribution, by contrast, marked dif-

ferences emerge. With n = 5,000, the mean shows a larger RBias in absolute value: it
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goes from +0.025 (1%) to 0.036 (1.5%) and 0.013 (2%), highlighting strong sensitiv-
ity to the share of mass points. By contrast, the medoid and the median remain close
to zero and stable (e.g., 1.5%: 0.016/0.016), indicating clear robustness to asymme-
try. With n = 10,000 the mean continues to show wider deviations (up to +0.030
at 1.5%), while medoid/median remain contained around 0.010 and even near zero
or slightly negative at 2% (0.002/0.002). For n = 15,000 the pattern persists: the
mean maintains higher positive RBias (0.02770.011), whereas the medoid/median
settle at lower values (0.01270.005/0.01370.005). Only with » = 20,000 is partial
convergence observed: the three procedures have very small RBias (between 0.006
and 40.008), but the robust methods remain slightly closer to zero, especially at
2% mass points (medoid/median 0.001 versus 0.006 for the mean). In short: under
skewness, (i) the mean is more biased and more sensitive to the percentage of mass
points (both sign and magnitude shifts); (ii) the medoid and the median show re-
duced, stable bias across all scenarios, with negligible differences between them; and
(iii) increasing n reduces RBias for everyone, but convergence is faster for the robust
approaches. Operationally, RBias therefore suggests: use the mean only in symmet-
ric settings (where, in any case, the difference is minimal), whereas in the presence
of skewness—especially with small n and many mass points—the medoid/median
provide more reliable estimates and are less sensitive to the discrete structure of
the data. Table 4.6 reports the RMSE for the three methods. RMSE decreases
monotonically as n increases for all methods. Comparatively, the mean is systemat-
ically the most efficient: at n = 5,000 the mean’s RMSE is 0.12270.13270.122 versus
0.15470.16670.151 for the medoid and 0.15170.16670.148 for the median—that is,
an advantage on the order of 20-35%. The gap shrinks as the sample size grows
(at n = 20,000: mean 0.05870.061; medoid/median 0.07170.076), but the hierarchy
remains unchanged. The effect of the percentage of mass points is secondary: un-
der normality, shifts between 1%, 1.5%, and 2% lead to modest changes (often on
the order of 0.00270.01) and do not alter the ranking. Conclusion: in symmetric
scenarios, the mean minimizes RMSE, while the median and medoid—though un-
biased—are less efficient (higher variance), with differences that fade only for very
large samples.

Turning to the skewed distribution, as seen with the other metrics, the picture
reverses. For n = 5,000, the mean’s RMSE is clearly higher (= 0.214-0.218) than
that of the medoid and median (& 0.128-0.132), yielding a 35-45% reduction when
adopting a robust approach. At n = 10,000 and n = 15,000 the robust methods still
hold the edge (e.g., n = 10,000: mean 0.147-0.133 vs. medoid/median 0.088-0.092;
n = 15,000: mean 0.116-0.106 vs. 0.071-0.075), and this persists at n = 20,000
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(mean 0.101-0.089 vs. 0.062-0.067), with margins still around 25735%. The per-
centage of mass points matters less than the other factors but, unlike in the normal
case, the mean’s RMSE shows greater sensitivity: in some panels non-monotonic
changes appear (e.g., at n = 10,000 the mean’s RMSE falls from 0.147 to 0.133
when moving from 1% to 2%), indicating that the combination of discreteness and
skewness can amplify variability. The medoid and median, by contrast, are stable
with respect to the percentage of mass points: small oscillations (typically < 0.004)
and near-overlapping curves, confirming their robustness.

In summary: (i) RMSE is driven by the shape of the distribution—under nor-
mality the mean wins; under skewness the medoid/median prevail. (ii) Increasing n
reduces RMSE for everyone, but does not eliminate the relative advantage: even at
n = 20,000 the robust methods maintain lower error in the presence of asymmetry.
(iii) The percentage of mass points has a second-order effect: almost negligible under
normality; more visible under skewness for the mean, while remaining mild for the
robust methods.51

Operationally, this suggests clear guidance: use the mean in plausibly symmet-
ric scenarios and when n is not too small; use the medoid/median when the out-
come is skewed (or potentially so) and/or when the discrete structure induces many
ties—especially with small or medium samples—since they substantially reduce the

root mean squared error.

4.3.2 Simulation summary

Overall, the results from the density plots, RBias, and RMSE outline a coherent
picture of the performance of the three collapsing approaches based on the mean,
the medoids and the median. In scenarios with a normal distribution, all three
estimators are unbiased, with medians well centered on the true effect (7 = 0.5)
and RBias values close to zero; what differentiates the approaches is efficiency: the
mean yields more concentrated densities and a systematically lower RMSE than the
medoid /median, with gaps that shrink but do not disappear as n increases, while
the percentage of mass points plays a secondary role. In this context, using the
medoid or the median brings no benefit and may entail a slight loss of precision.
By contrast, in scenarios with a skewed distribution, the differences between the
two methods are reversed: the mean is affected by asymmetry and outliers, produc-
ing more dispersed estimates, RBias farther from zero, and higher RMSE—especially
for small samples and when the density of mass points is high. In these situations,
the medoid emerges as the more robust approach, able to keep estimates concen-

trated around the true value, limit relative bias, and reduce mean squared error.
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Finally, increasing the sample size tends to soften the differences between the two
methods, confirming that asymptotic properties lead to progressive convergence: in
very large samples, the mean and the medoid are virtually equivalent.

In summary: (i) in symmetric scenarios the mean is preferable for efficiency;
(i) in skewed scenarios the robust methods (medoid/median) are clearly superior
in stability and accuracy; (iii) increasing n improves all approaches but does not
change the ranking; (iv) the share of mass points has little effect under normality
and chiefly impacts the instability of the mean in the presence of asymmetry.

These findings therefore suggest a clear methodological trade-off: while the mean
remains preferable under ideal conditions of symmetry, the medoid offers a significant
advantage in realistic scenarios characterized by non-normal distributions and the
presence of mass points, without substantially penalizing performance in other cases.

The results of our simulation study provide important insights for the literature
on Regression Discontinuity with a discrete running variable, a context in which the
presence of mass points represents a non-negligible methodological challenge. Tradi-
tional data collapsing strategies rely primarily on the mean of the outcomes within
mass points, but our results show that while this approach is efficient under symme-
try, it can be vulnerable in the presence of skewed or heavy-tailed distributions. In
such scenarios, the mean is strongly affected by outliers and tends to generate more
variable and biased estimates. The proposed alternative, namely collapsing based
on the medoid, has proven capable of producing more robust estimates, containing
bias and RMSE especially in small samples and when mass points are numerous. In
this respect, it is important to emphasize that many studies with a discrete running
variable are also characterized by low numbers of both mass points and observations
(Cattaneo et al., 2024). Consider, for example, studies in the medical field where
statistical units correspond to patients: in such contexts, the number of available
observations is often limited, the running variable takes on discrete values (e.g.,
clinical scores or demographic characteristics), and the presence of mass points is
common. Under these conditions, the use of the medoid proves particularly advan-
tageous, as it reduces the influence of outliers and yields more stable and reliable
estimates, even with small sample sizes.

From a practical perspective, our study suggests that the choice between mean,
median and medoid should not be rigid, but rather depend on the empirical charac-
teristics of the data: in real-world applications, where the symmetry of the outcome
distribution is rarely guaranteed, adopting the medoid or median may represent a
more cautious and methodologically sound strategy.

A final aspect worth discussing concerns the direct comparison between the me-
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dian and the medoid. In our study, the two approaches produced almost identical
results in terms of bias, variability, and RMSE, suggesting that—at least in the ab-
sence of further specifications—they can be regarded as equivalent from a statistical
performance perspective. However, the key distinction between the two methods
becomes evident when considering potential extensions of the design, particularly
the inclusion of qualitative covariates. It is worth recalling that the inclusion of co-
variates is not required in simple RD settings, but it can be very useful for improving
the robustness of the estimates and for conducting tests on them (see Section 2.2.3
for a detailed discussion on the use of covariates) (Cattaneo et al., 2023; Calonico
et al., 2019; Frolich and Martin, 2019). In such cases, the medoid offers a notable
advantage: it can also be used with mixed data (both quantitative and qualitative),
identifying the most representative observation within the group without requiring
arbitrary transformations of the variables. This property makes the medoid a more
flexible and generalizable choice than the median, especially in complex applied

settings where the available information is not exclusively numerical.

4.4 Application to the INVALSI data

In the following section, we apply the insights from the simulation study to the
INVALSI case introduced in Chapter 3. In Section 3.2.2, we concluded that one of
the main limitations of the analysis conducted up to that point was the neglect of
the discrete nature of the running variable. Here, by contrast, we explicitly account
for this feature and provide an estimate of the treatment effect that is not biased
by this issue.

To do so, we first analyze the distribution of the running variable, namely the
school ESCS (see Section 3.1.1 for a detailed discussion of the running variable
under consideration). Recall that in Section 3.2.1 we examined the possibility of
manipulation of the running variable, which could undermine the validity of the
RD design. We applied both the McCrary density test (McCrary, 2008) and the
Frandsen test (Frandsen, 2017), the latter specifically developed for discrete running
variables. After conducting these tests and reviewing the results, we concluded that
it is not possible for individuals to perfectly sort around the cutoff—choosing to be
in the treatment group rather than the control group, or vice versa.

We should therefore carry out the analysis while accounting for mass points.
However, before proceeding with the application, it is necessary to assess which of
the collapsing procedures examined in the simulation study best fits the empirical
structure of the INVALSI data. To this end, we evaluate the distribution of both
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the running variable and the outcome across the mass points, in order to establish
whether the nature of the data is closer to a symmetric context (where the mean
proved to be more efficient) or to an asymmetric one (where the median and the
medoid showed greater robustness). In this way, the empirical application will not
only provide an estimate of the treatment effect but also serve as a concrete testbed

for the guidelines derived from the simulation.

ESCS school value N Group

-0.000800915815791725 80  Control
-0.000769094348092414 75  Control
-0.000493575347122854 34  Control
-0.000341353380736931 94  Control
-0.000278840437243799 179  Control
0 0 \
0.000101513764336481 42 Treatment
0.000393309398053154 24 Treatment
0.000577354214352677 84 Treatment
0.000706378963977960 12 Treatment
0.000734973760698421 20 Treatment

Table 4.7: Analysis on the mass points: the five points closest to zero from the left
and right of the running variable

Note. The cutoff was centered at 0 (0 corresponds to -0.31243). The running variable was inverted.

In total, the running variable consists of 6,432 discrete values, defined as mass
points. Table 4.7 provides an example of their distribution, showing the first five
points to the left and right of the cutoff. As the table illustrates, some mass points
are associated with relatively large numbers of observations, while others have fewer.
Figure 4.6 presents an analysis of the distribution of the school ESCS and the out-
come, the Math score. The left panel shows a histogram of the running variable,
with bars colored according to treatment status (blue for treated observations and
red for control observations). The right panel displays a scatterplot of the running
variable against the outcome, restricting the sample to observations within the in-
terval —0.10 to 0.10 of the running variable to reduce point overlap. Both graphs
once again highlight the discrete nature of the running variable.

To better determine whether we are dealing with a symmetric scenario, where it

would be appropriate to rely on the mean, or an asymmetric one, where the use of
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Figure 4.6: Bivariate analysis on the running variable and the outcome

Note. The cutoff was centered at 0 (0 corresponds to -0.31243). The running variable was inverted.
To create the scatter plot, we filtered only those observations with the ESCS school value between
—0.010 and 0.010.

the median or medoid may be preferable, we calculated the skewness of the outcome
within each mass point.

The boxplot in Figure 4.7, which depicts the distribution of skewness in Math
score within each mass point, clearly highlights the presence of a substantial num-
ber of outliers, distributed across both the lower and upper tails of the distribution.
These are not isolated cases, but rather a consistent concentration indicating that,
within many mass points, the outcome takes on extreme values with non-negligible
frequency. This phenomenon substantially alters the symmetry of the distribution:
while the central core of the data appears relatively compact, the tails are particu-
larly extended, giving rise to strong local skewness. In practical terms, this implies
that the mean, although theoretically appropriate in symmetric scenarios, tends
here to be pulled toward the tails, losing representativeness and producing more
variable and less reliable estimates. In other words, the mean is systematically pe-
nalized by the presence of outliers, which exert a disproportionate influence on the
final result—especially in smaller mass points, where even a few extreme values can
significantly distort the average.

These findings justify the use of alternative, more robust collapsing strategies
such as the median and the medoid. Both methods have the advantage of drastically
reducing the influence of anomalous values, focusing instead on the true central
tendency of the data and thereby preserving the stability of the estimates. The
median, in particular, represents the value that splits the distribution of outcomes

within the mass point exactly in half, making it, by construction, insensitive to
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Figure 4.7: Distribution of the Skewness of the outcome in the mass points

long tails and extreme values. The medoid, on the other hand, selects the most
representative observation within the group, maintaining adherence to the empirical
data and allowing for extension to contexts that include qualitative variables.

Given our specific needs, the final choice falls on the median. As discussed in
the previous section, the performances of the median and the medoid are nearly
equivalent in terms of bias, variability, and RMSE. The distinction between the two
becomes relevant primarily when qualitative covariates are included in the design,
in which case the medoid retains an important advantage. In our case, however,
there is no need to incorporate qualitative covariates into the analysis, and thus
the medoid does not provide any additional benefit over the median. The latter is
therefore preferable: it is simpler to implement, fully suited to managing the large
number of outliers observed in the boxplots, and capable of producing robust and
stable estimates, minimizing the distortions generated by the asymmetric nature of
the mass points.

Following the recommendation of Cattaneo et al. (2024), we re-estimate the tech-
nique on the new dataset collapsed on the median and, in a second step, compare the
results obtained on the collapsed data with those obtained on the raw data—most
cases should lead to the same conclusions.

Table 4.8 reports the main position indices for the running variable and the
outcome after collapsing on the median. As shown in the second column, the number
of observations is 6,432, corresponding to the number of mass points.

By contrast, Table 4.9 reports the estimated treatment effect obtained after
applying the collapsing strategy. As in the previous analyses, the optimal bandwidth
was selected using the mserd function from the rdrobust package, which chooses the

bandwidth that minimizes the MSE while accounting for the bias—variance trade-off
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Table 4.8: RD effect on the outcome Math score-Data collapsed on the median

Variable N NA Min Max Median Mean CV

ESCS school 6,432 0 —2.12 242 —-0.26 —-0.29 1.97
Math score 6,432 0 93.21 276.38 185.35 187.00 0.15

(see Section 2.2.1). As weighting function, we used a triangular kernel, since when
combined with the MSE-optimal bandwidth it yields a point estimator with optimal
properties (Cattaneo et al., 2020). To estimate the causal effect, we employed a local
polynomial of order 1, the most commonly used specification in the literature (see
Section 2.1 for a discussion of local polynomial order).

With a bandwidth width of 0.278 on either side of the cutoff, the treatment
effect remains negative and equal to —0.425, indicating that attending a low-ESCS
school has adverse consequences for Math score. However, considering that the
outcome ranges from 93.21 to 276.38, this effect is very small and can be regarded
as practically negligible. Compared to the effect obtained in Chapter 3 equal to
—1.071(Table 3.5, Section 3.2.2), and in line with the literature (Cattaneo et al.,
2024), the effect has remained negative and has changed very little. This time,
however, it is no longer statistically significant at any conventional significance level

(p-value equal to 0.81).

Table 4.9: RD effect on the outcome Math score-Data collapsed on the median

MSE-Optimal RD

Variable . Rk Kernel Robust Inference N of Obs
Bandwidth  Estimator

p-value 95% CI  left right

Math score 0.278 —0.425 Triangular 0.81 [-3.997, 3.146] 1,192 1,012

4.5 Concluding remarks

In conclusion, this work has proposed a methodological extension to the litera-
ture on Regression Discontinuity design with discrete running variable, introduc-
ing the use of alternative and more robust collapsing strategies beyond the simple
mean—specifically, the median and the medoid—and examining the conditions un-
der which these approaches are most appropriate. The simulation study showed that
while, in symmetric distributions, the mean remains the most efficient estimator, in

the presence of skewness and outliers the robust methods offer significant advantages
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in terms of stability and reliability of the estimates.

We then applied this framework to our case study using INVALSI data, with
the aim of estimating the peer effect of attending a school classified as low-ESCS
according to the ministerial threshold, by comparing Mathematics outcomes among
students. Preliminary data analysis revealed pronounced skewness of scores within
mass points, driven by the presence of numerous outliers. For this reason, we adopted
the median as our collapsing method—rather than the medoid, given the absence
of qualitative covariates. The results partly confirm the findings of the literature
(Cattaneo et al., 2024), according to which estimates should remain stable after
collapsing, but with some important differences: whereas the estimate based on the
raw data yielded an effect of —1.071 (albeit modest in size), the new estimates based
on the median return a coefficient of —0.425, very close in magnitude but no longer
statistically significant.

This outcome suggests that once the discrete structure of the running variable
and the asymmetric distribution of the outcome are properly accounted for, the
evidence of a peer effect on students’” Math scores is further attenuated to the point
of being statistically insignificant. In other words, while the initial analysis pointed
to a small peer effect, the robust analysis indicates that such an effect is, in practice,

negligible.
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Chapter 5

Handling with the hierarchical struc-
ture of the data

5.1 The Multilevel approach

The goal of Multilevel regression analysis is to estimate predictive models in much
the same way as classical regression models. However, in this case one must account
for the fact that the dataset is structured across a series of higher-level groups or
clusters, deriving from nested data structures—for example, students nested within
classes or schools, or employees nested within firms.

Depending on the field of application, multilevel models are referred to by differ-
ent names in the literature. In Statistics, they are known as Mixed Models (Harville,
1977) or Hierarchical Linear Models; in Econometrics, as Random Coefficient Mod-
els (Swamy, 1970) or Random Effects Models for panel data; in Biostatistics, as
Mixed Models for repeated measures (Laird and Ware, 1982) or Random Effect
Models; and in Educational Statistics, they are commonly called Multilevel Models
(Aitkin and Longford, 1986).

The literature on multilevel modelling is extensive and well established. Among
the major references, Snijders and Bosker (1999) and Snijders and Bosker (2012)
provide a particularly clear and comprehensive introduction to the fundamentals of
multilevel models. Hox et al. (2010) offers a more concise overview but addresses a
broader range of topics related to hierarchical data analysis. A systematic exposition
accompanied by numerous detailed applications is offered by Raudenbush and Bryk
(2002), while Goldstein (2011) is considered a classic in the field, with a more tech-
nical and advanced treatment, especially in the context of education. The volume
edited by Leeuw and Meijer (2008) is a useful reference manual, particularly suitable
for an overall understanding of multilevel methods. A broader treatment, which in-
cludes not only multilevel models but also Rasch models, IRT, factor models, and
structural equation models, is provided by Skrondal and Rabe-Hesketh (2004). Sev-
eral authors have also summarised theoretical and empirical developments in this
area (Grilli and Rampichini, 2009; Grilli and Rampichini, 2015).
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The issue with nested data structures is that they violate the independence
assumption required by traditional statistical techniques such as ANOVA and Or-
dinary Least Squares (OLS) regression. Therefore, when working with nested data
structures, it is important to recognize that individuals belonging to the same group
tend to behave similarly because they share the same environment, and are likely
to behave differently from individuals in different groups. These violations of in-
dependence often make multilevel modelling necessary, since traditional analytical
models can produce inflated Type I errors and biased parameter estimates. One
of the key assumptions underlying classical regression models is that residuals are
uncorrelated. This implies that the data for each statistical unit are independent of
those for other units. However, when data are nested—for instance, students within
different schools, regions, or countries—this assumption of independence does not
hold.

An example of nested data is illustrated in Figure 5.1, where students are lo-
cated within schools, which are in turn located within regions. In this example,
the highest-level grouping variable is defined by the region of residence. It is up
to the researcher to determine which higher-level variable defines the hierarchical
structure of the data. However, the presence of nested data does not automatically
imply the need to use multilevel models (Peugh, 2010). Before proceeding with mul-
tilevel analysis, it is good practice to verify whether the hierarchical structure of the
data has a meaningful quantitative impact on the way variance is partitioned. This
is assessed using the Intraclass Correlation Coefficient (ICC). The ICC quantifies
the proportion of the total variance of the outcome that is attributable to differ-
ences between groups (higher level), rather than to differences between individuals

within those groups (lower level). In other words, it measures the extent to which

s N
Level 3 Regions Region 1 Region 2

. %
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[
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Figure 5.1: Nested data example: students in schools in regions
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individuals within the same group resemble one another.

There are two main statistical models that form the basis of multilevel modelling:
the Random Intercept model and the Random Intercept and Slope model. In a
Random intercept model, as the name suggests, the intercept term is allowed to
vary across the clusters. To do so, we introduced a random variable u; to account
for the variance caused by clusters, that is the random variable responsible for unique
intercepts for each group. While simple regression uses a single line to represent the
best fit for all data, a random intercept model features multiple distinct regression
lines—one for each group—in addition to an overall or common regression line. The

Random intercept model is expressed as:

Yij = 60 + ﬁlxij + Ug; + €ij (51)
= (Bo + uoj) + Prxij

where:

— y,j is the outcome for individual 7 in group j;

— [p represents the overall mean intercept common to all groups;
— x;; is the independent variable for individual ¢ in group 7;

— [ is the slope associated with z;;;

— g is the level-2 random effect, representing the deviation of group j from the

overall intercept fy, distributed as ug; M N (0,02%));

— e;; is the level-1 individual error term, distributed as e; " N(0,02), with

€ij 1 Ug; -

The total error is represented by the sum between ug; and e;;. Thus, the model
has:

o Homoschedasticity:

Var(y;|zij) = on + 0l
where:

— 02, is the between-cluster variance

— 02 is the within-cluster variance
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o Homogeneous correlation among the responses of the units of the same cluster:
Cov(yij, yuslaij, wr) = oo
o No correlation among the responses of units of different clusters:

COU(yij’; yi’j’|xij’7 xi’j’) —_= 0

The second model, the Random Intercept and Slope Model, is a more complex
model that allows the slope to vary across groups. It is represented by the following
equation:

Yij = 60 + ﬁll’zj + Ug; + UL T + €ij (52)
= (Bo + ;) + (B 4 uj)wj + €3

where:

— y,j is the outcome for individual 7 in group j;

— Py and [; are, respectively, the mean intercept and the mean slope in the

population;
— x;; is the independent variable of the individual ¢ in group j;

— g, is the level-2 random term, representing the deviation of group j from the

average intercept (;
— 1wy, is the random deviation of the slope for group j from the mean slope f;
— ¢;; is the level-1 individual error.

Graphically, the Random Intercept and Slope Model is characterized by the fact
that each group has its own intercept and slope. This implies that groups can differ
not only in the mean level of the outcome, but also in the relationship between
the outcome and the predictor. This time, the element that varies is the slope, 5,
which is composed of the sum of the mean slope, 31, and the random slope deviation,
uq;: each cluster has its own slope. The random terms (u;, u1;) follow a bivariate

normal distribution:

. 0 2 w ii
oj | iid »; | Cuo 0201 . e ON(0,02), ey L (ugj, ury).
U1; 0 Ouol O

ul
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The total error is represented by the sum wug; + uij7;; + e;;. Thus, the model has:

o Heteroscedasticity:

Var(yijlzyg) = (00 + 2000135 + 0025 + 07

where:

— 02, is the between-cluster variance

— 0?2 is the within-cluster variance

« Non-homogeneous covariance among the responses of the units of the same

cluster:
2 2
Cov(yij, yijlwis, wj) = o0 + ouor(xyj + o) + 03 TijTe;
o No covariance among the responses of units of different clusters:

COU(yijla yi’j’|xij’7 xi’j’) e 0

5.2 The Multilevel Regression Discontinuity

Thanks to the Regression Discontinuity Design (RDD), as demonstrated in the pre-
vious chapters, it is possible to estimate the treatment effect of a running variable
on an outcome. Multilevel models, on the other hand, make it possible to account
for any hierarchical structure in the data, estimating how and how much an effect
changes within and between the groups considered. A combination of the two ap-
proaches would provide a measure of the treatment effect and how this varies across
groups.

Let us: i) a running variable X;; which is the variable on which the assignment
mechanism to the treatment or control group is based assuming that there are n
units indexed with ¢ = 1,2,... n belonging to the group j ii) a cutoff ¢ equal to
0 for semplicity; iii) a binary variable D;; equal to 1 if the unit ¢ in the group j is
treated, 0 otherwise; iv) y;; a potential outcome of the unit ¢ belonging to the group
j. The two-level regression model according to the equation 5.2 can be expressed

as:
Yij = Boj + Bi1(Xij — ) + B2 Dij + €y (5.3)
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where:
Boj = Bo + uo;

Paj = Ba + Ua;

Bo represents the mean outcome score, across groups, of units with a running variable
equal to the cutoff; (,; is the parameter of interest and represents the treatment
effect across groups; ugp; and wug; are, respectively, the deviation of each group’s
coefficient from the overall intercept and slope parameters; 3, is the general effect
of the running variable on the outcome.

The proposed approach seeks to go beyond standard practices for implementing
multilevel RD in educational settings, as described in previous works (Luyten, 2006;
Steinmann and Olsen, 2006), by incorporating both conventional and more advanced
RD procedures—and, more generally, Local Polynomial techniques—such as optimal
bandwidth selection and the construction of observation-specific weighting functions
(see Section 2.2 for a detailed discussion). In the studies reviewed, the issue of the
bandwidth—mnamely, the interval of observations around the cutoff within which the
assumption of quasi-randomness underlying Regression Discontinuity is plausible
(see Section 2.1)—is not taken into account. In this work, the question was raised
whether selecting a single, overall bandwidth without considering the hierarchical
structure of the data may conceal or attenuate the treatment effect within individual
groups (such as schools or regions), thereby compromising the ability to detect po-
tential territorial or institutional heterogeneity. For this reason, the study compares
a global approach—which estimates a single bandwidth for the entire sample—with
alternative approaches that incorporate the grouped structure of the data from the
outset. These alternative approaches aggregate information from bandwidths esti-
mated separately for each group. In doing so, it becomes possible to assess whether,
and to what extent, accounting for the hierarchical nature of the data improves the
identification of the treatment effect in local contexts.

To this end, we introduce three different methods: the General Bandwidth
Method, the Average Bandwidth Method, and the Weighted Average Bandwidth Method.
These three methods are conceptually similar; their differences lie in how the optimal
bandwidth is selected and how it is weighted.

The General Bandwidth Method consists of three steps. Step 1: Estimate the
RD to select the optimal bandwidth h,,; using the mserd function from the rdrobust
package, which chooses the bandwidth that minimizes the MSE while accounting
for the bias—variance trade-off (see Section 2.2.1). Step 2: Filter the dataset by

retaining only observations within the bandwidth h,, and apply triangular kernel

116



weights, thereby assigning weights that decline symmetrically and linearly as the
value of the score moves away from the cutoff (Cattaneo et al., 2020). Step 3:
Estimate a multilevel model using the weighting system created in Step 2 and the
optimal bandwidth h,,; selected in Step 1.

Unlike the previous method, the Average Bandwidth Method is designed to ac-
count explicitly for the fact that different groups may be characterized by differ-
ent optimal bandwidths. To capture this heterogeneity without losing information,
bandwidth selection is performed at the group level. Step 1: Estimate separate RD
models within each group j to select the group-specific optimal bandwidths Ay ;
using the mserd function. Step 2: Aggregate these group-specific bandwidths by

computing their arithmetic mean:

1 J
hopt,Average - j Z hopt,j
J=1

Step 3: Filter the data, retaining only observations within Agp:, average, and apply tri-
angular kernel weights. Step 4: Estimate the multilevel model using the weighting
system from Step 3 and the optimal bandwidth hgpt average Obtained in Step 2.

The Weighted Average Bandwidth Method, like the previous approach, aims to
capture heterogeneity across groups during the bandwidth selection phase. However,
in contrast to the simple average method, it also accounts for differences in group
sizes: larger groups are assigned greater weight when aggregating bandwidths. Step
1: Estimate separate RD models for each group j to obtain group-specific optimal
bandwidths A, ; using mserd. Step 2: Aggregate the group-specific bandwidths

into a weighted mean, using weights w; proportional to group size:

1

Wj = =5
Zkzl g

where n; is the number of observations in group j. The resulting bandwidth is:

J
hopt,Weighted - Z wy - hopt,j

j=1
Step 3: Filter the dataset to include only observations within Agp weightea and
apply triangular kernel weights. Step 4: Estimate the multilevel model using the
weighting system created in Step 3 and the optimal bandwidth Agp: weightea selected
in Step 2.

The integration of these concepts is systematically synthesized and presented in
Table 5.1.
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Table 5.1: MRD: A summary of the three different approaches

Method

Functioning

General h

Step 1:

Step 2:

Step 3:

estimate a RD to select the optimal bandwidth h,,; on the whole
set of data;

create a triangular kernel function for all the observations in the
subset defined by hopi;

estimate a multilevel regression according to hgp: selected in

step 1 and the kernel function created in step 2.

Average h

Step 1:

Step 2:

Step 3:

Step 4:

estimate different RD for each group j and select the optimal
bandwidth hope,j;

aggregating the different bandwidth:

J
1
hopt,Average = j § hopt,j

j=1

create a triangular kernel function on the subset defined by
hopt,Average ;
estimate a multilevel regression according to Rop¢,Average from

step 2 and the kernel from step 3.

Weighted

average h

Step 1:
Step 2:

Step 3:
Step 4:

estimate different RD for each group j and select hopt ;3
aggregating the different bandwidth according to the weights
Wy

J

mn;
J E
hopt,Weighted - wj - hopt,j

wj = —5—,
D k=1 Tk j=1

create a triangular kernel on the subset defined by hops,weighted;

estimate a multilevel regression according to hopt weighted from

step 2 and the kernel from step 3.

5.2.1 Simulation study

In the following section, a simulation study will be conducted to evaluate the three

proposed methods in order to highlight their limitations and advantages. Different

simulation scenarios are used to compare the performance of the methods under
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various conditions.
Within the potential outcomes framework, the data generation for an observation
i belonging to the group j is based on a set of group-specific parameters (ag;, a1;, boj,

bi;, ;). In particular, the equations of our simulation study are defined as follows:

Yo,; = aoj + bo; Xij + €y (5.4)
Y1, = Yo, + ay; + bleij (55)
Xij = Ux + ] + T4 (56)

with:

el-j ~ N(O, 0‘3)
T3 ~ N(O, 1— ICCX)

where gp,; denotes the outcome in the absence of treatment, while y;,, represents the

observed outcome under treatment. The error term e;; follows a normal distribution

2

with variance o7,

which remains constant across all observations and groups. The
term r; reflects a group-level shift effect on the running variable, which also incorpo-
rates the random component 7;;, constructed to ensure that the overall distribution
of the score has mean zero and unit variance. The parameter ICCx instead repre-
sents the Intraclass Correlation of the running variable X. Each group includes a
number n; of observations. The generation of group-level coefficients and parameters

follows the distributions:

where a0, Hpo, Ha1 and gy correspond to the means of the coefficients and o2,
02y, 02, and o} to their respective variances. All coefficients are assumed to be
independent of one another.

Within each simulation scenario, we vary the parameter o2, (heterogeneity of the
Local Average Treatment Effect (LATE) across groups), the ICC (0.00, 020, 0.70),
and the group size, simulating scenarios with perfectly balanced observations across

groups as well as unbalanced scenarios. In the balanced case, each group has the
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same size, set to N/J, resulting in groups that are perfectly equal in terms of ob-
servations. To simulate imbalance, the size of each group was generated by drawing
from a multinomial distribution with parameters N and p, where N represents the
total number of observations and p = (p1,...,ps) is a probability vector of length
J. The probabilities p; were randomly drawn from a uniform distribution and then
normalized so that Z}Izl p;j = 1. In this way, each simulation assigns to every group
a size proportional to its corresponding p;, introducing heterogeneity in group sizes
while keeping the total number of observations fixed. This setup allows us to model
more realistic scenarios where groups do not all have the same sample size, avoiding
results that would otherwise depend solely on an artificially balanced design. In
each scenario, we decided to keep both the total sample size and the number of
groups j fixed at 20,000 and 20, respectively. Furthermore, to ensure robustness of
the results, we performed resampling with 500 replications and applied each of the
three proposed methods to each of the 500 samples. Below are the details of the

factors and levels considered for the simulation:
e o2: 0.00; 0.20; 0.60
o Group balancing: balanced; unbalanced
« ICC: 0.00; 0.20; 0.70

The fixed parameter are: 1,9 = 0.70, ppo = 0.05, pg1 = 0.07, up = 0.025, o2, = 0.09,
o2y = 0.00, 02, = 0.00, 02 = 0.40, ux = 0.00. The total number of scenarios obtained
from the combination of the above-described levels of the design-factors is equal to
18.

Table 5.2 presents the detailed simulation design. The simulation study explores
the impact of treatment effect heterogeneity across groups, differences in the balanc-
ing among the groups and the intraclass correlation of the running variable. Part of
this specification, as well as the simulation strategy adopted, follows the approach
proposed by Litschwartz and Miratrix (2021).

5.2.2 Simulation results

The results of the simulation study were analyzed using a graphical summary to
facilitate interpretation. In particular, for each scenario considered, the empirical
distributions of the main metrics of interest is presented — LATE Bias, LATE
heterogeneity Bias, the bandwidth, and the number of observations contained within

the bandwidth — using side-by-side boxplots as a summary tool. The LATE bias
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Table 5.2: MRD: Simulation study plan

Scenarios 02, Groups balancing ICC

1 0.00 Balanced 0.00
2 0.00 Balanced 0.20
3 0.00 Balanced 0.70
4 0.00 Unbalanced 0.00
5 0.00 Unbalanced 0.20
6 0.00 Unbalanced 0.70
7 0.20 Balanced 0.00
8 0.20 Balanced 0.20
9 0.20 Balanced 0.70
10 0.20 Unbalanced 0.00
11 0.20 Unbalanced 0.20
12 0.20 Unbalanced 0.70
13 0.60 Balanced 0.00
14 0.60 Balanced 0.20
15 0.60 Balanced 0.70
16 0.60 Unbalanced 0.00
17 0.60 Unbalanced 0.20
18 0.60 Unbalanced 0.70

and LATE heterogeneity bias were calculated as:

LATE Bias = fia1 — a1 (5.7)
LATE heterogeneity Bias = 62, — 02, (5.8)

In addition, we assess the differences and evaluate performance by comparing two
indices: the LATE Relative Bias (RBias) and the LATE Root Mean Square Error
(RMSE) of the estimates based on the 500 replications. The LATE RBias was

calculated as:

. o 1 5 ﬂal — Mal o
LATE RBias = g =], s=1,2,...,500 (5.9)
Ha1

s=1

Where S represents the number of replications in the simulation, ji,; is the estimate
of the Local Average Treatment Effect for the generic replication, and p,; is the
treatment effect fixed a priori. Instead, the LATE RMSE was computed as:

S

1
LATE RMSE = $ = S (it — )’ s =1,2,...,500 (5.10)

s=1

The graphical representation allowed us to immediately highlight the variabil-
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ity of the estimates obtained, as well as to compare the performance of the three
proposed methods under different simulation conditions.

Figure 5.2 shows the distribution of LATE Bias for each of the 18 simulated
scenarios, comparing the three estimation approaches: General bandwidth, Average
bandwidth, and Weighted average bandwidth. Each scenario combines a different
level of treatment effect heterogeneity (o= 0.00, 0.20, 0.60), group balance (Bal-
anced vs. Unbalanced), and intra-group correlation level (/C'C'= 0.00, 0.20, 0.70).
Looking at the results, it emerges that in the first six scenarios (in which 2| is equal
to 0.00), the estimated bias is close to zero for all three approaches, regardless of
balance and IC'C'. This is expected, since in the absence of treatment heterogeneity,
the estimation of the average effect is not affected by between-group variation. As
the variance of the treatment effect increases (0%,= 0.20 in scenarios from 7 to 12
and o2,= 0.60 in scenarios from 13 to 18), a progressive increase in the dispersion of
the bias is observed, with a tendency for the mean bias to rise, especially in scenarios
with unbalanced data. In particular, scenario 18 (¢2,= 0.60, unbalanced, ICC =
0.70) shows the most distorted estimates, with extreme values and high variability.

Comparing the approaches, it can be seen that the General bandwidth approach-
tends to produce slightly lower bias than the other two in the presence of high
heterogeneity and imbalance, suggesting greater structural robustness. However,
overall, the three approaches appear to be nearly equivalent.

Taken together, the simulation confirms that the simultaneous presence of high
treatment heterogeneity, imbalance, and high IC'C leads to greater difficulty in
accurately estimating the LATE, with a marked impact on bias.

Figure 5.3 depicts the distribution of LATE heterogeneity Bias. The analysis
shows that in the first six scenarios (in which o2, is equal to 0.00), whereby design
no heterogeneity exists across groups, all three approaches return a variance estimate
close to zero, as expected. In these cases, the bias is essentially null with negligible
dispersion, confirming the efficacy of the model. In the next six scenarios (from
7 to 12), where treatment effect variance is moderate (02,), a slight decrease in
negative bias emerges, suggesting a tendency to overestimate the true variance.
However, the median remains low and quite similar across the three approaches.
The variability of the bias increases slightly but remains manageable. Finally, in
the six scenarios characterized by high heterogeneity (in which o2, is equal to 0.60),
the LATE heterogeneity Bias increases substantially, with much wider dispersion. In
particular, extreme positive bias values are observed in the presence of high intra-
group correlation (/CC = 0.70) and imbalanced groups (scenario 18). In these

contexts, all three approaches tend to underestimate the true variance, but relative
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Figure 5.4: Distribution of the bandwidth selected for each scenario

consistency among methods is preserved, with the General bandwidth approach
being slightly more centered on average.

Thus, the precision in estimating the variance of the treatment effect decreases as
heterogeneity and scenario complexity increase (high /C'C' and unbalanced groups).
However, all approaches behave stably in simpler contexts, showing only marginal
differences in the more complex ones.

From Figure 5.4, which shows the distribution of the bandwidth selected for each
of the three approaches, a clear variability in bandwidth is observed in relation to
the complexity of the simulated scenario. In general, in the first six scenarios (with
zero variance of the treatment effect and thus no heterogeneity), the bandwidths
tend to be smaller and relatively stable, especially for the Average bandwidth ap-
proach, which exhibits a more contained distribution compared to the other two. As
treatment effect heterogeneity increases (02,= 0.20 in scenarios from 7 to 12, and
02, =0.60 in scenarios from 13 to 18), the selected bandwidth tends to widen. In
these more complex scenarios, the General bandwidth approach shows a tendency
to select, on average, wider bandwidths compared to the other two, perhaps as a
compromise strategy to smooth across group heterogeneities. Indeed, Weighted av-
erage bandwidth and Average bandwidth methods tend to produce a more contained
distribution, slightly shifted toward smaller values, especially in the presence of high
ICC (scenarios 3, 6, 9, 12, 15, and 18). Omne possible explanation lies in the fact
that, when estimating the RD separately at the group level, the strong within-group

similarity given by an higher /C'C' produces a high density of observations around
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the cutoff for regions close to the threshold. This, in turn, leads the selection al-
gorithms to narrow the optimal bandwidth. In the General bandwidth approach,
by contrast, the estimation is carried out on the entire aggregated sample: in this
setting, the density of observations at the cutoff is more diluted, which results in a
broader estimated optimal bandwidth.

However, such narrow bandwidths in these scenarios lead to estimation issues.
Specifically, for both the Average bandwidth and Weighted average bandwidth meth-
ods, bandwidths that are too restrictive prevent the algorithm from estimating the
coefficients of some groups in: 0.40% of cases in scenario 3, 1% in scenario 6, 1% in
scenario 9, 0.60% in scenario 12, 1% in scenario 15, and 0.60% in scenario 18. This
occurs because, with narrow bandwidths and separate regressions for each group, it
can happen that some treatment and/or control groups contain no observations—or
very few, and the algorithm is unable to estimate any effect. By contrast, with the
General bandwidth approach, we did not encounter any estimation problems.

Table 5.3 reports the values of the LATE Rbias, as defined in equation 5.9, for
each scenario. It provides an overview of how the bias varies as 02, and the ICC
increase, in both balanced and unbalanced group settings. All three approaches yield
essentially unbiased estimates, with LATE Rbias values close to zero under every
condition. However, as o2, increases, the Rbias tends to become more negative,
indicating a systematic tendency to underestimate the average treatment effect.
This phenomenon is particularly evident in scenarios with low or moderate 1C'C'
(0.00 and 0.20), where the higher between-group variability amplifies distortion in
aggregated estimates, and it is more pronounced in unbalanced settings.

As the intra-class correlation increases (ICC' = 0.70), this trend partially re-
verses: the Rbias decreases in absolute value and in some cases becomes positive,
indicating a slight overestimation. This reflects the fact that, when there is strong
within-group homogeneity, fewer effective observations are sufficient to estimate the
local treatment effect at the cutoff. In these scenarios, the Average bandwidth and
Weighted average bandwidth methods tend to select smaller bandwidths and pro-
duce less biased estimates in unbalanced contexts, whereas the General bandwidth
method continues to perform better in both balanced and unbalanced settings when
the ICC is equal to 0.20 or 0.70. Overall, the latter approach appears more robust
when groups are of similar size and the intra-group correlation is moderate or strong
(ICC =0.20 or ICC = 0.70), whereas the bandwidth-by-group procedures have a
slight advantage when groups are homogeneous and /CC' is low.

Table 5.4 presents the LATE RMSE values as defined in equation 5.10 for each
scenario. As with the LATE Rbias, differences between the three methods are
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minimal, as all exhibit stable performance with LATE RMSE values close to zero.
RMSE increases as 02, grows: moving from 0.00 to 0.20 and 0.60, the root mean
squared error increases across all settings. When groups are balanced, the three

approaches are nearly equivalent for low or moderate IC'C.

5.2.3 Simulation summary

The joint analysis of LATE Bias, LATE heterogeneity Bias, the bandwidth dis-
tribution and the number of effective observations in the bandwidth selected, the
LATE Rbias and the LATE RMSE across the 18 simulated scenarios highlight im-
portant differences among the three approaches. Overall, the General bandwidth
approach proves to be the most stable and reliable, showing robust performance
in terms of Bias, RBias and RMSE even under more complex conditions, such as
scenarios with high treatment effect heterogeneity (02, = 0.60) or high intra-group
correlation (ICC = 0.70). However, this greater stability appears to stem from a
tendency to select wider bandwidths, thereby increasing the number of observations
but potentially trading off local estimation precision.

The Average bandwidth method, which applies a simple average of local band-
widths, performs well in simpler contexts (low heterogeneity and balanced groups),
but becomes more unstable and sometimes more biased as scenario complexity
grows, especially in the presence of unbalanced groups. Its strength lies in its sim-
plicity, but it tends to underestimate variability across groups.

The Weighted average bandwidth method, which accounts for group size, behaves
very similarly to Average h in balanced scenarios (as expected), but shows slight
improvement in unbalanced contexts, where giving more weight to larger groups
helps yield more centered estimates. However, overall, its variability remains high
in the presence of strong heterogeneity or intra-group correlation.

In conclusion, the General bandwidth method appears to be the most versatile,
better able to adapt to different scenarios, offering a good compromise between
bias, variance, and estimation stability, while also consistently providing group-level
coefficient estimates. The Average bandwidth method is more suitable for simple
and homogeneous scenarios, while Weighted average bandwidth may serve as an
intermediate choice in contexts with group size imbalances. Nonetheless, both of
the latter methods occasionally suffer from selecting bandwidths that are too narrow,

which leads to estimation problems.
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5.3 Application to the INVALSI data

In the following section, we apply the insights from the simulation study to the
INVALSI case introduced in Chapter 3. The goal is to examine whether—and to
what extent—the LATE varies across the 20 Italian regions. Table 5.5 reports the
number of observations, mean, median, and coefficient of variation for both the
outcome (Math score) and the running variable (ESCS school) for each of the 20
regions. As already highlighted in Chapter 3, there is a marked disparity in both the
mean and the median between the southern regions and the rest of the country. The
relatively high coefficients of variation—especially for the outcome—further indicate

substantial variability both between and within regions.

Table 5.5: Analysis of Math score and ESCS school across regions

Region Math score Math score Math score ESCS school ESCS school ESCS school

Mean Median Ccv Mean Median CVv
Valle D’Aosta 851 199.68 196.18 6.19 0.06 0.02 0.14
Piemonte 30,002 200.66 197.93 5.68 0.06 -0.01 0.13
Liguria 10,128 195.92 192.77 5.55 0.11 0.18 0.34
Lombardia 70,343 205.74 203.34 5.90 0.16 0.06 0.21
Trentino Alto Adige 7,448 208.58 206.60 5.83 0.21 0.16 0.60
Veneto 36,513 206.98 204.75 5.78 0.03 -0.04 0.07
Friuli Venezia Giulia 8,366 206.81 204.75 6.08 0.12 0.05 0.14
Emilia Romagna 32,931 200.48 200.35 5.41 0.11 0.06 0.20
Toscana 27,463 197.17 195.03 5.33 0.09 0.01 0.23
Umbria 6,898 195.91 193.47 5.40 0.13 0.01 0.28
Marche 12,765 196.04 193.94 5.48 0.10 0.02 0.22
Lazio 46,658 187.66 185.23 5.03 0.20 0.18 0.41
Abruzzo 10,048 191.09 188.59 5.35 0.10 0.02 0.23
Molise 2,369 190.74 188.17 5.13 0.05 -0.05 0.12
Campania 67,068 176.13 172.75 4.64 -0.27 -0.24 0.31
Puglia 32,068 188.98 186.76 4.90 -0.16 -0.16 0.31
Basilicata 4,624 190.80 188.89 5.00 -0.07 -0.15 0.18
Calabria 15,509 180.00 177.61 5.26 -0.04 -0.14 0.09
Sicilia 40,335 181.09 179.27 5.29 -0.14 -0.17 0.27
Sardegna 10,584 178.18 175.90 5.27 -0.09 -0.04 0.22

In light of the simulation study results, we chose to apply the General band-
width method to the real data, as it displayed overall more stable performance in
terms of bias, variance, and RMSE—particularly in scenarios that most closely re-
semble the empirical configuration of the dataset, namely those characterized by a
medium-to-low IC'C. Indeed, to support this choice, the IC'C' was calculated and
found to be 0.179. Furthermore, compared to approaches based on the simple or
weighted average of region-specific bandwidths, the General bandwidth method is
also computationally less demanding, as it requires estimating only a single regres-
sion discontinuity model on the full sample, rather than 20 separate models—one

for each region.
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This procedure makes it possible to combine the advantages of local RD estima-
tion with those of hierarchical modelling: on the one hand, isolating the causal effect
at the discontinuity margin, and on the other, accounting for the nested structure
of the data (students within regions).

The analyses were carried out using the 1me4 package (Bates et al., 2015). Follow-
ing the analytical strategy of the General bandwidth method, we first implemented
the Regression Discontinuity design using, as in previous chapters, the MSE-optimal
bandwidth selection algorithm, which chooses the bandwidth that minimizes the
MSE while accounting for the bias-variance trade-off (see Section 2.2.1). After se-
lecting a bandwidth of 0.131 to the left and 0.131 to the right of the cutoff (equal to 0
due to the centering of the running variable), we constructed a triangular weighting
function for the observations within this interval. Finally, as the last step of our an-
alytical strategy (see Table 5.1), we implemented multilevel regression. Specifically,

we estimated three different models:

— Random intercept model: the intercept term is allowed to vary across the

regions
— Random slope model: the slope term is allowed to vary across the regions

— Random intercept and slope model: both the intercept and the slope terms

are allowed to vary across the regions.

We compared the fully random model specified in Equation 5.3 with the two
simpler versions. The best model selection was performed based on information
criteria like the Akaike Information Criterion (AIC) (Akaike, 1973; Akaike, 1974)
and the Bayesian Information Criterion (BIC) (Schwarz, 1978), as well as the log-
likelihood value and the Likelihood Ratio Test (LRT), as suggested in the literature
for comparing multilevel models (Snijders and Bosker, 1999; Snijders and Bosker,
2012). Results reported in Table 5.6 suggest that the Random intercept and slope
model is preferred for our data, indicating that both intercept and slope (the treat-
ment) significantly vary across regions. Specifically, in this model, the fixed effects
are equal to By = 184.56 for the intercept, 1 = —30.37 for the centered running
variable (X;; — ¢) and f; = —1.07 for the treatment effect. Hence, overall, students
enrolled in a school with a low ESCS experience a negative treatment, resulting in
a loss of 1.07 points in the Math score. Concerning random effects, the variances of
level 2 (regions) residuals are equal to o2 = 88.65 and o7, = 53.05.

Figures 5.5 and 5.6 show the caterpillar plots, which allow us to visualise the
estimated random effects (intercepts and slopes) for each higher-level unit (region)

in the model.
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Table 5.6: Selection of the best multilevel model

Model AIC BIC LogLik x> P-value
Random intercept model 855,750 855,778 —427,872
Random slope model 855,280 855,327 —427,635 473.92  <0.001

Random intercept and slope model 854,827 854,892 —427,406 457.48  <0.001

Figure 5.5 displays the deviations of each region from the overall intercept Sy,
which is equal to 184.56. Regions to the right of the plot show positive devia-
tions from [y, while those on the left show negative deviations. Most northern
regions—particularly Valle d’Aosta, Veneto, Emilia-Romagna, Lombardy, Trentino-
Alto Adige and Piedmont—exhibit significantly higher values than the national av-
erage. This implies that, holding school ESCS constant, students in these regions
achieve higher-than-average Math scores. Conversely, the southern regions—such
as Campania, Molise, Calabria, Sardinia, Sicily and Apulia—show negative devia-
tions from the intercept, indicating structurally lower academic performance. This
North—South divide confirms, in line with the literature and with what was dis-
cussed in previous chapters, the persistence of substantial territorial disparities in
learning outcomes, likely linked to differences in school resources, quality of educa-
tional provision, family and social capital, and the effectiveness of regional education
policies.

The second caterpillar plot, shown in Figure 5.6, displays the deviations of each
region from the average treatment effect (5, which is equal to —1.07. Since the
overall treatment effect is negative, the random effects uy; indicate whether the
negative impact of attending a low-ESCS school is more or less intense than the
national average. The results are highly revealing: in almost all northern and cen-
tral regions, this effect is even more negative than in the South, suggesting that
a disadvantaged school context has a stronger impact on student performance in
the Centre-North. Some interesting exceptions emerge for Lombardia, Toscana and
Lazio, where deviations are positive: in these regions, the negative effect of low
ESCS is attenuated, indicating a greater capacity of the school system to mitigate
internal inequalities. By contrast, in many southern regions the marginal effect of
low ESCS, deriving from positive residual values, is less pronounced, implying that
students in the South do not experience an additional sharp drop in performance
when attending schools with low socioeconomic composition.

These findings reveal an apparent paradox: average performance is lower in the
South, yet the negative peer effect is stronger in the Centre—North. This can be

interpreted in at least two ways. A first, structural interpretation suggests that

132



southern schools already operate in generally more disadvantaged environments;
therefore, the additional effect of low ESCS is embedded within a broader context
of deprivation and is relatively less perceptible. A second, adaptive or resilience-
based interpretation suggests that students in the South may have developed coping
strategies in response to widespread disadvantage, thereby reducing the incremental
impact of school-level deprivation. See Figure 3.1 in Chapter 3 for evidence of the
structural ESCS disadvantage affecting southern regions. In contrast, in northern
regions—characterised by stronger-performing education systems and higher aver-
age standards—attending a low-ESCS school is a more exceptional and penalising
condition, generating clearer and more substantial negative effects on performance.
In conclusion, by combining Regression Discontinuity analysis with Multilevel
Modelling, we show that the peer effect of attending schools with low ESCS—according
to the threshold set by the Ministry of Education and Merit—is characterised by

substantial heterogeneity across Italian regions.
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Conclusions

In conclusion, the objective of this thesis was to address several methodological
challenges related to Regression Discontinuity (RD) designs by proposing innovative
solutions and applying them to real-world data. The work pursued a twofold aim: on
the one hand, to contribute to the methodological debate on RD in the presence of
discrete running variables and heterogeneous contexts; and on the other, to provide
empirical evidence on the role of the school socio-economic environment in shaping
Italian students’ mathematics performance, with a particular focus on territorial
differences between the North, Centre, and South of the country.

From an empirical perspective, the case study focused on data from the INVALSI
tests administered to grade 13 (final-year high school) students between March and
May of the 2023/2024 academic year. The goal was to assess the influence of school
socio-economic status on students’ Mathematics outcomes. To this end, a RD frame-
work was employed, where the running variable was the school-level Economic, So-
cial, and Cultural Status (ESCS), the outcome was the individual Math score, and
the treatment threshold was set by the Ministry of Education and Merit in Min-
isterial Decree No. 90 of 19 May 2023 at —0.31243 for upper secondary schools.
Below this threshold, a school is classified as low-ESCS. The objective, therefore,
was to estimate the peer effect of attending a school classified as low-ESCS under
this policy rule.

The empirical analysis yielded a negative treatment effect of —1.079, indicat-
ing that attending a low-ESCS school has a detrimental impact on Math scores.
However, given that the outcome ranges between 57.99 and 306.64, this effect is
economically very small and can be considered negligible. Socio-economic compo-
sition thus emerges as a real but non-dominant factor in explaining mathematics
performance and, more generally, school achievement. The peer effect arising from
attendance at low-ESCS schools is statistically detectable, yet modest in magnitude
and not the primary driver of performance differentials. This implies that effective
strategies to reduce learning gaps cannot be limited to altering student composition.
Instead, they must combine careful management of social composition with targeted
instructional interventions and systemic educational policies. In other words, peer
effects exist but are limited: the decisive policy lever lies in improving classroom
practices and providing stronger support to low-ESCS schools, for example by en-
hancing teaching quality or implementing targeted support programmes.

From a methodological perspective, the thesis first addressed the issue of RD
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designs with discrete running variables and the presence of so-called mass points, i.e.
multiple individuals sharing the same value of the running variable. The presence of
mass points reduces the effective sample size. Local polynomial methods—the most
widely used approach in RD—require sufficient variation in the running variable to
construct functions on either side of the threshold; what truly matters, therefore,
is not the number of individual observations but the number of unique values of
the running variable. In RD, local polynomial estimators behave as though the
effective sample size is determined by the number of mass points rather than the
number of observations. This phenomenon is referred to as sample size inflation.
The literature suggests avoiding this issue by aggregating the data at the level of
the mass points using the mean outcome—thereby producing a new dataset with a
number of observations equal to the number of mass points.

This is where the first methodological contribution of the thesis is introduced: in
many cases, summarising a group of individuals sharing the same running variable
using the mean provides an incomplete picture, potentially masking outliers, skew-
ness, or heavy tails. Therefore, when the distribution of the outcome within mass
points is asymmetric and affected by outliers, alternative collapsing strategies—such
as the median and the medoid—are preferable. The median is robust to extreme
values, while the medoid is particularly suitable when qualitative covariates must
also be summarised within mass points, as it originates from cluster analysis with
mixed data and is likewise minimally influenced by outliers.

A simulation study was conducted to reinforce this proposal, allowing sample
size, proportion of mass points, and outcome distribution to vary, and comparing
normal and skewed distributions. The real aim was to provide guidance on which
collapsing method to adopt depending on data characteristics. The analysis of the
estimated coefficients, Rbias, and RMSE showed that: in normally distributed sce-
narios, all three methods (mean, median, medoid) are unbiased; in skewed scenarios,
robust methods (median/medoid) clearly outperform the mean in terms of stability
and accuracy.

In the empirical application, the running variable, the ESCS of the school, was
discrete. This issue, initially neglected, was later addressed by collapsing the data
using the median, as preliminary analysis revealed high asymmetry and the presence
of numerous outliers within mass points. Accounting for the discrete running vari-
able reinforced earlier conclusions and avoided sample size inflation: the raw-data
estimate of —1.071 was reduced to —0.425 after collapsing on the median—similar
in sign, but no longer statistically significant. This suggests that, once data dis-

creteness and outcome asymmetry are appropriately addressed, the peer effect on
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Math scores becomes even weaker—further supporting the interpretation that school
socio-economic composition is a real, though not predominant, factor.

The thesis concludes with a second methodological contribution, aimed at study-
ing RD in contexts where treatment effects may be influenced by heterogeneity and
hierarchical data structures. For this reason, the Multilevel regression framework
was introduced. The rationale is straightforward: RD allows estimation of the Lo-
cal Average Treatment Effect (LATE), while multilevel models allow exploration of
how such effects vary across hierarchical levels (e.g. students nested within schools
or regions). Combining the two approaches enables estimation of both the average
treatment effect and its variation across higher-level grouping variables.

The proposed framework advances existing literature on multilevel RD by in-
corporating core RD procedures such as optimal bandwidth selection and kernel
weighting. Three integration strategies were introduced— General bandwidth, Aver-
age bandwidth, and Weighted average bandwidth—which differ in how the optimal
bandwidth is selected and weighted. A simulation study varying the heterogeneity
of the LATE, the intraclass correlation (IC'C'), and group composition (balanced
vs. unbalanced groups) was conducted. The methods were evaluated in terms of
LATE Bias, LATE Heterogeneity Bias, bandwidth distribution, LATE Relative Bias
(Rbias), and LATE Root Mean Square Error (RMSE).

Overall, the General bandwidth method proved to be the most versatile, achiev-
ing a good compromise between bias, variance, and stability, while consistently
providing group-level coefficient estimates.

Finally, the selected method was applied to the INVALSI data to address po-
tential LATE heterogeneity across regions—the higher-level grouping variable. The
results confirmed significantly lower average Math scores in southern regions, con-
sistent with the well-documented territorial divide in Italy, but also revealed greater
sensitivity to negative peer effects in central and northern regions. This stronger
treatment effect in the Centre-North was interpreted through two lenses: struc-
turally, southern schools already operate in systematically more disadvantaged con-
texts, making the additional penalty of low ESCS less visible; adaptively, students in
southern regions may have developed resilience strategies in response to widespread
disadvantage. Conversely, in the Centre-North—where school systems are generally
more effective and expectations higher—attending a low-ESCS school represents a
more atypical and penalising condition, producing sharper negative effects.

Future developments will concern both the applied and methodological dimen-
sions of this research. On the applied side, since the results reveal the presence

of a modest peer effect, future investigations will focus more deeply on what hap-
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pens within classrooms. In particular, it will be of interest to explore how student
interaction dynamics, the quality of teaching practices, and teachers’ professional
preparation contribute to explaining differences in educational outcomes. As dis-
cussed, the most effective policy lever for reducing educational disparities does not
lie solely in altering the socioeconomic composition of schools, but rather in strength-
ening internal educational processes—through the enhancement of teaching quality
and the implementation of targeted support programs for low-ESCS schools. In this
perspective, a particularly significant role is also played by the surveys conducted
by INVALSI at the teacher level, such as the Mathematics Teacher Questionnaire!,
which collects information on teaching practices, instructional strategies, and the use
of technology in the classroom. Integrating these data with the results of standard-
ized tests would make it possible to deepen the understanding of the mechanisms
linking teaching quality to student outcomes, thereby providing additional tools to
guide educational policies aimed at improving instructional effectiveness and reduc-
ing territorial inequalities.

From a methodological perspective, future developments will aim at refining the
proposed approaches. Concerning the case of Regression Discontinuity with a dis-
crete running variable, a next step will involve incorporating qualitative covariates
into the simulation study to better assess the use of medoids as a data-collapsing
strategy. With regard to the extension of the Multilevel approach to the RD frame-
work, future research could focus on constructing a unified model—a single-step
approach—capable of coherently and simultaneously integrating the various stages
envisaged in the three proposed methods, with the aim of improving the precision

and stability of the estimates.

Thttps://serviziostatistico.invalsi.it/invalsi_ss_data/microdati-campione-g13-202
3-24-questionario-insegnante/
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