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ABSTRACT. The paper is dedicated to the study of the problem of continuous
dependence of compact global attractors on parameters of non-autonomous
dynamical systems and infinite iterated function systems (IIFS). We prove that
if a family of non-autonomous dynamical systems ((X,Ti,my), (Y, T2,0),h)
depending on parameter A € A is uniformly contracting (in the generalized
sense), then each system of this family admits a compact global attractor J*
and the mapping A\ — J* is continuous with respect to the Hausdorff metric.
As an application we give a generalization of well known Theorem of Bransley
concerning the continuous dependence of fractals on parameters.

1. Introduction. The aim of this paper is the study of the problem of existence
of compact global attractors of non-autonomous dynamical systems and their con-
tinuous dependence on parameters. The problem of the upper semi-continuous
dependence on parameters of global attractors of dynamical systems is well stud-
ied (both autonomous and non-autonomous, see for example Caraballo, Langa and
Robinson [3], Caraballo and Langa [H], Cheban [6, [[] Hale and Raugel [T5],Hale [16]
and also see the bibliography therein). The problem of the lower semi-coninuous
dependence on parameters of global attractors is less extensively studied. Note, for
example, the works of Dupaix, Hilhorst and Kostin [T1], Elliott and Kostin [T3],
Hale [T6], Hale and Raugel [17], Kapitanskii and Kostin [20], Kostin [21], Li and
Kloeden [22], Stuart and Humphries [28] and the bibliography therein.

The paper is dedicated to the study of the problem of continuous dependence
of compact global attractors on parameters of non-autonomous dynamical systems
and infinite iterated function systems (IIFS). We prove that if a family of non-
autonomous dynamical systems (X, Ty, ), (Y, Te, o), h) depending on parameter
A € A is uniformly contracting (in the generalized sense), then each system of this
family admits a compact global attractor Jy and the mapping A — J) is continuous
with respect to the Hausdorff metric. As an application we give a generalization of
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well known Theorem of Bransley concerning the continuous dependence of fractals
on parameters.

This paper is organized as follows.

In Section 2 we give some notions and facts from the theory of set-valued dy-
namical systems which we use in our paper.

Section 3 is dedicated to the study of upper semi-continuous (generally speaking
set-valued) invariant sections of non-autonomous dynamical systems. They play
a very important role in the study of non-autonomous dynamical systems. We
give the sufficient conditions which guarantee the existence of a unique globally
exponentially stable invariant section. The main result of this paper is Theorem

We give in section 4 a new approach to the study of discrete inclusions (DI)
which is based on non-autonomous dynamical systems (See also our previous works
[8, 19, [T0], where we study the IFSs (both linear [§, 9] and nonlinear [T0] cases) in the
framework of non-autonomous dynamical systems (cocycles).). We show that every
DI in a natural way generates some non-autonomous dynamical system (cocycle),
which plays an important role in its study (see Sections 7 and 8).

In section 5 we study some properties of Lipschitz maps. We introduce the notion
of spectral radius for Lipschitzian maps and we give the necessary and sufficient
conditions that a Lipschitzian mapping is contracting in the generalized sense in
the term of its spectral radius (Lemma ).

In Section 6 we study the relation between a compact global attractor of cocycle
and the skew-product dynamical system (respectively, set-valued dynamical system)
associated by the given cocycle.

Section 7 is dedicated to the study of the problem of continuous dependence of
attractors of infinite iterated function systems. We give a generalization of well
known Theorem of Bransley concerning the continuous dependence of fractals on
parameters (Theorem [T).

2. Set-Valued dynamical systems and their compact global attractors.
Let (X, p) be a complete metric space, S be a group of real (R) or integer (Z)
numbers, T (S; C T) be a subsemi-group of S. If A C X and x € X, then we denote
by p(z, A) the distance from the point x to the set A, i.e. p(z, A) = inf{p(z,a) :
a € A}. We denote by B(A,¢) an e-neighborhood of the set 4, i.e. B(A,e) ={z €
X : p(z, A) < e}, by K(X) we denote the family of all non-empty compact subsets
of X. For every point x € X and number ¢ € T we put in correspondence a closed
compact subset 7 (¢, z) € K(X). So, if (P, A) = {n(t,z):t € P,x € A}(P CT),
then

(i) 7(0,z) =z forallz € X ;
(ii) 7(ta, w(t1,2)) = w(t1 + to,x) for all x € X and t1,t2 € T;
(i)  lim = B(n(t, x), 7(to,x0)) = 0 for all zy € X and ¢o € T, where 3(A, B) =

r—x0,t—to

sup{p(a, B) : a € A} is a semi-deviation of the set A C X from the set B C X.

In this case it is said (see, for example, [27] and [23] and the bibliography therein)
that there is defined a set-valued semi-group dynamical system.
Let T =S and be fulfilled the next condition:

(i) if p € w(t, ), then x € w(—t,p) for all x,p € X and ¢t € T.

Then it is said that there is defined a set-valued group dynamical system (X, T, )
or a bilateral (two-sided) dynamical system.
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Definition 1. Let T C S (T C T'). A continuous mapping v, : T — X is called a
motion of the set-valued dynamical system (X, T, 7) issuing from the point z € X
at the initial moment ¢ = 0 and defined on T, if

a. 72(0) = z;

b. ’}/m(tg) S 7T(t2 — tl,'Yz(tl)) for all t1,ts € T (tg > tl).

The set of all motions of (X, T, ), passing through the point z at the initial
moment ¢ = 0 is denoted by Fy(7) and we define F(r) := |J{Fu(7) | z € X} (or
simply F).

Definition 2. Any trajectory v € F(m) defined on S is called a full (entire) trajec-
tory of the dynamical system (X, T, 7).

Denote by ®(7) the set of all full trajectories of the dynamical system (X, T, )
and @, () := Fp(m) D (7).

Theorem 1. [27] Let (X, T,m) be a semi-group dynamical system and X be a
compact and invariant set (i.e. X = X for all t € T, where n* := 7(t,-)). Then

(i) F(w) = ®(w), i.e. every motion v € Fy(m) can be extended on S (this means
that there exists 4 € O, (m) such that ¥(t) = ~y(t) for allt € T);

(ii) there exists a group (generally speaking set-valued) dynamical system (X, S, )
such that TT|rxx = 7.

Definition 3. A system (X, T, ) is called [, [7] compactly dissipative, if there
exists a nonempty compact K C X such that

. t _ .
tilglooﬁ(ﬂ M,K) =0;
for all M € K(X), where 7'M := 7(t, M).

Let (X, T, ) be compactly dissipative and K be a compact set attracting every
compact subset of X. Let us set

J:=w(K):= ﬂ U K. (1)
t>0 7>t
It can be shown [Bl [7] that the set J defined by equality () does not depends
on the choice of the attractor K, but is characterized only by the properties of the
dynamical system (X, T,n) itself. The set J is called a center of Levinson of the
compact dissipative system (X, T, 7).

Theorem 2. [B, [ If (X, T, ) is a compactly dissipative dynamical system and J
is its center of Levinson, then :
(i) J is invariant, i.e. w'J = J for allt € T;
(ii) J is orbitally stable, i.e. for anye > 0 there exists §(¢) > 0 such that p(z, J) <
0 implies B(w(t,x),J) < e forallt >0 ;
(iii) J is an attractor of the family of all compact subsets of X ;
(iv) J is the mazximal compact invariant set of (X, T, ).

3. Upper semi-continuous invariant sections of non-autonomous dynam-
ical systems and their continuous dependence on parameters. In this sec-
tion we study the upper semi-continuous (generally speaking set-valued) invariant
sections of non-autonomous dynamical systems. They play a very important role in
the study of non-autonomous dynamical systems. We give the sufficient conditions
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which guarantee the existence of a unique globally exponentially stable invariant
section and their continuous dependence on parameters.

Lemma 1. Let X and A be complete metric spaces. Let (X, T,my) (A € A) be a
family of dynamical systems satisfying the following conditions:

(i) the family of dynamical systems (X, T,m\) (A € A) is uniformly contracting,
i.e. there exist two positive numbers N and v such that p(mx(t,z1), mA(t,
x2))< Ne Vip(x1,22) for all N € A,t € T and x1,22 € X;

(ii) for each t € T the mapping (N, z) — wx(t, ) is continuous.

Then for each A € A the dynamical system (X, T, 7)) admits a unique stationary

point px and the mapping A — py 1S continuous.

Proof. Let A" be a compact subset of A. Denote by C(A/,X) the space of all
continuous functions ¢ : A" — X with distance (1, ¢2) := max{p(p1(A), p2(\)) :
Ae A} (C(A,X),r) is a complete metric space. Note that under the conditions
of the lemma if ¢ € C(A’, X) then also ¢, € C(A', X), where ¢;(\) := mx(t, o()))
for all A € A, where ¢ € T. Denote by SR, the mapping from C’(A,,X) into itself
defined by equality (S%,¢)(A) = mx(t,(\)) for all t € T and X\ € A'. It is easy
to check that {Sf\, ter is a commutative semi-group (with respect to composition)
and (S 1,55, p2) < Ne 'r(p1,p2) for all t € T and @1, 92 € C(A, X). Hence
there exists a unique common fix point ¢,/ € C’(A,, X) of semi-group {SR/ ter. In
particularly m(t, 0, (A)) = @, (A) for all X € A, ie. py == @, () is a unique
stationary point of dynamical system (X, T,n) and the mapping A — py from A
into X is continuous.

Thus we have a family of commutative semi-groups {Sf\, }ter depending on pa-

rameter A" € K (A). It is easy to check that the following statements are true:

a. for each A" € K(A) the commutative semi-group {Sf\/}teﬂr admits a unique
stationary point ¢, € C(A", X);

b. if A" C A” then ¢ » = @,+, where @~ is the restriction on A" of function
PA"S , B o,

c. ppr(A) =@ (X)) forall A e A NA and A, A € K(A).

Denote by C(A, X) the space of all continuous functions ¢ : A — X equipped
with compact-open topology (the topology of convergence uniform on every compact
subset A" C A). Let S* be the mapping from C(A, X) into itself defined by equality
(Stp)(N) := mA(t,o(N)) for all t € T and A € A. Tt is easy to check that {St}ser
is a commutative semi-group (with respect to composition). We define now the
mapping ¢ : A — X as follow:

P(A) = ppr (V) (2)

where A" € K(A) is an arbitrary compact subset of A containing A. According to
properties a.-c. by equality @) a function ¢ € C(A, X) is correctly defined and it
is a unique stationary point of the semi-group {S*};cr. This means that Sty = ¢
for all ¢ € T or equivalently mx(t, (X)) = @(A) for all A € A and ¢ € T, i.e. the
point py := p(A) is a unique stationary point of dynamical system (X, T, ) and
the mapping A — p, is continuous. O

Remark 1. Lemma [Mis also true if
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(i) we replace the condition of uniform contraction by the following weaker condi-
tion: for each compact subset A" C A there are two positive numbers N,/ and
vy such that p(ma(t, z1), ma(t, 22)) < Nye “a"tp(xy, 22) for all A e At € T
and x1,x2 € X

(ii) we consider in place of family of dynamical systems (X, T, my)aea an arbitrary
family of commutative semi-groups {m} }:er (A € A) with conditions:
(a) for each t € T the mapping (A, x) — 74z is continuous;
(b) there are two positive numbers N and v such that p(mx(¢, 1), mr(t,

22))< Ne Vip(xy,x2) for all A € At € T and 1,22 € X.

Definition 4. Let X be a metric space and Y be a topological space. The set-valued
mapping v : Y — K(X) is said to be upper semi-continuous (or S-continuous), if

Ji B(v(y),v(yo)) = 0 for all yo € Y.

Definition 5. Let (X,h,Y) be a fiber space, i.e. h : X — Y is a continuous
mapping from X onto Y. The mapping v:Y — K(X) is called a section (selector)
of the fiber space (X, h,Y), if h(y(y)) =y for all y € Y.

Remark 2. Let X := W x Y. Then v :Y — X is a section of the fiber space
(X,h,Y) (h:=pre: X —=Y), if and only if v = (¢, Idy) where ¢ : W — K(W).

Definition 6. Let (X, Ty, 7) and (Y, Ts,0) (S; C Ty C Ty C S) be two dynamical
systems. The mapping h : X — Y is called a homomorphism (respectively isomor-
phism) of the dynamical system (X, Ty, 7) on (Y, Ty, o), if the mapping h is con-
tinuous (respectively homeomorphic) and h(r(x,t)) = o(h(z),t) (¢t € T1, z € X).

Remark 3. In this work we show that every IF'S generates some non-autonomous
dynamical system (see Section 4 and also [T0)]). Many examples of non-autonomous
dynamical systems, generated by non-autonomous differential /difference equations
(ODEs, PDEs and functional-differential equations) can be found by the reader, for
example, in the books [7] and [24].

Definition 7. A triplet ((X,Ty,7), (Y, T2,0), h), where h is a homomorphism of
(X, Ty,7) on (Y, Ta,0) and (X, h,Y) is a fiber space, is called a non-autonomous
dynamical system.

Definition 8. A mapping v : Y — X is called an invariant section of the non-
autonomous dynamical system (X, Ty, 7), (Y, Ta, o), h), if it is a section of the fiber
space (X,h,Y) and v(Y) is an invariant subset of the dynamical system (X, T, )
(or, equivalently, wiy(y) = v(oty) for allt € T and y € Y').

Denote by a : K(X) x K(X) — R the Hausdorff distance on K(X), i.e.
a(A, B) := max(B(4, B), 3(B, A)).

Theorem 3. Let A be a metric space, ((X,T1,mr),(Y,T2,0),h) (A € A) be a
family of non-autonomous dynamical system and suppose the following conditions
are fulfilled:

(i) the space Y is compact;

(ii) Y is invariant, i.e. o'Y =Y for allt € To;

(iil) the non-autonomous dynamical systems (X, Ty, 7)), (Y, T2, 0), h) are equicon-
tracting in the extended sense, i.e. there exist positive numbers N and v such
that

p(ﬁ)\(taxl)aﬂ-A(taIQ)) < Ne_Utp(IlaIQ) (3)
forall X e A, x1,20 € X (h(x1) = h(z2)) and t € Tq;



504 DAVID CHEBAN AND CRISTIANA MAMMANA

(iv) for eacht € Ty the mapping (A, x) — ma(t,x) from Ax X into X is continuous;
V) TV, X)={y | v:Y — K(X) is a set-valued B-continuous mapping and
h(y(y)) =y for ally €Y} #0
Then

(i) for each A € A there exists a unique invariant section vy € I'(Y,X) of the
non-autonomous dynamical system {(X,Ty,my), (Y, Ta,0), h);
(i) the non-autonomous dynamical system ((X, Ty, 7»), (Y, T2, 0), h) is compactly
dissipative (i.e. (X, Ty, my) is compactly dissipative) and its Levinson’s center
I = (Y)
(ili) w§J;) = U(t g Jorallt € Ty and y € Y
(iv) the mapping A — v is continuous, i.e.

,\hnxl sup a(a(y), 10 (¥)) = 0;
— Ao yey

(v) if (Y, Tq,0) is a group-dynamical system (i.e. To = S), then the unique invari-
ant section vy of the non-autonomous dynamical system (X, Tq,7y), (Y, Ta,
o), h) is one-valued (i.e. yx(y) consists a single point for any y € Y ) and

p(ma(t, ), ma(t, i (h(@)))) < Nem p(z, ya(h(2))) (4)
forallz e X andt €T.

Proof. Since the space Y is compact and invariant, then according to Theorem [
the semi-group dynamical system (Y, T, o) can be prolonged to a group set-valued
dynamical system (Y, S, &) (this means that 6(s,y) = o(s,y) for all (s,y) € TxY).

Let o : K(X) x K(X) — Ry be the Hausdorft’s distance on K(X) and d :
(Y, X) x I'(Y, X) — R, be the function defined by the equality

d(y1,72) = Sgga(% ¥),72(y))- (5)

Note that (@) defines a complete distance on I'(Y, X) (see [I0]).

For t € Ty and A € A, by S} we denote the mapping of I'(Y, X) into itself defined
by the equality (S%v)(y) = mA(t,7((¢?)1y)) for allt € Ty, y € Y and v € T'(Y, X).
It is easy to see that Sy € (Y, X), S{S7 = S4t7 for all t,7 € T; and v € (Y, X)
and, hence, {S4}ier, forms a commutative semi-group. We will show that

d(Siy1, S572) < Ne "t d(y1,72) (6)
for all t € Ty and v; € T'(Y, X) (¢ = 1,2). In fact. To prove the inequality (@) it is
sufficient to show that

a(miy (oY), mhye (o y) < Ne Vid(vyi, y2) (7)

for all y € Y, where o'y :={q €Y | o(t,q) = y}.
Let v € miv2(0~y) be an arbitrary element, then there is ¢ € o'y and z2(y) €
v2(g) so that v = mixa(y). We choose z1(y) € 71(g) such that

p(r1(y), 22(y)) < a(v1(q),12(q)) < d(v1,72) (8)

(by compactness of v;(q) (¢ = 1,2) obviously such an z;(y) exists there and addi-
tionally h(z1(y)) = h(z2(y)) = ) Then we have

p(miz1(y), maza(y)) < Ne " p(z1(y), 22(y)) < Ne™"'d(m1,72),

ie. for all v € i ya(0~ty) there exists u := n'z1(y) € w{y1(c"y) so that p(u,v) <

Ne "'d(y1,72). This means that B(r4v1 (oY), mhv2(0"ty)) < Ne ¥ d(v1,72).
Analogously, the inequality 3(miy2(c~ty), m{v1(cty)) < Ne ¥t d(y1,72) can be
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established and, consequently, a(miy1 (0™ y), miy2(c~ty)) < Ne “td(y1,72) for all
y €Y and t € Ty. Thus the inequality (@) is established.

We will show now that for each ¢y € Ty the mapping (A,vy) — 5;07 from A x
(Y, X) into I'(Y, X) is continuous. In fact. Let Ay — Ao and 7 — 9. We shall
prove that Sﬁf; Ve — Sﬁf(’)”yo in the space I'. Denote by

m(A) ;== sup p(wiox,ﬂ;%:t) (9)
€ (Y)
and note that m(A) — 0 as A — Ag. If we suppose that it is not true, then there
are g9 > 0, \y — Ao and 2 — o (2 € ¥0(Y)) such that

p(wiokxk,ﬂg‘;xk) > . (10)

Passing to the limit in [I) as & — +o00 we obtain €9 < 0. The obtained contradiction
shows that m(\) — 0 as A — A.
Let ye Y and v € wi%vo(o_toy), then there are ¢ € o~y and = € v(q) such
that v = wﬁ\” 2. Denote by u := wﬁox, then we have
0
o) = plri, w0 x) < sup p(lo, 7 x) = m(). (1)
€Y (Y)
From the inequality ([ it follows 3(m3°~o(ct0y), W§%70(07t0 y)) < m(X). Analo-
gously one can establish the inequality ﬂ(wi‘; Yo(o~toy), ﬁﬁ\% Yo(o~toy)) < m(\) and,
consequently,

a(mV (0" 0y), ™0 0(0 ™ y)) < m(N) (12)
for ally € Y and A € A. From ([[2) it follows that
(S0, 552 70) < m(A) — 0 (13)

as A — A\g and, consequently,
(S5 Yk, 552 70) < d(S Yk, S 70) + d(S 0, 550 70) <

Nem"d(yy,70) +m(Ak) — 0
as Ay — Ag. By Lemma [II (see also Remark [ll) for each A € A the semi-group
{S{ }ter admits a unique stationary point vy € I'(Y, X) and the mapping A — v,
is continuous.
Let us write by K := v,(Y), then K is a nonempty compact and invariant set
of the dynamical system (X, Ty, 7). From the inequality @) it follows that

. + o
tl}+moo p(myM,K)=0

for all M € K(X) and, consequently, the dynamical system (X, Ty, 7y) is compactly
dissipative and its Levinson center Jy C K. On the other hand, K C Jy, because
the set Ky = ¥ (Y) is compact and invariant, but Jy is the maximal compact
invariant set of (X, Ty, my). Thus we have Jy = 7 (Y).

Now let Ty = S. Then we will show that the set v (y) contains a single point
for any y € Y. If we suppose that it is not true, then there are yo € Y and
21,22 € Ya(yo) (1 # z2). Let ¢; € O, (i = 1,2) be such that ¢;(S) C Jx. Then
we have

m\(¢i(=1) =z (i =1,2) (14)
for all t € T;. Note that from inequality ([Bl) and equality ([[d) it follows that

plar,2) = p(h (61(—)), wh (62(—1))) <
Ne~tp(n(—t), ¢a(~t)) < Ne~#'C (15)
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for all t € T, where C := sup{p(¢1(s), #2(s)) : s € S}. Passing to the limit in [IH)
as t — 400 we obtain x; = x2. The obtained contradiction proves our statement.
Thus, if Ty = S, the unique fix point vy € I'(Y, X) of the semi-group of operators
{St}ier, is a single-valued function and, consequently, it is continuous. Finally,
inequality @) follows from (@), because h(ya(h(z))) = (hovx)(h(z)) = h(x) for all
z e X. O

Remark 4. If (Y, Ty, 0) is a semi-group dynamical system (i.e. To = Ry or Z;),
then the unique invariant section 7y, of the non-autonomous dynamical system
(X, Tq,my), (Y, T2, o),h) is multi-valued (i.e. 7x(y) contains, generally speak-
ing, more than one point). This fact is confirmed by the below example, which is a
slight modification of example from [25, Chl,p.42-43].

Example 1. Let Y := [—1,1] and (Y,Z4,0) be a cascade generated by positive
powers of the odd function g, defined on [0, 1] in the following way:
2(y - 1) ) % <y <1

It is easy to check that g(Y) =Y. Let us put X := R x Y and denote by (X,Z4, )
a cascade generated by the positive powers of the mapping P : X — X

P(y)=("5%): 19

where f(u,y) = 15u + 3y. Finally, let h = pry : X — Y. From (@), it fol-
lows that A is a homomorphism of (X,Z,,7) onto (Y,Z,,0) and, consequently,
(X,Zy,m),(Y,Z+,0),h) is a non-autonomous dynamical system. Note that

|(’U,1,y) - (u27y)| = |U1 - ’U,2| = 1O|P(u17y) - P(u27y)| (17)
From (), it follows that
[P (u1,y) — P™(u2,y)] < Nem""[(u1,y) — (uz, y)] (18)

for all n € Zy, where ' = 1 and v = In10. By Theorem Bl there exists a unique
[-continuous invariant section v € I'(Y, X) of non-autonomous dynamical system
(X,Z4,7),(Y,Zy,0),h). According to [25, p.43] v(y) is homeomorphic to the
Cantor set for all y € [—1,1].

4. Tterated function systems, discrete inclusions and cocycles.

Definition 9. A iterated function system (IFS) consists of a complete metric space
(X, p) together with a finite set of mappings f; : X — X (i = 1,...,m) (the notation
{X; fi, i=1,...,m}). The IFS {X; f;, i =1,...,m} is called hyperbolic if every
function f; (i =1,...,m) is a contraction.

Let W be a topological space. Denote by C(W) the space of all continuous
operators f : W — W equipped with the compact-open topology. Consider a
set of operators M C C(W) and, respectively, an ensemble (collage) of discrete
dynamical systems (W, f)rerm (W, f) is a discrete dynamical system generated by
positive powers of map f).

Definition 10. A discrete inclusion DI(M) is (see, for example, [I4]) a set of all
sequences {{z;} | 7 > 0} C W such that

xj = fi,wj 1
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for some f;, € M (trajectory of DI(M)), i.e.
xTj; = fijfijil...filzo all flk e M.

Definition 11. A bilateral sequence {{z;} | j € Z} C W is called a full trajectory
of DI(M) (entire trajectory or trajectory on Z), if 2,4 ; = fi;Znyj—1 for all n € Z
and j € Zy.

Let us consider the set-valued function F': W — K(W) defined by the equality
F(z) :={f(x) |f € M}. Note that the set F(x) is compact because M is so. Then
the discrete inclusion DI(M) is equivalent to the difference inclusion

T; € F(,Tj_l). (19)

Denote by Fy, the set of all trajectories of discrete inclusion [[d) (or DI(M))
issuing from the point zo € W and F := | J{Fy, | zo € W}.

Below we will give a new approach concerning the study of discrete inclusions
DI(M) (or difference inclusion [[d)). Denote by C(Z4,W) the space of all con-
tinuous mappings f : Z; — W equipped with the compact-open topology. Let
(C(Zy,W),Z,0) be the dynamical system of translations (shift dynamical system
or dynamical system of Bebutov 24, 26]) on C(Z,, W), i.e. o(k, f) := fr and f is
ak € Zy shift of f (i.e. fr(n) = f(n+k) for all n € Z).

We may now rewrite equation ([[d) in the following way:

zjy1 = w(j)zj, (W€ Q:=C(Zy, M)) (20)

where w €  is the operator-function defined by the equality w(j) := f;,,, for all
j € Zy. We denote by ¢(n,zg,w) the solution of equation @0) issuing from the
point £g € W at the initial moment n = 0. Note that Fp, = {¢(-, zo,w) | w € Q}
and F = {¢(-,zo,w) | zg € W,w € Q}, i.e. DI(M) (or inclusion ([[)) is equivalent
to the family of non-autonomous equations @) (w € ).
From the general properties of difference equations it follows that the mapping
@ :Zy x W x Q — W satisfies the following conditions:
(1) ¢(0,z0,w) = x for all (xg,w) € W x Q;
(ii) pn + 1,20,w) = @(n, (7,20, w),0(T,w)) for all n,7 € Zy and (zg,w) €
W x
(iii) the mapping ¢ is continuous;
(iv) for any n,7 € Z; and wy,ws € Q) there exists w3 € Q such that
U(n,w2)U(r,w1) = U(n+ 7,ws), (21)
where w € Q, U(n,w) = p(n,-,w) =[[i_ow(k), wk) := fi, (k=0,1,...,n)
and fio = IdW
Let W, be two topological spaces and (2,T,o) be a semi-group dynamical
system on €.

Definition 12. Recall [24] that a triplet (W, ¢, (Q, T, o)) (or briefly ¢) is called a
cocycle over (2, T, o) with the fiber W, if ¢ is a mapping from T x W x Q to W
satisfying the following conditions:

1. ¢(0,z,w) =z for all (z,w) € W x Q;

2. p(n+1,z,w) = o(n, o(1,2,w),0(r,w)) for all n,7 € T and (z,w) € W x Q;

3. the mapping ¢ is continuous.

Let X := W x Q, and define the mapping 7 : X x T — X by the equality:
m((u,w),t) = (p(t,u,w),o(t,w)) (i.e. @ = (¢,0)). Then it is easy to check that
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(X, T,n) is a dynamical system on X, which is called a skew-product dynamical
system [, [24]; but h = pry : X — Q is a homomorphism of (X, T, 7) onto (2, T, o)
and hence ((X,T,7), (2, T,o),h) is a non-autonomous dynamical system.

Thus, if we have a cocycle (W, ¢, (Q,T,0)) over the dynamical system (2, T, o)
with the fiber W, then there can be constructed a non-autonomous dynamical sys-
tem (X, Ty, m), (Q,T,0),h) (X :=WxQ), which we will call a non-autonomous dy-
namical system generated (associated) by the cocycle (W, ¢, (2, T, o)) over (2, T, o).

From that which has been presented above, it follows that every DI(M) (respec-
tively, inclusion ([[d)) in a natural way generates a cocycle (W, ¢, (2, Z,0)), where
Q=C2Zy, M), (Q,2Z4,0) is a dynamical system of shifts on Q and p(n,z,w) is
the solution of equation [£0) issuing from the point x € W at the initial moment
n = 0. Thus, we can study inclusion [[d) (respectively, DI(M)) in the framework
of the theory of cocycles with discrete time.

Theorem 4. [10] The following statements hold:
(i) Q = Per(o), where Per(c) is the set of all periodic points of (2, Z4,0) (i.e.
w € Per(o), if there exists T € N such that o(T,w) = w);
(i) the set  is compact;
(iii) Q is invariant, i.e. o'Q = Q for all t € Zy;
(iv) if M is a compact subset of C(W) and (W, ¢, (Q,Z4+,0)) is a cocycle generated
by DI(M), then ¢ satisfies the condition (ZI).

5. Some properties of Lipschitzian mappings. Let (W, p) be a metric space.

Definition 13. A mapping f : W — W satisfies the Lipschitz condition, if there
exists a constant L > 0 such that p(f(z1), f(z2)) < Lp(z1,x2) for all 21,22 € W.
The smallest constant with the above mentioned property is called the Lipschitz
constant Lip(f) of the mapping f.
Denote by Lip(W) :={f : W W | Lip(f) < oo}.
Lemma 2. Let f € Lip(W), then the following statement hold:
(i) f™ € Lip(W) for all n € N, where f* := f"~to f (Vn>2);
i) Lip(f™) < Lip(f)" (¥ n € N);
(iil) there exists the limit
ryi= lim (Lip(f™))";
(iv) rp < Lip(f).
Proof. The first, second and fourth statements are obvious. To prove the third

statement we note that the sequence {b,} (b, := In(Lip(f™))) is sub-additive, i.e.
bni4ny < by + by, for all ny,ny € N. Thus there exists the limit lim %" (see, for

example, [T9, p.27]) and, consequently, there exists also the limit
Tlim (Lip(f")* = e
O
Definition 14. The spectral radius of function f € Lip(W) is said to be the number
rpe= lim (Lip(f")*.

Definition 15. The function f € Lip(W) is said to be a generalized contraction
(contracting in the extended sense) if 7y < 1.
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Remark 5. 1. If f € Lip(W) is a contraction (i.e., Lip(f) < 1), then r; < 1
because ry < Lip(f).

2. If f € Lip(W) and ry < 1 then, generally speaking, f is not a contraction. This
fact is confirmed by the below example. In fact, let W := C|0,1] and f € Lip(W)
is defined by equality

(fo)(t) = 2 / o(s)ds

2
(t €[0,1] and ¢ € C[0,1]). It is easy to verify that Lip(f") = (2)" L. In particular,
Lip(f) = 3, Lip(f?) = £ and Lip(f*) = 2I. In addition Lip(f™) < 2(3)" for all

2
n € N. Thus the mapping f is a generalized contraction, but Lip(f) > 1.

Lemma 3. The function f € Lip(W) is a generalized contraction if and only if
there exist positive numbers N and v (0 < v < 1) such that

Lip(f™) < Nv" (22)
for allm € N.

Proof. 1t is easy to see that from [2) we have ry <v < 1.

Let now ry < 1 and € € (0,1 — ry). Then there is a number ng = ng(c) € N
such that (Lip(f™))» < ry + ¢ for all n € N with n > ng. We put v := r; + ¢
and N := max{1,vLip(f),?Lip(f?),...,v™ Lip(f™°)}, then Lip(f") < Nv" for
all n € N. O

Corollary 1. The mapping f is a generalized contraction if and only if one of its
iterates is contracting.

Definition 16. A subset of operators M C C(W) is said to be generally contracting
(contracting in the extended sense), if there are positive numbers N and v < 1 such
that

L(f’bn Ofin71 O...Ofil) SNV"
for all fi,, fip,..., fi, € M and n € N.

Remark 6. 1. If the subset of operators M C C(W) is generally contracting, then
(i) every function f € M is generally contracting;
(ii) every function f := f; o fi, yo...0fi, (fi, e Mforallk=1,...,n)is a
generalized contraction.
2. If ry < 1 for every function f € M, then the subset of operators M C C(W),

generally speaking, is not a generalized contraction. In fact, let W := R? and
M C C(W) consists from two functions {fi, fo}, where fi(x1,22) := (222, %) and

fa(z1,22) := (5x2, ). Then 7y, = ‘/75, T, = \/% and 7y, 5, = % (see [12]) and,
consequently, M := {f1, fo} is not generally contracting.

Lemma 4. Let M = {f1, fo,..., fm}, then the following statements hold:
(i) If Lip(fi) <1 for all 1 < i < m, then the subset of operators M C C(W) is
generally contracting;
(i) Letry <1 foralll <i<m and the mappings f1,..., fm are permutable (i.e.
fiof; = fjofi foralll <i,5 < m), then the set of operators M = {f1,..., fm}
s generally contracting.
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Proof. Let Lip(f;) < 1 for all ¢ = 1,...,m. Then Lip(f;, o fi, ,0...0 fi;) <
Lip(fi,,) ... Lip(fi,) <v™ for all n € N, where v := max{Lip(fi) | 1 < k <m}.
Let n e Nand f;, e M :={f1,...,fm} (1 <ix <mforall 1 <k <n). Then

fio o fi, 0. 0fy = fFr. . fkm where k; € Z; (1 < i < m) with condition
k1 + ...+ k,, = n. Thus we have
Lip(fi, © fin-y© ... fir) = Lip(fi*) ... Lip(f3). (23)

Since 7, < 1, then by Lemma Bl there are positive numbers A; and v; < 1 such
that

Lip(fi") < N (24)
for all n € N.
From the relations 23)) and (24)), it follows that
Lip(fi, o fi, y0...0fi) < Nv"
foralln € N, where N := max{N; |1 <k <m}andv:=max{y; |1 <k <m}. O

6. Relation between compact global attractors of skew-product systems,
collages and cocycles.

Theorem 5. [10] Suppose the following conditions are fulfilled:
(i) M:={f; :i€ I} is a compact subset from C(W);
(i) the set M of operators is contracting in the extended sense.

Then the set-valued cascade (W, F) (discrete dynamical system generated by posi-
tiwe powers of mapping F') is compactly dissipative, , where F(z) := {f(z) | f € M}
Nz e W).

Theorem 6. [I0] Let (W, p, (2, T,o) be a cocycle, Q be a compact space and f :
T x W :— K(W) be a mapping defined by the equality
[t u) = o(t,u, Q) (25)
forallue W andt € T.
Then the mapping f possesses the following properties:

a. f(0,u) =u for allu € W;
b. f(t, f(r,u)) C f(t+7,u) forallt,7 € T and u € W;
c. [:TxW — K(W) is upper semi-continuous, i.e.

lim  B(f(t,u), f(to,uo)) =0 V(to,up) € T x W;

t—to,u—ug
d. if the cocycle (W, p, (Q,T,0)) satisfies the following condition:
Vi, 7 € T,ur,us € W Jug such that o(t, p(r,z,u1),u2) = @(t + 7,z,u3), (26)
then

[ f(ru)) = f(t+7,u)
forallt, 7€ T andu € W.
Corollary 2. Every cocycle (W, p, (Q,T,o) with the compact Q and satisfying the

condition ([ZA) generates a set-valued dynamical system (W, T, f), where f : TXW —
K(W) is defined by equality (Z3).
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Definition 17. A cocycle ¢ over (Q, T, o) with the fiber W is said to be a compactly
dissipative one, if there is a nonempty compact K C W such that

, ligrn sup{B(U(t,w)M,K) | weQ} =0 (27)
for any M € K (W), where U(t,w) := ¢(t,-,w).

Definition 18. [0, Ch.IT] A metric space X possesses the property (.9), if for every
compact subset K C X there exists a connected compact subset . C X such that
KCL.

Theorem 7. [0, Ch.II] Let Y be compact, (W, ¢, (Y,S, o)) be compactly dissipative
and K be the nonempty compact subset of W appearing in the equality (Z7). Then
the following statements hold:

(i) wel, (y €Y) if and only if there exits a complete trajectory v : S — W
of the cocycle ¢, satisfying the following conditions: v(0) = w and v(S) is
relatively compact;

(ii) Iy (y € Y) is connected, if the space W possesses the property (S).

Definition 19. The smallest compact set I C W with property 1) is said to be
a Levinson center of cocycle .

Theorem 8. [10]

(i) Let (W, ,(Q,T,0)) be a cocycle with the compact @ and satisfying the condi-
tion {28). Then the following statements are equivalent:
(a) the cocycle ¢ is compactly dissipative;
(b) the skew-product dynamical system (X, T, ) generated by the cocycle ¢ is
compactly dissipative;
(c) the set-valued dynamical system (W, T, f) generated by the cocycle ¢ is
compactly dissipative.
(i) Let (W, ,(Q,T,0)) be a compact dissipative cocycle and the following condi-
tions be fulfilled:
(a) Q is compact and invariant (c'Q = Q for all t € T);
(b) the cocycle ¢ satisfies condition (Z4).
Then I = pri(J), where J is the Levinson’s center of the skew-product
dynamical system (X, T,m) (generated by the cocycle v) and I is the Levinson
center of the set-valued dynamical system (W,T, f) (generated by the cocycle

¢)-
Denote by ®(p) the set of all full trajectories of the cocycle (.
Corollary 3. Let (W, p,(Q,T,0)) be a compactly dissipative cocycle and the fol-
lowing conditions be fulfilled:
(i) Q is compact and invariant;
(i) the cocycle ¢ satisfies condition (24).
Then I ={ueW : 3ne d(p), n(0) =u and n(S) is relatively compact}.

7. Continuous dependence of attractors of IFS.

Theorem 9. [10] Suppose that the following conditions are fulfilled:
(i) M is a compact subset of C(W);
(ii) M is contracting in the extended sense.
Then
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(i) I, :={u e W : a solution p(n,u,w) of equation (Z0) is defined on Z and
©(Z,u,w) is relatively compact} # O for all w € Q, i.e. every equation (Z0)
admits at least one solution defined on Z with relatively compact range of
values;

(ii) the sets I, (w € Q) and I :=J{L, : w € Q} are compact;

(iii) the set-valued map w — I, is upper semi-continuous;

(iv) the family of compact sets {I, : w € §} is invariant with respect to the
cocycle @, i.e. p(n,l,,w) = Imn, for aln € Z; and w € Q;

(v) plp(n,ur,w), o(n,uz,w)) < Ne ""p(ui,uz) for alln € Zy and w € Q and
ui,us € W, where N' and v are positive numbers from the definition of the
contractivity of M in the extended sense;

(vi) if every map f € M is invertible, then
(a) I, consists of a single point u,;

(b) the map w — uy, is continuous;
(¢) w(n,uy,w) = Uy(nw) for alln € Zy and w € Q;
(d) ple(n,u,w), p(n, uy,w)) < Ne ""p(u,uy) for alln € Zy and w € Q.

Let A be a compact metric space. Denote by C(A x W, W) the space of all
continuous functions f : A x W — W equipped with compact-open topology. If f €
C(A x W, W) then we denote by f* := f(\,-) € C(W) and M* := {f* | f € M}.

Consider a set of operators M C C(A x W, W) and, respectively, an ensemble
(collage) of discrete dynamical systems (W, fx) r,em, (W, fi) is a discrete dynam-
ical system generated by positive powers of map f).

We consider the equation

zj+1 = w( i)z, (weQ:=CAXxZi, M)) (28)
or
Tit1 =wN j)z, A eEA, w(h, ) € Qy=C(Z+,M)), (29)
where w € Q is the operator-function defined by the equality w(-,j) := fi,,, €
C(A x W, W) (or w(A,j) = i)]‘,ﬂ € C(W,W) for all A € A) for all j € Zy, ie.
w(j) is a continuous function depending on two variables A € A and x € W. We
denote by ¢(-,n, 2, w) the solution of equation [E8)) (respectively, by p(\, n,zg,w)
the solution of equation ([Z9)) issuing from the point zyp € W at the initial moment
n =0.

From the general properties of difference equations it follows that the mapping
w: AXxZi xW xQ — W satisfies the following conditions:

(1) ©(A,0,20,w) =z for all (A, zp,w) € A X W x £

(i) (A, n+7,20,w) = (A, n, (A, T, 20,w), o(T,w)) for alln, 7 € Zy and (A, zo, w)
A X W xQ;
(iii) the mapping ¢ is continuous;
(iv) for any n,7 € Z4 and wy,ws € Q) there exists ws € 2 such that
UM n,w) U\ 1,01) =U(An+ 7,ws),
where w € Q, U\, n,w) = o\, n,-,w) = [[1_ow(A k), w(\, k) := 'L)I\c
0,1,...,n) and f{}) = Idw.

Let X := W x Q, and define the mapping 7 : X x T — X by the equal-
ity: ma((u,w),t) = (p(\t,u,w),0(t,w)) (i.e. ™ = (pa,0)). Then it is easy
to check that for each A € A the triplet (X, T, ) is a dynamical system on X,
but h = pry : X — Q is a homomorphism of (X, T, ) onto (2, T,o) and hence

(k =

S
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(X, T, 7)), (2,T,0),h) is a family of non-autonomous dynamical systems depend-
ing on parameter A € A. Applying Theorem B] to the family of dynamical systems
(X, T, 7)), (2, T,0),h) we will receive the following result.

Theorem 10. Suppose that the following conditions hold:

(i) A be a compact metric space;
(ii) M be a nonempty compact subset of C(A x W, W), where W is a complete
metric space;
(iii) the subset M C C(A x W, W) is generalized contracting, i.e. there are two
positive numbers N and v < 1 such that Lz'p(fii‘l 0...0 fl);) < Nv" for all
ANeA neNandii,... i, € N where f := fr(\,) and fi, € M.

Then the following statements hold:

(i) for each A € A the non-autonomous dynamical system ((X,Z4,my), (Q, Z4,
o), h) is compactly dissipative;
(i)
plma (1), ma (1, 22)) < N p(1, 22) (30)
for all n € Zy and x x2 € X (h(x1) = h(xg)), i.e. the family of non-
autonomous dynamical systems (X, Z4,m\), (Q,Z4,0), h) is generalized con-
tracting;
(iii) for each (A\,w) € A x Q the set I} = {u € W | the solution o(\,n,u,w)
of equation [Z9) defined on Z with relatively compact range of values
oA, Z,u,w)} is nonempty and compact;
(iv) for each A\ € A the family of subsets T := {I) | w € Q} is invariant with
respect to cocycle oy == (N, -,-), i.e. pa(t, I}, w) = I(i\(t,w) for allt € Z4
and w € Q;
(v) I} = pry(J)) for all X € A and w € Q, where J* is the Levinson center of
dynamical system (X,Z4,my);
(vi) for each X\ € A the set T* := U{I} | w € Q} = pri(J*) and, consequently, it is
compact;
(vii)

lim sup (I}, I2°) = 0 (31)
A—=20 weD

and, consequently, we have also

lim (T, 1) = 0. (32)
—A0

Proof. Let ) be the cocycle generated by equation ([23). Denote by (X, Z,, my) the
skew-product dynamical system generated by cocycle gy (i.e. X := WxQand 7y :=
(pr,0)). Let (X, Z4, 7)), (2, Z4,0),h) be the non-autonomous dynamical system
associated by cocycle ¢y, where h := pro : X — €. Under the conditions of The-
orem the family of non-autonomous dynamical systems ((X,Zy, ), (2,Z1,0), h)
satisfies the inequality B) because 7y (n,z) = (pr(n,u, w), o(n, w)) (z = (u,w))
and px(n,u,w) = w(A,n)o...ow(A, 1)u. By Theorem B for each A € A dynami-
cal system (X,Z,, 7)) admits a compact global attractor J* and there exists the
unique invariant section vy € I'(€2, X') such that:

(i) the mapping X\ — ~, is continuous, i.e.

lim sup a(ya(w), 120 (w)) = 0; (33)

A—=X0 weQ
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(ii) J) = ya(w) for all w € Q and, consequently, J* = ~,(Q),where J2 := X,NJ*
and X, := h~}(w).

Since (X,Z4,my) is a skew-product dynamical system and X = W x €, then
vx has the form (¢y, Idg), where ¢y € C(Q,W). Note that I} = pri(J)) and,
consequently, it is non-empty and compact. On the other hand 7y (n, J}) = J c)r\(n,u.))
forall A € A, n € Z4 and w € Q because Q is invariant (i.e. o(n,Q) = Q for all
n € Z4) and, consequently, ¢x(n, I}, w) = ¢x(ma(n, J*) = dr(J), ) =12

s L o(n,w) o(n,w)"
From the equalities B3)) and vy = (¢», Idq) follow the equalities ([Bl) and (B2).
(]

Remark 7. If M C C(A x W, W) is a finite set, i.e. M = {f1,..., fm}, then
the equality B2) coincides with Bransley’s theorem of continuous dependence of
fractals on parameters [2, Th.1,Ch.III] (see also [I8]).
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