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ARTICLE INFO ABSTRACT

Keywords: Logistic regression is a simple yet effective technique widely used in machine learning with
Logistic regression applications spanning various scientific fields. In this paper, we introduce new logistic regression
x-exponential function models based on the x-exponential function derived from x-statistical theory, which approaches

Kk-statistical theory
Classification problems
Machine learning

the standard exponential function as its parameter x tends to zero. We propose models for
both binary and multivariate classification, demonstrating that they extend traditional logistic
regression while maintaining the same computational complexity as conventional logistic
classifiers. Computational experiments on diverse benchmark data sets show that our x-logistic
classifiers outperform standard logistic regression models in the vast majority of cases.

1. Introduction

Given a matrix X representing a training set with corresponding target variables t, the aim of a logistic classifier is to predict
the class label ¢ of a new input x. The training procedure exploits the sigmoidal function when the number of classes is equal to two
(binary case) or the softmax function when the number of classes is greater than two (multiclass case). Both the logistic function
and the softmax function make use of the exponential function.

Although simple, this technique is very popular and widespread, as demonstrated by the numerous (though not exhaustive)
works cited in the literature review we present in Section 2.

The purpose of this article is to propose new logistic models, named «-logistic regression, combining logistic regression with the
exp, function, which is defined as

1
exp,(x) = (\/1+K2x2+rcx)” . (€D)]

The motivation for combining logistic classifiers with the exp, function is at least twofold. First, the primary reason concerns the
popularity of this function. Although it originated in the purely physical context of x-entropy, based on an approach derived from
relativity theory [1,2], its use has had a revolutionary impact in many other fields such as economy [3-6], finance [7-9], computer
science [10-12], and epidemiology [13]. Moreover, as shown in [14], the popularity of the exp, function is spreading increasingly
rapidly. The reason behind the widespread and increasingly growing popularity of the exp, function lies in its properties. Among its
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Fig. 1. The exp, function on a linear scale (panel a) and a logarithmic scale (panel b), for different values of «.

most significant properties is the fact that, for all x € R, lim,._,, exp,.(x) = exp(x). This property shows us that the exp, function is a
generalization of the exponential function, and its axiomatic formulation is presented in [15]. But beyond this remarkable property
of generalizing the classical exponential function, there is an even more relevant one: its ability to handle rare events. In fact, while
the probability distribution of a phenomenon without rare events follows an exponential law, that of a phenomenon with rare events
follows a power law.

As shown in [1,2], in addition to the previously mentioned property of the exp, function — that in the limit as k — 0 it reduces
to the standard exponential function — there is also the following asymptotic behavior:

1
exp,(x) ~ [2kx|¥%  as x = +oo.

This double nature of the exp, function can be observed in Fig. 1, where we show the exp,. function for different values of «.

But it is precisely this dual nature that enables the management of possible rare events through the parameter «.

Despite the widespread and growing popularity of the exp, function, its presence in the field of machine learning is essentially
absent. To the best of our knowledge, very little has been done so far in this direction [16]. Therefore, our work represents a
pioneering attempt to bring this popular and widely used function into the realm of logistic regression, paving the way for future
extensions to other machine learning algorithms.

In this paper, we derive a binary and a multiclass classification model based on exp,.. The validity of our approach is confirmed
by computational tests performed on several data sets. We compared our «-logistic classifiers with their respective pure logistic
classifiers and our results were better in the vast majority of cases. Moreover, a comparison showed that our classifiers are
competitive with other classifiers in the literature, sometimes even outperforming them.

Furthermore, we prove that the use of the exp, function does not alter the complexity of the model. In fact, we show that the
computational complexity both for the binary and the multiclass case is the same as for logistic regression. This is not a trivial result,
as the introduction of the parameter « requires considering derivatives with respect to x during the training procedure.

This paper is organized as follows: in Section 2, we review the state of the art of logistic classifiers with applications and variations
proposed in recent years. In Section 3, we introduce the notation for developing the models. In Section 4, we present the model for
the binary case, while Section 5 illustrates the model for the multiclass case. In Section 6, we discuss computational complexity of
the proposed models. Computational tests are reported in Section 7. We conclude in Section 8.

2. Literature review

Starting from Cox’s pioneering work [17], logistic regression has been quickly exploited in many fields including: linguistics [18],
medicine [19,20], economy [21,22], business [23,24], natural language processing [25], computer vision [26], bioinformatics [27],
neural signal processing [28], and fraud detection [29]. The great diffusion of logistic regression has pushed researchers to refine
technicalities and numerical issues in order to provide more efficient variants of the original model. Among these improve-
ments, Owen [30] study the problem of binary logistic regression where one of the two classes is infinitely unbalanced. This problem
represents the case where occurrences of one of the two classes are rare events. Jaskie et al. [31] study the problem of logistic
regression for positive and unlabeled learning. Shi et al. [32] propose a hybrid algorithm for regularized logistic regression consisting
of two phases. The first phase is called iterative shrinkage and it is computationally fast and memory friendly. The second phase is
based on a customized interior point method and it is slower but more accurate. Another variant is the logistic stick-breaking problem
for non-parametric clustering of general spatially- or temporally-dependent date [33]. Yuan et al. [34] et al. study a relevant problem
about logistic regression with regularization. In fact, they show that the coordinate descent method (CDN) [35] for L1-regularized
logistic regression becomes inefficient when the loss function is expensive to compute. To overcome this issue, they propose the
newGLMNET algorithm, an improvement of the GLMNET Newton-type algorithm by Friedman et al. [36]. Other regularization
issues are studied by Wang et al. [37]. Zaidi et al. [38] introduce accelerated logistic regression: a hybrid generative-discriminative
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methodology for training logistic regression with high-order features. Foster et al. [39] use improper learning to address online
logistic regression. Alternative approaches combine the Choquet integral [40,41] to logistic regression and the Sugeno integral to
binary classification [42]. Recently, Kim et al. [43] have studied the relationship between logistic regression and the probabilistic
description of fermions in quantum statistical mechanics. More recently, Xavier [44] has proposed hyperbolic regression, among
whose objectives is also the improvement of the saturation problem that affects logistic regression problems. Finally, Urbano-Leon
et al. [45] have addressed a functional logistic regression model where the observations are not independent.

Compared to the state of the art, our contribution is to introduce two new k-logistic models (one for the binary and one for
the multiclass case) based on the exp, function. These models generalize the corresponding logistic models built on the standard
exponential function, with the property that as k — 0, our models converge to the ordinary logistic models while maintaining
the same computational complexity. Through a series of computational tests, we demonstrate that our models outperform their
corresponding logistic models in the vast majority of cases.

3. Preliminary assumptions

Throughout this paper, we are given a training set represented by a matrix

lel X192 xl’M
X = [Xl X, ... XN]T _ xz;’l xz;YZ ngM
XN.1 xN,Z XN,M
consisting of N vectors {x,, ..., Xy } of size M. The training set is also described by a vector t = [t; 1, ... ¢ N]T containing the labels

(or target variables) associated to vectors in matrix X. While in regression problems the labels can assume any continuous value,
in classification problems the labels are discrete. The main idea is that, given a new input vector x for which we do not know its
target variable ¢, we can give an estimate 7 of the unknown target variable through a function y(x, w), where w = [wy, wy, ..., wp]”
is a vector of P + 1 parameters to determine during the training procedure. The prediction for vector x is given by 7 = y(x, w). The
most general expression for y(x, w) is given by [26]:

y(x, W) = W' $(x), @

where ¢(x) = [po(x), P, (X), ..., ¢P(x)]T is a vector of basis functions {¢; };;0 such that ¢, : RM — R. There are not particular
requirements for the basis functions but ¢y(x) = 1 ¥ x € RM. The reason for this choice is that we can have an intercept. In fact,
ifweset P=M and ¢;(x) = x; Vj € {1, ..., M},Vx € RM, then (2) becomes y(x, W) = wy + wx; + -+ + wy;x,, which is one of
the most used expressions in logistic regression where wy, is the intercept. It is also convenient to introduce the following quantities
associated to the training set:

Po(x,)
¢ = Px,) = ¢‘(:X") . with nef{l, ..., N},
¢P(X,,)
and
¢T
IT do(x)  Hx) . Pp(x))
o= | |_| %) hx) . dp(x)
or | Ltoen) B g
N

where the matrix @ is called the design matrix.

At the heart of logistic regression, there is the so-called logistic or sigmoid or sigmoidal function defined as o(x) = 1/(1 + ™)
that is a differentiable and monotonically increasing function mapping R onto (0, 1) with lim,_,_, o(x) = 0 and lim,_,,, o(x) = 1.
Therefore, each number can be easily converted into a probability. It is also important to recall an elegant property of the logistic
function that is:

d
T@=1-0()o ®)
X
and whose proof can be found in [46]. The idea of the exp, function in (1) is to generalize the exponential function e* such that [1]:

. exp(0) =15

. exp,(x) exp (—x) = 1;

. eXp_,(x) = exp,(x);

. lim,_exp,(x) = e%;

. exp,(x) ~ e* for x — 0;

U A WN -

. exp(x) ~ |2kx|*x for x = +oo;
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Fig. 2. The o, function on a linear scale (panel a) and a logarithmic scale (panel b), for different values of «.

exp, (¥)

Vitr2aZ

Properties 1. and 2. are in common with the exponential function. Property 3. states that the exp, function is even in x. Therefore, we
can just consider non-negative values of parameter x. Property 4. states that the exp,. function behaves like the ordinary exponential
function when x — 0. Property 5. states that the exp, function behaves like the ordinary exponential function when x — 0. Property
6. states that the exp, function is asymptotically equivalent to a power function for x — +oo. Property 7. defines the derivative
of the exp, function. For the purposes of our discussion, it will be necessary to know, among other things, the derivative of the
function exp, with respect to the parameter . Using the technique of logarithmic differentiation, we have:

d _
7. = exp,(x) =

d expy (x) x
— expy(x) = —
dx K V1 + k2x2

We also introduce the inverse function of the exp, function, namely the x-logarithm function defined as follows:

—Inexp,(x)| . 4

xK —x7r

2k

Like for the exp, function, the x-logarithm function converges to the natural logarithm when « approaches zero [1]. Moreover, like
for the natural logarithm, the x-logarithm is a strictly monotonically increasing function [2]. Unfortunately, the In, function does
not enjoy the property of ordinary logarithms that log,(xy) = log, x + log, y with a > 0 and a # 1.

In (x) =

4. Binary x-logistic regression

In the binary «-logistic regression problem, we are given a training set [X, t] with X € R¥*M and t € {0, 1}¥. We name C, the
class corresponding to label 0 and C,; the class corresponding to label 1. According to Kaniadakis [14], we can define the x-logistic
function mapping R onto (0, 1) as follows:

o.(x) = ;
1 4+ exp,(—x)
Fig. 2 shows a graph of the ¢, function for different values of k.
Like for the ordinary sigmoidal function, the ¢, function is suitable to represent a probability because it maps R onto (0, 1). In
fact, we have that lim,_,_, 6,.(x) =0 and lim_, , , 6,.(x) = 1. Moreover, the function is continuous and its derivative exists anywhere
in R. Therefore, given a set of basis functions ¢, we can write

P(C1$) = y(h) = o, (W' ¢)
and

PCold)=1-y@)=1-0, (w'¢).
where w represents a vector of parameters whose optimal value can be found through a training procedure. Before showing the
procedure to find the optimal values for the parameters w and «, we recall a property of the ¢, function similar to (3): the derivative
of the x-logistic function o, is given by:

do,
dx () =

1
V1 +x2x2

The proof of (5) can be found in [5].

(1-0.(x) 6,0 ()
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We wish to point out that, as in [5], we make use of the exp, and o, functions. In particular, we exploit property (5). However,
our work is significantly different from that of Baldi et al. [5]. In fact, while Baldi et al. [5] study a discrete-time dynamic model
of economic growth, we study two machine learning models, respectively for binary and multiclass classification problems.

For the purposes of our future discussion, it is useful to also consider the derivative of the o, function with respect to . This
derivative can be easily found by using the property stated in (4). Specifically, we obtain:

1—
iak(x) = ox(0 ( GK(X)) x + Inexp,(—x)| . (6)

dx K V1+ k2x2
With these premises, given a set of basis functions ¢ and a particular value of the parameter «, we define y, as the probability for
vector x, to belong to class C;:

y.=P (Cl [x,, w, K) =0, (qu),,) .
The probability to observe label 7, is given by the following Bernoulli experiment:

1-1,

P(t,lw. K) =y, (1-y,)

This allows us to introduce the likelihood function defined as follows:

N
Ptiw, &) =[] (1- )

n=1
We can then introduce the following cross-entropy function:

N
E(W, k) ==InP(tlw, ©) == Y (t,Ino, (W'¢,) + (1 =1,)In (1 -0, (W'e,))). @)

n=1
The optimal values of the parameters w and « can be found minimizing the cross-entropy function. One technique available to
minimize the cross entropy E(w, k) is the gradient method.
We wish to point out that we could have defined the new cross-entropy function as follows:

E(w, k) = —In, P(t|w, K).

This choice would have been more coherent with the use of the exp, function in place of the exponential function. However, the
k-logarithm function can also be written as [1]:

In, (x) = % sinh(k log(x)),

which would lead to the following expression for E(w, «):
Ew, k)= %sinh (kE(w, K))

Since sinh(x) is a monotone function, it follows that:
arg wnel]ilgy Ew, k) = arg wnelglp E(w, k).

Therefore, there is no need to use the x-logarithm in the new cross-entropy function.
Through (5), we can compute the gradient of the cross-entropy function as shown in Proposition 1.

Proposition 1. The gradient of the cross-entropy function E(w, k) w.r.t. the weights w is:
= 1
VyEW, )= ) — (3, = 1) b, ®)

=11+ k2 (w,)’

Moreover, the partial derivative of the cross-entropy function E(w, k) w.r.t. the parameter « is:

N T

) w g,
S Ew, )= Z ¢
= A 142 (W)’

Yn — Iy

+ Inexp (—w! ¢,,) 9)

Proof. We have:

Vo EW, ©) ==Y (t,VyIno, (W'e,) +(1—1t)V,In(1 -0 (W' @,)))

M=

3
I

Il
M-

(tn;Vwo_K (wT¢n) - (1 - tn) 1

1
Oy (WT¢”) — Oy (WT¢H)

Vw0 (qu)n))
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N wl'e, o (wl'e,) (-0, (W',
" Xowe) (1(—(7 (v)deJ ) L : U, 74,
n=1 n n 14+x2 (WT¢n)
N
Z— n_tn)¢n D
=13\ [1+x2 (W', )

The formula for the derivative of cross-entropy with respect to x is obtained in a completely similar manner, with analogous
steps and using (6). We introduce the following matrix K for expressing (8) in vectorial form:
1

14+x2 (Wl by )

K= lJr;cZ(wT<l>2)2
1
1+K2(WT¢N)2
With this new matrix, we can write
< 1
Ve EW, )= ) ————— (3, —t,), = D" K(y - t). (10)

142 (w'g,)’
Formulae (8) and (10) can be used in the gradient algorithm according to the updating step
with = wi — v E (W, k@), 11
KD = g _y O p (W, kD) 12)
il ’ ’

where 7 is a hyperparameter and i denotes the ith epoch of the algorithm. Sometimes, it can be useful not to keep the hyperparameter
n constant but to reduce it as the iterations progress. In this case, it is formally more correct to write #; rather than #, to emphasize
the dependency of 7 on the iteration number. With this premise, (11) and (12) respectively become:

WD = W _ v E (w0, k90 (13)
iy 0 N
KD = O _ "’a_xE (w, k<’)). a4

However, it is also possible to find a similar expression for the stochastic gradient algorithm. In fact, we can express the cross-entropy
function (7) as a sum of partial contributions E,(w, ) as follows: E(w, k) = Zr],\’: | E.(w, x), where E,(w, k) = —t,Ino, (W ¢,) +(1—
t)In(1-o, (w'¢,)). While the gradient algorithm in formulae (8) and (10) evaluates the gradient of the cross-entropy function
over the entire training set, the stochastic gradient algorithm computes the partial gradients V,, E,(w, k) and %E,,(w, x) and then
updates the weights and the value of « for any instance n randomly chosen from the training set at each epoch. Through similar
manipulations to those in (8), we can find that

VwEK,n(w’ K) = é(yn - tn)¢n (15)

14«2 (wTd),,)z

and

t

T _
w P, Yn=tn 16)
K

%Em(w, K) = — Inexp (—w' ¢,)
1+x2(wl'e,)
x-logistic is a generalization of logistic function. Indeeed, in Proposition 2 we show that the formula for the gradient algorithm
concerning k-logistic regression reduces to the corresponding formula for logistic regression when «x approaches 0. However, before
proceeding, it is useful to state and prove the following result that will be used in Proposition 2.
Let « € R. Then,

;+lln(\/1+a2;<2-ax) oo a7)
V1i+a2k2 K K

This limit can be calculated using the Taylor-Maclaurin series expansions truncated at the third order. Notice that, since « is finite,
when « tends to zero, ax also tends to zero. With this premise, for x — 0, we have:

lim
k=0

a —a—%a3rc2+o(r<3) (18)

V1+ a?k?
\/1+(12K2—<1K'=1—aK’+%a2K’2+0(K3). (19)
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In light of (19), we have:
1
ln(\/l +a2K2—aK> = —ak + 6a3K3+0(K3). (20)

Combining the result of (18) with that of (20), we obtain:

lirr(l) [L+lln<\/l+azk2—ax) l=1irr(1)(—%¢1131(+0(1())=0.
COVI+a22 K Kooxe

Thanks to (17), we have everything we need to prove in Proposition 2 that binary «-logistic classifiers approach logistic classifiers
as k approaches zero.

Proposition 2. The gradient vector for binary «k-logistic reduces to the gradient vector of binary logistic regression when x — 0.

Proof. The gradient for logistic regression is given by the following formula [26]:

VE=®"(y-t).
First, we compute the following limit: lim,_ K. For those elements which are not on the main diagonal of the matrix, we have
lim,_,( 0 = 0. For the nth element on the main diagonal of the matrix, we have: lim, % = 1. Therefore, we have that
1412 (wT ¢,,)
IimK=1I,
k—0

where I stands for the identity matrix of order N. With this premise, we have the following result:
lim Vi, E(W, ) = lirr(l)@TK(y -t)=0"I(y-t) =T (y-1t).
K= K=

The proof would not be complete without considering the behavior of the partial derivative of the cross-entropy with respect to «.
This derivative, in fact, is the last component of the gradient of the cross-entropy function. Therefore, it is also necessary to evaluate

.0

lim —E .

lim — (w, k)
We have:

P ) < S .9

lim —E = lim — E = lim —E .

fim G EOv 00 = i 5 20 B0 = 2l 5 o 0
Therefore, the task leads to calculating

T

-t
tim 2 E (w, ) = lim | —— P lnexp (-wT ) | 22 e
K

k=0 0K k=0 1+ 2 (WT¢V,)2

We observe first of all that the term y, — 7, is bounded since y, € (0, 1) and ¢, € {0, 1}. In particular, 7, — y, € (0, 1). As previously
demonstrated, this limit equals 0. The remaining part of the limit coincides with the limit expressed in (17) in the particular case
where @ = w’ ¢,. Therefore, the limit consists of an infinitesimal function multiplied by a bounded function, and hence the result
is again zero. Thus,

lim iE(w, K)=0. O (22)
k-0 0K

Apparently, the result of (22) seems out of place compared to the content that we intend to demonstrate in Proposition 2.
However, this formula encapsulates a very interesting theoretical meaning. We have indeed shown that the components of the
gradient with respect to the parameters w tend towards the gradient of classical logistic regression, which, however, lacks the
parameter k. On the other hand, if « tends to zero, it is equivalent to starting the gradient algorithm with « = 0. Since the weight
update formula includes, among other things, that

KD = _”%E( O k),

then the value of « is never updated and remains at 0. This, among other things, amounts to having the gradient component with
respect to x of the cross-entropy function always equal to zero, which, therefore, can be omitted. All of this corroborates the fact
that a binary «-logistic classifier tends towards a binary classifier as x approaches zero. To be precise, there is one last subtlety
to point out: we have stated that if « tends to zero, the gradient descent algorithm should start with the value of « equal to zero.
Technically, however, it is not possible to compute exp,.(0) due to the exponent being % On the other hand, since lim,._, exp,(x) = €%,
it is possible to continuously extend the function exp, in the following way, as done in [5]:

1
exp,.(x) = (\/ 1+ x2x2 + Kx) Yoifk#0 (23)

eX if « =0.

353



M.M. Baldi et al. Mathematics and Computers in Simulation 240 (2026) 347-366

Thanks to the generalization proposed in (23), we can confidently start with x = 0, in which case a «-logistic classifier, in light of
what has been observed, behaves exactly like a logistic classifier.

To conclude, we provide in Algorithm 1 the pseudocode for training a x-logistic classifier. For brevity, within the pseudocode,
we omit the dependence on certain variables. For example, E, will stand for E,(w, k).

Algorithm 1 Training procedure for binary x-logistic.

1. wi= w,

20 K= K

3: for it=1to MAXITER do
4: E=0

5: VoE:=0

6: (%E:= 0

7: for n:=1to N do

8 b= WT¢n

9: pyi= exp,(—p;)

10: pyi=4/1+ szf

11: Ypi= !

T+p)
12: E,;:=—t,Iny, — (1 —1,)In(1 — y,)
1
13: VwEni= o0 = 1),

. o0 — | PL Yn—ln
14: LE,= |2 +1np2] =
15: E=E+E,

16: VyE 1=V, E + VE,

. I .= 9 9
17: ()KE.— 0KE+{3KE,,

18: end for
19: w:=w-—nVy,E
20: K=K — r]%E
21: end for

5. Multiclass k-logistic regression

In this section, we introduce the general case with C classes C|, C,, ..., Ccand t € {1, ..., C}N. The basic idea is the following:
given a new observed point x, we compute P (C,|x) for each ¢ € {1, ..., C} and then assign to vector x the class with the highest
probability. In logistic regression, the so-called normalized exponential or softmax function y maps R to (0, 1)¢ such that, given
vector a = [ay, ay, ..., ac]”, its ith component is defined as

edi

ch=1 et

An important property of this function is that

yi =

i _ 24
aT’j—yi( i,j_yj‘)’ (24)

where §, ; is the so-called Kronecker delta function defined as follows:

s 1 ifi=)
W10  otherwise.
Moreover, instead of using label 7, directly, we consider an associated vector t, of size C X 1 whose elements are all zero but one
equal to 1 in position ¢,. It is also useful to define the matrix T consisting of the collection of vectors t, transposed:

T=|:|
T
ty
which is a matrix of dimensions N x C. We also name ¢, . the element of the matrix T located at the intersection of row n with
column c. By construction, we have that

C
Nty =1
c=1

In our model, we update the softmax function replacing the exponential function with the exp, function and define z from R€ to
R such that its ith component is:

exp,(a))

Y exp,(a,)

i
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We name this function x-softmax function. The idea of the k-softmax function is that if a = (a s oees aC)T is a vector with its ith
entry associated to the class C;, then z; is the probability of the class C; having observed the vector a weighted by the exp, function.
We are now in a position to prove a property similar to (24), as well as another useful property for handling the training procedure
in the case of x-logistic multiclass classifiers. These properties consist of computing the derivative of z; with respect to a; and «,
respectively. Specifically, we have:

o \/1_:’(72“/2 exp.(a;) o; ; Zil exp,(a.) — exp,((ai)\/H_;Kiz“/2 exp,(a;)

oa;

J (Zil exp,((ac)>2

< exp.(a;) exp,(a;) exp,(a;) )
C ij T &C C
1+ Kzajz. ZL-:[ CXPK(CZC) ZC=1 expx'(ac) Zc=1 expk(ac)

(61— z)). (25

_<k

=—7z
1+K2a12,

Moreover, to compute the derivative of z; with respect to kx, we proceed as follows:

J 0 exp,(a;) (% expk(a,-)> ZCCZI exp,.(a,) — exp,(a;) Zf:. % exp,.(a,) "
2,9 _ |
okt 9 c s
TR 2% o)
Applying (4) to (26), after some steps we find
ZC: epr(ac) = - de —1In eXpi(4)
% _ exp,.(a;) <! \/1+sz1-2 \/]+K23% expy(ac) . .

ok K

[, expyta0)]

Then, we replace a; with wlT¢, where w; is a vector of parameters associated to the class j € {l, ..., C}. Evaluating ¢ at x, and
setting a,; = w!' ¢,,, we can define z,; . as the probability of the class C; having observed the instance x, and the parameter :

; T
Zoin = P (ClX, W, k) = CBXP*(”"") = (W) (28)
ZC:I epr(an,L‘) Zc:l epr (wz—'¢n)

where, for the sake of brevity of notation, W is a matrix having as rows the vectors w
the chain rule for derivatives, we have:

0z, Z,ix 00y, 1
Vw- Zyix = K = bk~ = —ZZ"J’K(SI‘J‘ - Z,,,j)¢n- (29)

j ow; a ow Lt (w]T¢n>

j An,j OW;
Moreover, taking into account (26), we have:

c W bn we b exp,c (W] ¢,)
Zc:l {CXPK (W;r(bn) |: —1In ( v

0Zn,i,x BXPK(W’T¢") \/H'K2 (W,T‘pn)z - \/]+K2(wz¢n)2 P (wc ¢n) (30)

ok K c 2
|2 expe (w79,
With these premises, we can define the cross-entropy function as follows:

N C N C
EW, ) =—InP(T|w,, ..., We, k) =—In (HH@"&) =-> N1,z (31)

n=1 c=1 n=1 c=1

T

Lo wg. Taking into account (25) and using

In Proposition 3, we derive the corresponding formula for computing the gradient of the new cross-entropy function (31).

Proposition 3. The gradient of (31) with respect to w; is:

N
1
Vi, EW, ) =)

=142 (wf¢,,)2

(Zn,j - tn,j)¢n' (32)

Moreover,
> dexp (Wl,) LA Y — In SR (% #0)
= K n
9 | N C h \/1+K2(WT¢,,)2 \/1+,{2(w’hr¢n)2 expx(wz;(bn)
—EW, k)=—— Z z The . (33)
ox K =1 e=1 Z;’;l exp, (wfl¢”)
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Proof. We have that

N C 1 1
- Z z tn,c D —zn,c(5c4j - zn,j)¢n

=1 c=1 ne 2
e \/1+x2(w/T¢,,)

N 1 ¢ &
-y —>2 <z,,’j Z{ fe = D e 5s,j> bn

ij EW, k)

N

c=1

N
=Y G-t
=12 (ij¢n)

We also have:

N C N
J J 1 0
ZEW.0)=—— 3 31,1 =- to—— 2z 34
I ( K) ™ o ne N Zy e ;; nec Znex e Zn,e,x ( )

Plugging (30) into (34), we obtain the desired result. []

At this point, we want to make an observation that will prove to be fundamental in demonstrating the computational complexity
in Section 6. Indeed, (33) can be significantly simplified by considering that, by construction, only one value of ¢, is equal to 1,
while all others are zero. The value of the index ¢ for which 7, . is equal to 1 is given by ¢,. With this premise, we can rewrite (33)
as follows:

5E Jexp, (W) | it _vit el

= K n

9 | N \/1+K2(W;[;'¢n)2 \/1+K2 (de)n)z P (dez,,)

a_E(W’ K)=—— Z = - . (35)
K K n=1 Zh:l €XPx (Wh ¢n)

In a fashion similar to the binary case, in Proposition 4 we prove that the multiclass «-logistic approaches the multiclass logistic
when « tends to zero.

Proposition 4. The multiclass «-logistic approaches the multiclass logistic when « tends to zero.

Proof. First, we define y,; as the ith element of the softmax function evaluated in w’ ¢,:

. oV Pn
M ge b,
¥, Vic?
We compute the following limit:
1imK—>O EXPx (wf¢n> €w}-¢”
limz,; = = =Y,
0 e Cc | C W nej
K0 25:1 hmk‘—>0 eXPy (wz‘“bn) Zczl eWe ®u
We have:
N : N
lim Vy; ECW, &) = lim Z (20 = tny) b0 = ; (20 = 1tnj) bn- (36)

0 2
=1
/12 (wfd),,)

As in the binary case, we also need to consider the limit as k approaches zero of a%E(W, k). Consider (33), if we can demonstrate
that

i Lesp. (o w4, b en (W)
K—)O; Py Wh ¢n) 2 B 2 -n €x (WT¢ )
i+ (W) \J1+x(we,) P (Wy b

then it implies that

=0, 37)

lim iE(W, k) =0.
k=0 0K
Since w} ¢, is bounded, if we rename w7 ¢, as « and w; ¢, as , then the limit in (37) is equivalent to:

lim |—2 P, OO L (38)
=0 Tra2e2 1+ 22 exp.(B) | ¥
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Since exp,.(x) = , we can rearrange (38) as follows:

1
expy(—x)

lim n
k=0 \/1 + a2x2 \/1 + p2x2 exp,(f)

B I exp,((a)] l

_y p exp (A | 1
= lm —In —
k=0 \/1 T a2x2 \/1 + k2 exp.(—a) | ¥
— i Ly 2 _ T F  _1y(v 3 _ 1
= ’1(13(1){ |: 1 +a2K2 Kln( 1+ a2k aK):| p [ D Kln( 1+ %k ﬁK‘):| K}. (39)

In light of Eq. (17), this limit is zero. []

We want to highlight two important properties revealed by Proposition 4. Firstly, the formula (36) reduces to that of the
multiclass logistic regression in [26] when « tends to zero. Furthermore, even in the multiclass case, we observe the result that
the partial derivative of the cross-entropy function tends to zero as x approaches 0. In this case as well, it appears as if the gradient
algorithm starts from zero and is never updated, as the mentioned derivative is always zero. Similar conclusions, therefore, apply
as in the binary case.

Finally, we can we rewrite (31) as E(W, k) = Z,,N: | E,(W. k), where E, (W, k) = — chzl th.Inz, . is the partial contribution of
instance x, to the cross entropy. Like in the binary case, this rewriting can be useful in the stochastic gradient algorithm. With a
similar procedure to the one presented in Proposition 3, it is possible to find that the partial gradient VW/EH(W, K) is:

1

Vo EuW. 1) = e (2 - 1))
1+x2 (ij¢n)
and
3 o e e
Yhe1 X0 (W ,) - by (v )
9 | c \/1+K2(Wc ) \/HKZ(WZ%) exp,((whtj;n)
o Bl W)= =2 Bt . (40)
oK K = Zi;l exp, (WZ‘I’H)

However, taking into account again that only one value of ¢, . is equal to one, and all others are zero (with the value of ¢ such that
t,. = 1 being precisely 7,), we can reformulate (40) as:

T T T
ZE=1 exp, (WZd)”) w,"d),, - Wi, - In exp,(<W,Tn¢n)
) . \/1+K2 (ern ¢n) \/l+x2 (w[¢n) CXPK(Wh 4’")
L EW, k) =—— . : (41)
oK K Y1 expi (W)

Finally, in Algorithm 2, we present the pseudocode for training a multiclass «-logistic classifier with the gradient algorithm.
6. Computational complexity

In this section, we prove that the computational complexity for training our x-logistic models is the same as that of the
corresponding logistic models, i.e., O(N M) for the binary case and O(N M C) for the multivariate case. We recall that f(x) = O (g(x))
for x - +oo if there exist x, € R and a positive constant y such that | f(x)| < y|g(x)| for all x > x. Before proceeding, it is important
to make the following clarification: we assume that the computational complexity for the calculation of w’ ¢(x) is O(M). Of course,
the notation w” ¢(x) is a generalization that implies w” ¢, in the binary case and w” ¢, for all ¢ € {1,...,C} in the multiclass case.
This assumption stems from the fact that, typically, the number of basis functions P is at most equal to the number of features
M, and the evaluation of basis functions is O(P). On the other hand, if P > M, such a situation would lead to overfitting issues.
Assuming, therefore, P < M, and considering the computational complexity for the calculation of w” ¢(x) as O(P), this, in turn, is
O(M). 1t is also worth emphasizing that if this were not the case, it would not affect the validity of what we will demonstrate, as
the complexity of logistic and x-logistic classifiers would then scale to O(N P) in the binary case and O(N PC) in the multiclass case,
but would still remain of the same order.

As further confirmation of what has just been stated, consider the most common case of logistic classification where ¢ (x) = 1 for
allx e RM, P = M, and ¢;(x) = x; for all j € {1,..., M}, for all x € R In this case, we have W ¢(x) = wy + w,x; + - + wyx,. In
the computation of this expression, we have M products and M additions for a total of 2M operations, and therefore the complexity
is O(M).

In Proposition 5 we prove that the computational complexity for x-logistic regression with two classes is O(N M), while in
Proposition 6 we provide a proof for the multiclass case. In both cases we assume to employ the gradient algorithm.

Proposition 5. The computational complexity of the gradient algorithm for k-logistic regression with two classes is O(N M).
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Algorithm 2 Training procedure for multiclass x-logistic.
1: for ¢:=1 to C do

2: W= W o

3: end for

4 K= K

5: for it:z=1to MAXITER do
6: E=0

7: for c:=1to C do

8: VWCEZ= 0

9: end for

10:  ZE=0

11: for n:==1to N do
12: S:=0

13: for c:=1to C do
14: pi=wW e,

15: q.:= eXpy (p‘,)

16: re= /14 x2p?

c

17: S:=5+q,
18: end for
19: for c:=1 to C do
4

20: Zyext™ EC
21: end for
22: E,;:=—In Zug,
23: for ¢:=1to C do

1
24: Vwc En'_ Z (Zn,c,k' - tn,c) ¢n
25: end for

C Pin _Ph _yn I
26: dp.—_1 it qh("n " >
: ok nT T k S
27: E:=E+E,
28: for c:=1to C do
20: Vy, E:= Vy E+V, E,
30: end for
. 9 fp.=9 9

31: wE=-E+E,

32: end for
33: for c:=1to C do

34: W= w, —nVy, E
35: end for
= —p o
36: K=K =15 E
37: end for

Proof. It is sufficient to sum the computational complexity of each instruction in Algorithm 1. Considering a single epoch of the
algorithm, the block from line 7 to line 18 is O(M) and is executed N times as it constitutes the for loop over instances in the
training set. Therefore, the overall complexity is O(NM). []

Proposition 6. The computational complexity of the gradient algorithm for k-logistic regression with more than two classes is O(N M C).

Proof. It is sufficient to refer to the pseudocode provided in Algorithm 2. In observing, we note that the involved for loops exhibit
the following computational complexities:

+ lines 1-3: O(MC)
« lines 7-9: O(MC)
« lines 13-18: O(MC)
« lines 19-21: O(C)
« lines 23-25: O(MC)
« lines 28-30: O(MC)

Since the for loop from lines 11 to 32 consists of N iterations, its computational complexity is O(N M C). Considering a single epoch
of the gradient descent algorithm and also taking into account the computational complexity of the remaining instructions, we
conclude by stating that the overall computational complexity is OCNMC). []
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Table 1
Characteristics of the data sets.
Dataset Instances Attributes Classes Reference
Heart Failure 299 12 2 mis [48]
Hepatitis 155 19 2 mis [49]
Mushroom 8124 22 2 mis [50]
Skin 245057 3 2 Bhatt and Dhall [51]
Chirrosis 418 17 3 Dickson et al. [52]
Heart disease 303 13 5 Janosi et al. [53]
Wine 178 13 3 Aeberhard and Forina [54]
Wireless 2000 7 4 Bhatt [55]
Table 2
Number of instances per class for each data set.

Data set Number of instances per class

Heart Failure Cy: 203, C;: 96

Hepatitis Cy: 123, C;: 32

Mushroom Cy: 4208, C,: 3916

Skin Cy: 50859, C;: 194198

Chirrosis Cy: 232, Cy: 25, C,: 161

Heart disease C,: 164, C,: 55, C5: 36, Cy: 35, Cy: 13

Wine Quality Co: 71, Cy: 59, C,: 48

Wireless C,: 500, C,: 500, C;: 500, C,: 500

7. Computational results

In this section, we conduct extensive computational experiments on the «-logistic classifiers, thoroughly evaluating their
performance and behavior across a variety of settings. All the data sets used in this paper are public available on the UCI Machine
Learning Repository [47]. We conducted all our computational tests in Python, utilizing the Numpy package, on a workstation
equipped with Intel(R) Xeon(R) CPU E3-1245 v5 3.50 GHz 3.50 GHz with 32 GB DDR4 Memory. The codes and data used in this
work are publicly available on the GitHub repository https://github.com/maurobaldi/kLogistics.

7.1. The data sets

We tested our model on several data sets available in the UCI Machine Learning Repository [47]. The main characteristics of
the data sets are provided in Tables 1 and 2, respectively.

7.2. Performance metrics

To evaluate the performances of the two classifiers, we used accuracy (ACC), precision (PREC), recall (REC), and F1-measure
(F1). To define these performance metrics, it is first necessary to establish the concepts of true positives (TP), true negatives (TN),
false positives (FP), and false negatives (FN) in both the binary and multiclass cases. Let (XT B b E) denote a test set consisting of
K instances on which the classifiers are tested. Clearly, the number of features (i.e., columns) of the matrix X, will be the same
as the matrix X describing the training set. In other words, X5 is a K x M matrix and t;, is a K x 1 vector. We will denote by
7, the class predicted by a classifier (binary or multiclass) for the instance i € {1, ..., K}, while #; will represent the ith label of the
test set. With these premises established, we can define the concepts of TP, TN, FP, and FN for both binary and multiclass cases.
Regarding the binary case, we have the following definitions:

» TP is the number of instances that are actual positive (i.e., belonging to class 1) and that were classified as positive. More
formally:

TP=|{ie{l,....K}:f;=1A1;=1}|.

» TN is the number of instances that are actual negative (i.e., belonging to class 0) and that were classified as negative. More
formally:

TN=|{ief{l,...,K}:{;,=0A1;=0}].

+ FP is the number of instances that are negative (i.e., belonging to class 0) and that were classified as positive. More formally:
FP=|{ie{l,...,K} :f;=1A1,=0}|.

» FN is the number of instances that are positive (i.e., belonging to class 1) and that were classified as negative. More formally:

FN=|{ie{l,....K} :§;,=0A1;=1}].
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Regarding the multiclass case, the same definitions apply to each class ¢ € {1, ..., C}:

» T P(c): the number of true positives for class c, i.e., the number of instances correctly classified as belonging to class ¢. More
formally:

TP)={iefl,...,K}:§=cAl;=1}|.
* TN(c): the number of true negatives for class c, i.e., the number of instances correctly classified as not belonging to class c.
More formally:

TN)=[{ie{l,....,K} ;£ Al =1}].

* FP(c): the number of false positives for class ¢, i.e., the number of instances incorrectly classified as belonging to class c. More
formally:

FP(o)=|{ie{l,.... K} 1§, =c Al #1,}].

* FN(c): the number of false negatives for class c, i.e., the number of instances incorrectly classified as not belonging to class
c. More formally:

FN@=|{i€{l,....,K}: l,#cAt;=c}|.

We briefly recall the definitions of the performance measures starting with the binary case. The accuracy is the ratio of the instances
correctly guessed over the total number of instances, namely

lief{l,....,K} :t;=t]
e .
Precision is the proportion of the positive identifications that were actually correct, namely

PREC= —12 (43)
TP+ FP
The recall is the proportion of actual positives that were correctly identified, namely

REC= TP (44)
TP+ FN
The F1-measure consists of the harmonic mean between precision and recall:

Fl= PRECXREC.

PREC + REC
The highest possible value of F1 is 1, indicating perfect precision and recall, and the lowest possible value is 0, if either precision
or recall is zero.

In a multiclass data set, (42) remains unchanged. However, (43)—(45) cannot be directly applied because they just work with
two classes. Consequently, these definitions must be updated according to three criteria: the macro average, the weighted average,
and the micro average. The formal definitions of precision, recall, and F1-measure for the multiclass case first require introducing
the concepts of precision, recall, and F1-measure for a particular class ¢ € {1,...,C}:

T P(c)
TP(c)+ FP(c)’

ACC = (42)

(45)

PREC(c) =

REC(c) = L(C)
TP(c)+ FN(c)

and

2PREC(c)REC(c)

PREC(c)+ REC(c)’

Having defined the precision, recall, and F1-measure associated with a particular class ¢ € {1,...,C}, we can finally define the
precision, recall, and Fl-measure in the macro, weighted, and micro cases. Specifically, the precision macro, recall macro and
F1l-measure macro are respectively defined as follows:

Fl(c) =

C
PREC_MACRO = - Y PREC(c), (46)

c c=1

1 C
REC_MACRO = — Y REC(c), 47
- ¢ ZRECE 47)
and
1 C

F1_MACRO = = Y Fl(c). 48
- ¢ 2 e (48)
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Table 3
Comparisons between the x-logistic and the classical logistic classifier for binary data sets in terms of mean and standard deviation across the five train/test
split.

Data set Model ACC F1 PREC REC

Heart feailure x-logistic 0.82 + 0.05 0.65 + 0.05 0.83 + 0.14 0.63 + 0.07
Logistic 0.77 + 0.04 0.54 + 0.06 0.71 + 0.13 0.47 + 0.06

Hepatitis k-logistic 0.81 + 0.05 0.88 + 0.03 0.85 + 0.05 0.92 + 0.03
Logistic 0.77 + 0.02 0.87 + 0.02 0.81 + 0.03 0.92 + 0.04

Mushroom k-logistic 0.9 + 0.01 0.89 + 0.01 0.96 + 0.01 0.83 + 0.02
Logistic 0.86 + 0.05 0.85 + 0.04 0.88 + 0.1 0.8 + 0.03

Skin «-logistic 0.94 + 0.0 0.96 + 0.0 1.0 + 0.0 0.93 + 0.0
Logistic 0.92 + 0.01 0.95 + 0.0 0.95 + 0.01 0.94 + 0.0

With a weighted average, we account for the contribution of each class ¢ € {1, ..., C} weighted by the number »n, of instances of

that class. With this premise, (46)—(48) respectively become:

C
n,
PREC WEIGHTED = 2 ?‘PREC(C),

c=1

<,
RECWEIGHTED = Z — REC(c),
c=1 K

and

E, n,
FIWEIGHTED = Z EFI(C),

c=1

where n,/K is the ratio of instances of class ¢ over the total number of instances in the test set. Finally, micro precision, recall and
Fl-measure are respectively defined as

3¢, TP()
Y, (TP@)+ FP(e)

PREC_MICRO =

C
TP
REC_MICRO = — Lot TP ’
>, (TP(c) + FN(c)
and
2Y¢ TP
FI_MICRO = — 2o TP .
Yo, QT P(c) + FP(c) + FN(c))
7.3. The models

We compared the classical logistic classifier with the «-logistic classifier in both binary and multiclass cases. For the basis
functions, we chose setting P = M and ¢;(x) = x; V j € {I,..., M}, VX € RM. The gradient-based algorithm used for both
classifiers has two hyper-parameters: the maximum number of iterations »;,, and a positive number a used to reduce the coefficient
n; in the parameter updating formula (including «). In particular, the index i denotes the ith iteration of the gradient algorithm and
n; decreases according to the following formula:

a
i+1

n =

=1000 and a = 1.

For the x-logistic classifier, it is important to set a suitable initial value for . Given that the x-loss function is not convex,
it is crucial to initialize x as close as possible to the global minimum to facilitate the use of gradient-based optimization methods.
Considering the initial x value, denoted as k, as a hyperparameter of the model, we selected it using a hyperparameter optimization
strategy based on Bayesian Optimization (BO). BO is a sequential model-based approach used to solve complex global optimization
problems based on expensive-to-evaluate black-box functions, but also commonly used for tuning the hyper-parameters of machine
learning algorithms [56-58]. The selection of , using BO, is done as follows. Fixing the train-test split, the train set is divided into
5 subsets. For any possible «, suggested by BO, the x-logistic is trained for 5 times, using 4 folds as a training set, and the 5th set
to assess the accuracy of the model. The performance metric function optimized by BO consists of the average accuracy on the 5
different train-test splits. At the end of the hyperparameter optimization process, we obtain a final k value, that is passed to the
x—logistic classifier.

We set these values to n;,,

361



M.M. Baldi et al. Mathematics and Computers in Simulation 240 (2026) 347-366

Table 4
Comparisons between the x-logistic and the classical logistic classifier for multiclass data sets in terms of mean and standard deviation across the five train/test
split.

Data set Cirrhosis Heart disease Wine Wireless
Model x-logistic Logistic r-logistic Logistic x-logistic Logistic k-logistic Logistic
F1_MICRO 0.67 + 0.07 0.57 + 0.08 0.61 + 0.02 0.59 + 0.01 0.97 + 0.02 0.94 + 0.04 0.97 + 0.00 0.98 + 0.00
PREC_MICRO 0.67 + 0.07 0.57 + 0.08 0.61 + 0.02 0.59 + 0.01 0.97 + 0.02 0.94 + 0.04 0.97 + 0.00 0.98 + 0.00
REC_MICRO 0.67 + 0.07 0.57 + 0.08 0.61 + 0.02 0.59 + 0.01 0.97 + 0.02 0.94 + 0.04 0.97 + 0.00 0.98 + 0.00
F1_MACRO 0.44 + 0.03 0.39 + 0.08 0.30 + 0.04 0.27 + 0.02 0.97 + 0.02 0.94 + 0.04 0.97 + 0.00 0.98 + 0.00
PREC_MACRO 0.45 + 0.02 0.38 + 0.10 0.38 + 0.07 0.26 + 0.02 0.97 + 0.02 0.94 + 0.04 0.97 + 0.00 0.98 + 0.00
REC_MACRO 0.45 + 0.03 0.40 + 0.05 0.33 + 0.04 0.32 + 0.02 0.98 + 0.02 0.96 + 0.04 0.97 + 0.00 0.98 + 0.00
F1_WEIGHTED 0.63 + 0.05 0.55 + 0.10 0.55 + 0.02 0.53 + 0.01 0.97 + 0.02 0.94 + 0.04 0.97 + 0.00 0.98 + 0.00
PREC_WEIGHTED 0.62 + 0.04 0.54 + 0.12 0.56 + 0.06 0.49 + 0.02 0.97 + 0.02 0.95 + 0.04 0.97 + 0.00 0.98 + 0.00
REC_WEIGHTED 0.67 + 0.07 0.57 + 0.08 0.61 + 0.02 0.59 + 0.01 0.97 + 0.02 0.94 + 0.04 0.97 + 0.00 0.98 + 0.00
Table 5
Comparisons between «-logistic, k-NN, and SVM classifiers for binary-class data sets in terms of mean and standard deviation across the five train/test splits.
Data set Model ACC F1 PREC REC
Heart failure x-Logistic 0.82 = 0.05 0.65 + 0.05 0.83 = 0.14 0.63 + 0.07
k-NN 0.73 + 0.03 0.60 + 0.06 0.64 + 0.09 0.53 + 0.11
SVM 0.78 + 0.02 0.60 + 0.04 0.80 + 0.11 0.47 + 0.10
Hepatitis k-Logistic 0.81 + 0.05 0.88 + 0.03 0.88 + 0.05 0.88 + 0.03
k-NN 0.81 + 0.03 0.88 + 0.02 0.88 + 0.01 0.88 + 0.04
SVM 0.84 + 0.02 0.90 + 0.01 0.88 + 0.02 0.92 + 0.03
Mushroom k-Logistic 0.90 + 0.00 0.89 + 0.00 0.96 + 0.01 0.84 + 0.02
k-NN 0.99 + 0.00 0.99 + 0.00 1.0 + 0.00 0.99 + 0.00
SVM 0.96 + 0.00 0.96 + 0.00 0.94 + 0.01 0.98 + 0.01
Skin k-Logistic 0.94 + 0.00 0.96 + 0.00 1.0 + 0.01 0.93 + 0.00
k-NN 1.0 + 0.00 1.0 + 0.00 1.0 + 0.00 1.0 + 0.00
SVM 1.0 + 0.00 1.0 + 0.00 1.0 + 0.00 1.0 + 0.00

7.4. k—logistic vs. classical logistic

For each data set, we compared the performance of classical and x-logistic classifiers, obtained by splitting each data set in
training (80%) and test set (20%). We repeated the overall procedure five times using a 5-fold cross-validation procedure to evaluate
performance variability in terms of mean and standard deviation.

In Table 3, we report the comparison of the performances between the x-logistic and the classical logistic classifier for the binary
data sets. More in detail, for each data set and model, we report the accuracy, precision, recall and F1-measure in terms of mean
and standard deviation across the five train/test splits. We can clearly observe that the x-logistic classifier generally outperforms
the classical logistic one.

In Table 4, we report the comparison of the performances between the «x-logistic and the classical logistic classifier for the
multiclass data sets. More in detail, for each data set and model, we report the accuracy, F1-measure (micro, macro, and weighted),
precision (micro, macro, and weighted) and recall (micro, macro, and weighted) in terms of mean and standard deviation across
the five train/test splits. Again, we observe that the x-logistic classifier outperforms the classical logistic classifier, except for the
wireless dataset. However, this difference is minimal.

Taken together, these results confirm the improvement of x-logistic over logistic classifiers.

7.5. k—logistic vs. other classifiers

After comparing the x-logistic classifiers (binary and multiclass) with their classical logistic counterparts, we now aim to extend
our comparison to other types of classifiers. In particular, we have carried out a comparison with k-Nearest Neighbor (k-NN) and
Support Vector Machine (SVM) classifiers.

In Table 5, we compare the binary x-logistic classifier with k-NN and SVM on data sets containing only two labels, while in
Table 6, the comparison is made between the multiclass «-logistic classifier and k-NN and SVM on multiclass data sets.

From Table 5, we observe that the binary «-logistic classifier outperforms both k-NN and SVM on the heart failure data set. As for
the hepatitis data set, the performance is identical in terms of precision, whereas in terms of accuracy, SVM offers the best results.
Still regarding precision, k-NN achieves the most promising score on the mushroom data set, followed by k-logistic with 0.96, which
in turn outperforms SVM. Finally, k-logistic performs worse on the skin data set in terms of accuracy, though the precision remains
unchanged.

362



M.M. Baldi et al. Mathematics and Computers in Simulation 240 (2026) 347-366

Table 6
Comparisons between k-logistic, k-NN, and SVM classifiers for multi- class data sets in terms of mean and standard deviation across the five train/test splits.
Data set Model F1_MICRO PRECMICRO ~ RECMICRO  F1_MACRO PRECMACRO  RECMACRO  F1 WEIGHTED  PREC WEIGHTED  REC_WEIGHTED
Cirrhosis k-Logistic ~ 0.67 + 0.03  0.67 + 0.03  0.67 + 0.03  0.44 + 0.02  0.47 + 0.02 0.45 + 0.02  0.64 = 0.03 0.65 + 0.03 0.67 + 0.03
k-NN 0.65 + 0.04  0.65 + 0.04  0.65 + 0.04  0.44 + 0.03  0.43 = 0.03 0.45 + 0.03  0.63 + 0.04 0.62 + 0.03 0.65 + 0.04
SVM 0.69 + 0.03  0.69 + 0.03  0.69 + 0.03  0.45 + 0.03 0.5 + 0.02 0.46 + 0.03  0.66 + 0.04 0.68 + 0.03 0.69 + 0.03
Heart disease  k-Logistic ~ 0.60 + 0.02  0.60 = 0.02 0.6 + 0.02 0.32 + 0.04  0.38 + 0.07 0.33 + 0.04  0.56 = 0.02 0.56 + 0.06 0.6 + 0.02
k-NN 0.57 + 0.03 057 + 0.03 057 + 0.03 0.29 + 0.04  0.33 = 0.04 0.29 + 0.04  0.54 + 0.03 0.53 + 0.04 0.57 + 0.03
SVM 0.65 + 0.03  0.65 + 0.03  0.65 + 0.03  0.35 + 0.05  0.37 = 0.07 0.35 + 0.04 0.6 + 0.05 0.57 + 0.07 0.65 + 0.03
Wine k-Logistic ~ 0.97 + 0.03  0.97 + 0.03 097 + 0.03  0.97 + 0.03  0.97 + 0.03 0.98 + 0.03  0.97 + 0.03 0.97 + 0.03 0.97 + 0.03
k-NN 0.97 + 0.03 097 + 0.03 097 + 0.03 097 + 0.02  0.97 + 0.02 0.98 + 0.02  0.97 + 0.03 0.97 + 0.02 0.97 + 0.03
SVM 0.97 + 0.03 097 £ 0.03 097 + 0.03 0.97 + 0.03  0.98 + 0.03 0.98 + 0.03  0.97 + 0.03 0.97 + 0.03 0.97 + 0.03
Wireless k-Logistic ~ 0.97 + 0.00  0.97 + 0.00  0.97 + 0.00  0.97 + 0.00  0.97 + 0.00 0.97 + 0.00  0.97 + 0.00 0.97 + 0.00 0.97 + 0.00
k-NN 0.98 + 0.01  0.98 + 0.01 0.98 + 0.01  0.97 + 0.01  0.98 + 0.01 0.98 + 0.01 097 + 0.01 0.98 + 0.01 0.98 + 0.01
SVM 0.98 + 0.01  0.98 + 0.01 0.98 + 0.01  0.98 + 0.01  0.98 + 0.01 0.98 + 0.01  0.98 + 0.01 0.98 + 0.01 0.98 + 0.01

As for the performance on multi-class data sets (please refer to Table 6), the x-logistic classifier outperforms k-NN on the cirrhosis
data set, while the best performance is offered by the SVM classifier. However, the results in terms of F1_MACRO are competitive. On
the heart disease data set, SVM dominates in terms of F1_MICRO, whereas the x-logistic classifier leads in terms of PREC_MACRO.
Performance is essentially identical on the remaining data sets, with the average metric values for k-logistic being one percentage
point lower on the wireless data set, but with a virtually null standard deviation.

Two key insights emerge from the results presented in Tables 5 and 6. First, none of the three classifiers consistently outperforms
the others across all data sets. This outcome is expected and aligns with the well-established “No Free Lunch” principle in machine
learning: no single classifier can universally dominate others regardless of the data set.

Second, on average, the SVM classifier tends to achieve the best performance. This is hardly surprising, given the inherently
more sophisticated internal architecture of the SVM compared to k-NN, logistic regression, and our proposed «-logistic classifiers.

Nevertheless, the fact that the «-logistic classifiers demonstrate performance comparable to, and in some cases surpassing, SVMs
across multiple data sets strongly indicates their competitiveness. These results validate the x-logistic classifiers we propose here as
viable alternatives to existing methods in the literature and in practical applications.

7.6. Stability

An important aspect concerning the gradient-based method is the concept of stability, namely the guarantee that the algorithm
does not diverge or oscillate. In this regard, the choice of the learning rate # plays a crucial role: excessively large values of # may
cause oscillations, while very small values certainly prevent such instability but may lead to extremely slow convergence. For this
reason, 7 is often not kept fixed, but rather decreased over the course of the iterations. Since # can lead to instability issues, in this
section we aim to verify that the introduction of «, together with its update within the gradient-based procedure, does not give rise
to any stability problems either. To this end, we selected two data sets previously used in our computational experiments, one for
the binary case and one for the multi-class case. Specifically, we used the heart disease data set for the binary scenario and the wine
data set for the multi-class scenario.

Starting from values of k;, around 0.5-namely «, € {0.498, 0.499, 0.500, 0.501, 0.502}-we tracked the evolution of x and of the
loss function E,. over the iterations for both data sets, this time limiting the numer of iterations to n;,, = 100. The corresponding
plots are reported in Figs. 3-6. These plots reveal several significant findings.

First, in the long run, neither divergence nor oscillation is observed, which already provides strong evidence of the algorithm’s
stability. However, an even more insightful observation lies in the fact that the slope of the plotted curves becomes essentially zero
at convergence. This indicates not only that the algorithm is stable, but also that it is actually converging to a local minimum,
characterized by a vanishing gradient.

Finally, it is interesting to note that for both the heart disease and wine data sets, the values of x converge to symmetric values
with respect to the horizontal axis. This phenomenon reflects the aforementioned symmetry property that exp_,.(x) = exp.(x) for all
x € R, suggesting that the algorithm effectively converges to a unique value of x, modulo this symmetry.

iter

8. Conclusions

In this article, we proposed two «-logistic classification models. These models use the exp,. function: a function arising in physics
and whose applications appear in many other fields. We introduced two models: one for the binary case and one for multiple
classes. The validity of our models is confirmed by a number of aspects: (1) when x approaches 0, we found the same formulas
of the corresponding models used in logistic regression, (2) we proved that the computational complexity of our models is the
same as that of the corresponding logistic regression models, and (3) the theoretical results have been confirmed by numerous
computational experiments conducted on multiple data sets, both in the binary and multiclass cases. Inspired by these promising
results, we believe this theoretical work can be the starting point for a new research direction consisting of the application of the
exp, function to other machine-learning techniques, such as neural networks and deep learning. Furthermore, another research
direction could be to compare the «-logistic models with logistic models regarding the saturation problem [44].
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Fig. 3. The evolution of x for the heart disease data set and various initial values «.
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Fig. 5. The evolution of « for the wine data set and various initial values .

364



M.M. Baldi et al. Mathematics and Computers in Simulation 240 (2026) 347-366

102 — K0=0.498
—— Ko=0.499
— Ko=0.500
—— Ko=0.501
—— ko=0.502

Ex

Iteration

Fig. 6. The evolution of E, for the wine data set and various initial values ;.
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