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Abstract

This study focuses on the design and the implementation of a digital environment
aimed at fostering strategic planning competence in problem-solving through indi-
vidualization features: the Individualized Planned Strategy Environment (IPSE).
Within IPSE, students are engaged in a sequence of oriented activities, guiding them
in constructing and following a theoretically justified plan for solving a mathemati-
cal problem, thus promoting a gradual integration between conceptual and proce-
dural knowledge. IPSE envisages also meta-level activities, aimed at fostering the
handling of multiple representations toward a unifying and structural view of the
subject at stake. We discuss the results of a case study conducted with engineer-
ing freshmen at the University of Salerno, involved in problem-solving activities
devoted to peer assessment. This led us to identify certain student profiles both the-
ory- and data-driven, according to the students’ progress in using the components of
Habermas’ rationality when solving a problem. We highlighted that some students
show a full realization of the dynamic nature of Habermas’ model of rationality,
where knowing, acting and communicating interact and intertwine.

Keywords Digital environment - Individualization - Strategic planning - Task

design - University level

Introduction

In daily life, as well as in specific domains like research, marketing or learning,

thinking strategically is a key competence. People’s behaviour is judged rational
if, given a specific goal, they construct and follow a suitable plan to achieve it;
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moreover, the plan is more likely to be effective the more it connects the goal that
one is aiming towards with information at disposal, and it activates past experiences
and skills acquired. So, strategic planning, as a component of strategic thinking, is a
person-dependent activity: even if two people have the same goal, they could choose
different plans to reach them, taking advantage of their individual resources (Pel-
lerey, 2004; Goldman et al., 2015). In education, thinking strategically is an essen-
tial goal, mainly for problem-solving, also taking into account individual habits, atti-
tudes and approaches. Literature shows wide debate on the possibility of teaching
problem-solving strategies (Polya, 1945; Silver, 1985; Lester & Cai, 2016).

According to Schoenfeld (1980), “we cannot rely on students’ abilities to grasp
useful problem-solving strategies when the students are not given explicit instruc-
tions on their use and [...] the instruction ‘made a difference’ (p. 798). Indeed, the
teacher should offer a model of strategic thinking, that is, rational behaviour and
discourse, consisting not only of facts but also their justifications (Boero & Planas,
2014), and aim to activate the students’ individual resources. Unfortunately, the
general conditions of some university contexts (large number of students, heteroge-
neous social and mathematical backgrounds, etc.) hinder teaching tailored to indi-
vidual needs. So, our research wants to contribute to going forward in the stream
of some recent studies investigating the possible affordances of using technology
to promote students’ problem-solving capabilities and flexibility (Jacinto, 2023; del
Olmo-Muiioz et al., 2022; Santos-Trigo, 2019). In this respect, we designed digital
individualized resources involving students in problem solving activities. We exploit
technology as a non-human tutor in supporting students’ awareness and capabilities
in problem-solving processes, by the development and execution of a theoretically
justified plan. The design takes into account Polya’s steps in problem-solving (Polya,
1945): (1) understanding the problem; (2) devising a plan; (3) carrying out the plan;
and (4) looking back. By regarding the solving problem process developed by the
students as a progressively more rational discourse to convince themselves and oth-
ers, we rely on Habermas’ model of rationality (Habermas, 1999), according to its
interpretation in Mathematics Education (Morselli & Boero, 2009). This theoretical
lens underlies either the design of the digital resources or the analysis of the stu-
dents’ productions.

The hypothesis grounding the present study is that digital resources finely
designed and oriented to individualized teaching can foster the development of stra-
tegic planning competence and awareness in problem-solving. The adopted theoreti-
cal framework will allow us to operationalize the concept of “strategic planning”.
In this respect, we present the design and implementation of an environment suit-
able for nurturing such kind of competence and awareness, named the Individual-
ized Planned Strategy Environment (IPSE). As flavoured by the name, it is strongly
oriented towards individuals’ needs, approaches and habits and leaves the individual
student a broad degree of freedom in making choices and selecting different methods
and techniques to solve a problem. With respect to our research hypothesis, we dis-
cuss the outcomes of an explanatory case study (Cohen et al., 2007, p. 255) carried
out with engineering students of the University of Salerno. In particular, we analyse,
by means of Habermas’ model of rationality, students’ problem-solving processes
devoted to the peer assessment before and after their interaction with IPSE. This
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allows us to follow how the students’ productions change and make hypotheses on
the impact of IPSE.

Conceptual Background

In this section, we describe the essential theoretical principles underlying the design
and analysis of the digital environment IPSE.

Habermas’ Construct of Rational Behaviour

Habermas’ construct of rational behaviour has been used in Mathematics Education,
especially as a lens for analysing the activity of proving (Habermas, 1999; Morselli
& Boero, 2009). This model envisages three components of rational behaviour: an
epistemic component, concerning the control of the propositions and their reciprocal
links; a feleological component, concerning conscious choices to achieve the goal
of the activity; and a communicative component, concerning the choices of suitable
means of communication within a specific community. These components corre-
spond to specific activities and behaviours in Mathematics: the epistemic component
gives rise to the validation of statements based on shared premises and correct ways
of reasoning; the feleological component is related to the problem-solving character
of a task and to the choice of the better strategy to solve it; finally, the communica-
tive component regards the effective sharing of steps of reasoning. We choose this
framework since we regard the students’ development of the solving process as a
rational discourse, oriented by a specific goal and justified by some knowledge, that
they carry on and communicate within their specific community (to the peers and
the teacher) to convince themselves and others, hence to “ascertain” and “persuad-
ing” (Harel & Sowder, 1998). Therefore, in this view, strategic planning seems to be
mainly linked to the teleological component of Habermas rational behaviour, as it
foresees the student to elaborate a strategy with respect to a goal. It is also connected
to the epistemic component, as the strategy should be grounded on shared knowl-
edge, as well as to the communicative component, because of the interaction within
a community (peers and teacher).

Personalization and Individualization

At the university level, students experience not only cognitive difficulties with Math-
ematics, but also sociocultural and psychological difficulties related to the change
of environment and the transition from a close and personal relationship with their
teacher and classmates to a formal and less direct one (Gueudet et al., 2016, Hoch-
muth et al., 2021; Di Martino et al., 2023; Telloni, 2024). It suggests the need to
offer teaching that supports each student in her own learning needs and follows her
progress. Recent research papers highlighted the crucial role that e-learning environ-
ments can have in supporting educational processes (Trgalova & Tabach, 2023) and,
more specifically, in increasing the individualization/personalization of teaching and
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learning at the university level (Alessio et al., 2019; Cusi & Telloni, 2019; Engelbre-
cht & Borba, 2024; Lepellere et al., 2019; Silverman & Hoyos, 2018).

These environments can support teaching tailored to the learning needs of each
student from different points of view. They facilitate communicative aspects of the
didactical processes, allowing teachers to keep track of students’ work and mistakes
and providing ways to share resources, feedback and comments; from a cognitive
point of view, they foster students’ understanding, supporting the coordination of
different semiotic systems (Duval, 2006), stimulating each learner through various
learning channels and allowing visualization and explorations through online activ-
ities; at the affective level, they offer immersive experiences and opportunities of
engagement to the students; finally, considering assessment, they simplify certain
processes, allowing automatic or semi-automatic evaluation and (self-)assessment.
In this way, students’ psychological, sociocultural and cognitive difficulties can be
minimized, even within the heterogeneity of large classes.

In this article, we intend the individualization of teaching and learning as the
differentiation of the learning paths to enable students to reach common objectives
(Shemshack & Spector, 2020). Individualization differs from personalization, which
envisages the differentiation of both the learning paths and the formative goals. We
chose to focus on individualization rather than on personalization for two main rea-
sons: First, our context was a course of Mathematics for Engineering, where stu-
dents should be brought to achieve minimum standards of learning so that they are
able to face subsequent specialistic subjects; second, we intended to support espe-
cially the learning needs of low achieving students.

Procedural and Conceptual Understanding in Linear Algebra

A common trend in Mathematics Education distinguishes and often opposes pro-
cedural and conceptual knowledge (Donevska-Todorova, 2016; Hiebert & Lefevre,
1986; Rittle-Johnson & Schneider, 2015; Skemp, 1976), identifying, in general, the
former as operative and mechanical knowledge and the latter as knowledge of higher
level. On the other hand, some authors (Kieran, 2013; Maciejewski & Star, 2016;
Sfard, 1991; Star, 2005) emphasize that these two kinds of conceptions of math-
ematics are not mutually exclusive, but complementary.

Linear Algebra is characterized by an intertwinement of procedural and concep-
tual understanding (Donevska-Todorova, 2016, 2018; Dorier & Sierpinska, 2001),
since students should combine a structural vision of the mathematical objects and
handle procedures and algorithms to transform them. More specifically, the learning
of Linear Algebra is highly demanding from a cognitive point of view: on the one
hand, the student needs to work with certain objects, like vectors, and transforma-
tions on them; on the other hand, both objects and transformations need to be seen
as elements of structures. This requires thinking at a trans-object level (Dorier &
Sierpinska, 2001), that is, according to a unifying and structural perspective. At the
same time, procedural knowledge is necessary to manipulate the structures and their
objects in a meaningful way.
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The teaching of Linear Algebra, briefly, seems to be characterized by the follow-
ing specific features: 1) three levels of languages and ways of thinking that should
be integrated and coordinated to achieve meaningful learning of the subject; some
authors named them “abstract”, “algebraic” and “geometric” (Donevska-Todorova,
2018; Dorier & Sierpinska, 2001); 2) many systems of semiotic representations
(Duval, 2006) and the need to distinguish between a mathematical object and its
representations, to switch between different representations and mainly to choose
the most convenient representation in light of a specific aim — in this respect, Stew-
art et al. (2019) in their review highlight the need of studies which give insights on
how effectively coordinate geometric and algebraic understanding; 3) need to coor-
dinate between a local perspective and a global, generalizing and unifying one; need
of cognitive flexibility — in this respect, Dogan (2019) points out on the need for
students to have the flexibility to activate non-routinized plans.

The Design of IPSE

In this section, we are going to refine the research goal in terms of specific research
questions:

(RQ1) How to design digital tasks supporting students’ individualized devel-
opment of a strategic planning approach in mathematical problem-solving?
(RQ2) Can we observe improvement in students’ problem solving process in
terms of construction and implementation of a theoretically justified plan for
solving a mathematical problem and in its communication?

In the following, we describe the design of the digital environment IPSE (Indi-
vidualized Planned Strategy Environment), aimed at favouring the students’ devel-
opment of the capability of strategic planning toward a given goal through individu-
alization features. IPSE consists of a route of activities, constructed according to the
idea of “divide et impera”. It envisages the decomposition of the problem through
subsequent refinements that students are required to recognize, tidying it up and
deepening it. Hence, for a given problem, we identify the following elements: sub-
problems, that is intermediate targets, the achievement of which allows solving the
problem; elementary steps, that is goals that can be viewed also as procedures, pos-
sibly achievable in different ways and allowing to solve a sub-problem; and proce-
dural steps, that is algorithms having as output the goals indicated by the elementary
steps.

IPSE should lead students through a gradual, spiral-shaped transition, intention-
ally monitored from a metacognitive viewpoint through guiding questions, from
the conceptual to the procedural level of problem-solving. Indeed, they should pass
from the elaboration of the solving strategy of the problem and its justification to
its execution and finally to the view of the specific faced problem as an instance of
a class of problems. Therefore, the proposed definitions of sub-problems, elemen-
tary and procedural steps cannot be unambiguous since the distinction between
them proceeds granularly by subsequent refinements and converts progressively
goals into procedures. This implies that the distinction between these elements is
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context-dependent and derives from an author’s choice, which can be done accord-
ing to the supposed background of the students IPSE is addressed to. Each IPSE
automatically provides specific and individualized feedback, designed according to
the typical difficulties discussed in the literature and aiming at scaffolding the stu-
dents’ works. After a student receives feedback for an incorrect answer, IPSE allows
her to change her answer. In other words, technology acts as a non-human tutor to
support in an individualized way the student’s problem-solving activity within the
digital environment.

IPSE also envisages meta-level activities (Dorier et al., 2010), that is activities
aimed at making explicit the significance of the specific contents for the general
theory. It is expected that they induce students to reflect on the activity done and
foster a unifying and structural view of the mathematical topic at stake, namely
inducing switches between semiotic systems and transfers of knowledge in affine
contexts. This is in tune with the actions associated with the heuristics in problem-
solving identified by Lompscher (1975), i.e. reduction, reversibility, consideration
of aspects, change of aspects and transferring.

These meta-level activities guarantee that IPSE diverges from the most advanced
forms of CAI (Computer Assisted Instruction), based on behaviourist learning the-
ory, moving towards a constructivist, metacognitive and individualized approach.
Indeed, through the metacognitive activities, students are invited to reflect upon
the just applied knowledge by interpreting and transferring it to other context and
classes of problems. The novelty of IPSE consists in acting as an automatic scaf-
folding able to address individual needs and preferences, not just for learning math-
ematical contents, but to induce a methodological change in the students’ attitude
when solving a problem. In this perspective, the designer, through IPSE, fosters a
progressive rationalization of the student’s behaviour and discourse in problem-solv-
ing activities (Douek, 2014).

A further key feature of IPSE is its replicability, as the design principles could be
applied to any mathematical content. It is worthwhile to note that individualization
of learning paths has been one of the most promising features of the e-learning envi-
ronments, but it seems to remain almost not fully exploited, as the lack in the recent
literature can suggest. So, the present article should give a contribution to the exist-
ing literature to deepening the affordances of technology in providing individualized
learning paths aimed at promoting university students’ flexibility and awareness in
problem solving. This should give a partial answer to the call for studies concern-
ing the connection between flexibility, students’ problem-solving capabilities and
the technology acting as a non-human tutor (Jacinto, 2023; del Olmo-Muifioz et al.,
2022; Santos-Trigo, 2019; Rittle-Johnson & Star, 2007).

The Rationale of the IPSE
Each IPSE is organized into five activities (Figure 1):

Activity 1: Plan. This activity aims to define the strategic planning that leads to
the solution of the problem.
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Fig. 1 The structure of IPSE

Activity 2: Justify. This activity aims to identify the theoretical results allow-
ing the procedural steps.

Activity 3: Perform. This activity aims to implement the elementary steps
through procedural steps.

Activity 4: Interpret. This activity aims to look at the problem from another
point of view, e.g. to see a geometrical interpretation of the problem.

Activity 5: Transfer knowledge. This activity aims to favour the application of
the knowledge grasped in the problem just faced to solve an (apparently) different
problem.

Once a problem or a class of problems has been chosen, the design of IPSE
envisages the following actions by the designer:

D.1) The identification of a sequence of sub-problems needed for solving the
problem..

D.2) The identification of a sequence of elementary steps for each sub-problem.

D.3) The identification of theoretical results, underlying the elementary steps
and to be associated with them.
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D.4) The identification of various procedures for performing the identified ele-
mentary steps To capture the most common errors of the students, this last step also
foresees to include some distractors.

Two further phases are provided:

D.5) The identification of a (possibly geometrical) interpretation of the problem.

D.6) The identification of another problem or class of problems that can be solved
by going back to the previous one, using a suitable interpretation.

During the interaction with IPSE, according to the previous D* phases, the stu-
dents are required to the following:

S.1) Tidy up the sub-problems to be addressed.

S.2) Associate each sub-problem with the elementary steps allowing to solve it.

S.3) Associate each elementary step with the theoretical results justifying it.

S.4) Perform the elementary steps through procedural steps.

S.5) Reflect on the (geometrical) interpretation of the problem.

S.6) Think deeply about other problems that can be solved analogously.

A Paradigmatic Example

To facilitate the reader, we will detail the actions by the designer of IPSE and the
activities in which the student is involved following a paradigmatic example, that is
the “computation of a basis of subspace spanned by a set of vectors”.

Activity Al (Plan) corresponds to the action of reduction of the problem (Lomp-
scher, 1975), that is splitting the problem into its essential components.

This requires the designer, concerning D.1, the identification of the following
sub-problems:

1) To determine the dimension of Span(I), say k.

2) To select appropriate k vectors of I to be a basis B of Span(I).

Concerning D.2, the designer should identify the following elementary steps
associated with the subproblem 1:

1.1) To construct the matrix A having as rows (or columns) the vector in I.

1.2) To calculate the rank of A.

1.3) To set k=rk(A)=dim(Span(I)).

and the following one, associated with sub-problem 2:

2.1) To set as vectors of B the k rows (or columns) that allowed the calculation of
rk(A).

On the students’ side, each learner is faced with the list of the identified sub-
problems (e.g. 1 and 2 above) to be solved (the Plan); moreover, the non-ordered
list of the identified elementary steps (e.g. 1.1, 1.2, 1.3, 2.1 above) is also submit-
ted to her. She is asked to tidy up the list of elementary steps, after which specific
feedback is automatically provided. When the student gives the correct answer, she
is required to associate each sub-problem with the corresponding elementary steps
(one-to-many correspondence between sub-problems and elementary steps). Essen-
tially, in A1 the student should identify “what” she should do to solve the problem,
which corresponds to Polya’s problem-solving steps “understanding the problem”
and “devising a plan”.
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Activity Al has been implemented as an interactive GeoGebra file, where the two
mentioned lists are shown and students can drag and set blocks corresponding to
elementary steps to the items of the subproblems list (see Figure 2).

Some automatic systems of checking have been planned to signal possible mis-
takes or notify feedback to the learner. If the student tidies up the subproblems in
the wrong order, specific feedback is given, focused on the first step not correctly
inserted. The feedback is immediate and facilitative; it consists mainly of stimulus
questions guiding the student to solve the problem, such as “Be careful! What is the
dimension of a Vector Subspace? How can you can find it?”

Activity A2 (Justify) concerns the identification of the theoretical results justify-
ing the elementary steps pointed out in Al. This requires the designer, concerning
D.3, to focus on the following theoretical results:

1) The rank of a matrix is the number of its linearly independent rows (columns).

2) The dimension of a vector space is the number of its linearly independent genera-
tors.

3) A basis of a k-dimensional vector space is formed by k linearly independent vec-
tors of the space.

The theoretical result 1 is associated with elementary steps 1.1 and 1.2, the theo-
retical result 2 is associated with elementary step 1.3, and the theoretical result 3 is
associated with elementary step 2.1.

In this activity, the student answers the “why” question, and she is expected to
ground her choices and actions by referring to theoretical results.

Solve the problem by pairing each aim of the plan to the elementary
steps allowing to achieve it. Drag the coloured boxes from the upper
left vertex and put them in the correct order in the list 1.1, ..., 2.1.

Plan: o
= “Compute rg(A
1Oy : 1.l g4=" Rerss)
ind k=dim(Span(I))
o, g 2
1.2 Construct the matrix A having
¢ the vectors of I as columns.
20 1.3 ®
Select k vectors in I -’ ok:rg(.»\)
to obtain the basis B = -, 7z
2.1 P

oS(‘lv('l as vectors of B k linearly

dragging independent colums of A.

{submit} [reset]

Fig.2 Activity Al of IPSE concerning the construction of a basis for a vector subspace
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Activity A2 has also been implemented through an interactive GeoGebra file,
analogous to the one described for Al, adding a new list (of theoretical results)
whose items can be dragged by the students to be matched with the elementary
steps.

Activity A3 (Execute) corresponds to the action of change of aspects of the prob-
lem (Lompscher, 1975), where the student is guided to change perspectives to find
a solution. This requires the designer, concerning D.4, to identify the following pro-
cedures, some of them correct and some wrong, according to the most common dif-
ficulties afflicting the topics at stake:

1.1) The matrix A can be constructed by putting the vectors of I as rows or as
columns (choice by the student).

1.2) The calculation of rk(A) can be performed by one of the following proce-
dures (choice by the student) (Figure 3):

a) Reduction of A to an echelon matrix.

b) Search of a maximal non-zero minor of A (in more than one way, choice by
student).

¢) Search of linearly dependent columns in A (since rk(A) must be less than
or equal to 3).

For each of these possible options, some procedural calculations are provided
or required, so that the student can deduce information on rk(A). The options are
shown correspondingly to the student’s chosen preferred procedure. For instance, in
case c, the student is required to express some vectors of I as linear combinations of
other vectors in I (Figure 4).

At the end of each of these steps a, b and c, the student should submit the rank
of A and then the dimension d of Span(I). The last step of the path consists of the
selection of d vectors in I, coherently with the calculations and the choices previ-
ously done.

Let I be {a.b.c.d.c}, where a = (1,1,0), b= (1,0,1),
c=(2,1,1),d = (1,~1,0) and ¢ = (3,0,0). Extract from I

a basis B of Span(1). {resetJ [show the vectors in the 3D-space

1 Find k=dim(Span(l))
What is the correct matrix?
110 2 1

" 118 =178 2
14  Construct the matrix having &/‘_: (l 01 -1 ") D /\—(I 01 -1 .,]

the vectors of I as colums. L. 011 0 0 010 o0 o

What of these three (correct) processes do you prefer

(] 1 reduce & in echeton fom to apply? Tick the corresponding checkbox (only one)!

12 Compute rg(A) D rg(A) < 3, hence | look
for linearly dependent

colums in A

I exchange the columns of A to obtain
an echelon matrix R, with rg(A)=rg(R).

13 k=mg(A)

Fig.3 Activity A3 of IPSE concerning the execution of the procedural steps
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Let I be {a, b, e, d.e}, dove a = (1,1,0), b= (1,0,1),
c=(2,1,1),d = (1,~1,0) and ¢ = (3,0,0). Extract

from I a basis B of Span(1). Lreset} {show the vectors in the 3D-spacej

Find k=dim(Span(I))
What is the correct matrix?
2 -1 3 A-10 2 1

S A (8 © K
4 Construct the matrix A having ( \
1.1 Egg A=(1 01 -1 0 A=(101 -1 0

the vectors of I as columns. 011 0 0 W01 0 0 o

12 Compute rg(A) @ rg(A) < 3. hence | €3 e C5 are linearly dependent on the other columns
look for linearly dependent

c= a4 b 3
columns in A posn o+ 4 | vef[fy
3 dim(Span()) [ verity |

Fig.4 Activity A3 of IPSE: justification of the linear dependence of columns in A

Activity A3 requires the student to execute procedural steps, hence addressing the
question about “how” the steps can be realized, that is Polya’s problem-solving step
“carrying out the plan”. Activity A3 has been implemented as an interactive GeoGe-
bra file, where the choices made by the students have been carried out by control
boxes or insert fields.

Activity A4 (Interpret) corresponds to the consideration of aspects of the prob-
lem (Lompscher, 1975), fostering the connection of knowledge, also using different
semiotic registers. This requires the designer, concerning D.5, to identify a possible
geometrical interpretation of the problem. In our example, it consists of the Span of
3-dimensional vectors of I in the 3-dimensional space, which can be straight lines
or planes. The student has the opportunity to visualize these vectors and their Span
spaces as geometrical objects and algebraic objects (their equations are shown).

Activity A5 (Transfer knowledge) corresponds to the transferring of the problem
(Lompscher, 1975), that is moving the knowledge from one context to another one.
Moreover, the reversibility (Lompscher, 1975) is supported, i.e. the student’s mov-
ing back and forth along the thinking process. This requires the designer, concerning
D.6, the identification of another problem linked to the previous one, using a suit-
able interpretation.

In our example, the student should find a basis for a vector subspace generated by
five polynomials in R,[t]. Some stimulus questions and remarks guide the student
to understand that this problem can be solved exactly as the previous one because
of the isomorphism between R"[t] and R™*! defined by @(ag+a,x+...+a,X,)=(ay, a;,
..., ay). On the students’ side, the achievement of the trans-object level of thinking
(Dorier & Sierpinska, 2001) is fostered by regarding different objects as elements of
analogous structures, toward a unifying vision of the mathematical content at stake.
Both activities A4 and A5 are meta-level activities, linked with Polya’s problem-
solving step “looking back”. They are implemented as interactive GeoGebra files,
where the student can operate on both the Graphics View and Algebra View.
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Each of the previous activities has been designed according to Habermas’ model
of rationality. In Activities 1 and 3, the teleological component of rationality is prev-
alent, since the focus is on the actions and goals; in Activity 2, the epistemic com-
ponent is dominant, since providing justification requires focusing on knowledge
at play. The communicative component is not explicitly addressed by any Activity
nor required, but correct mathematical communication is offered as a model in each
Activity. As for the meta-level activities, in Activity 4, the epistemic component of
rationality is prevalent since it allows the student to see different aspects of the same
mathematical topic; in Activity 5, the teleological component of rationality comes
into play, mainly for its feature of being “a projection from the past to the future”
and consciously enriching the sets of strategies towards future problems (Boero &
Planas, 2014).

Individualization Features in the IPSE

Within IPSE, the individualization of teaching and learning is realized through vari-
ous modalities: First, the student is required to make choices during the interaction
in the digital environment, so she is free to follow her preferences, according to both
the conceptual and the procedural perspectives. Indeed, the IPSE is designed so that
different correct resolution strategies are accepted; moreover, the elementary steps
can be realized according to different sequences (if possible) and through different
procedural steps. In other terms, the problem-solving process develops along various
branches. The program reacts by adapting itself to the student’s choices: Accord-
ing to the selected solving strategy and procedural steps, it evaluates as right those
answers that are consistent with the choices made and the calculations performed.

Moreover, each action by the student determines a reaction from the system that
gives immediate and facilitative feedback (Shute, 2008) aimed at scaffolding the
solving process of the problem, without suggesting solutions. The design of the feed-
back has been realized by considering the most common difficulties afflicting the
learning of the content at stake (improper generalizations, calculation errors, mis-
takes based on incorrect definitions); moreover, it is specifically oriented to guide
students to check the consistency of the given answers with the available knowledge.
This promotes a meta-level learning that consists of inducing students to an a pos-
teriori control and monitoring of the results obtained by the performed procedures,
toward an aware view of problem-solving.

Implementation Details

The implementation of the activities and the structure of the IPSE has been carried
on using some specific features of GeoGebra. First, the structure of the IPSE, envis-
aging the possibility to steer the student from one resource to another one, exploits
the Java script supported by GeoGebra allowing to open a specific web page by
clicking on a button. The learning path faced by each student is constructed by using
the conditioned visualization of GeoGebra. Other GeoGebra features used for the
implementation of the tasks are as follows: (i) drag functionality, allowing students
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to tidy up the sub-problems to be addressed for solving the problem and indicating
by arrows corresponding elements, like elementary steps and theoretical results jus-
tifying them; (ii) check boxes, allowing the students to choose the solving method,
by means of specific procedural steps; and (iii) insert fields, that students need to fill
in with numeric or symbolic answers. Moreover, we used the GeoGebra graphical
view to show the geometrical interpretation of the proposed problem. In this case,
students are allowed and encouraged to move the graphical view to explore the geo-
metrical meaning of the given problem (e.g. in the IPSE devoted to the extraction of
a basis for a vector subspace, students can evaluate the linear dependence of specific
subspaces both through their equations and the related geometrical representation).

Methods
The Case Study: Participants and Context

The explanatory case study (Cohen et al., 2007) related to our research hypothe-
sis concerns five IPSEs devoted to specific topics in Linear Algebra. According to
Cohen et al. (2007), in the following, we are going to specify the features of our
explanatory case study, which are participants, context and materials. The IPSEs
have been delivered to Computer Engineering freshmen, attending a face-to-face
course of “Geometry, Algebra and Logic” at the University of Salerno, address-
ing issues of linear algebra, 2D and 3D geometry and logic. The course was taught
in the second term of the academic year 2018/19, when students already had some
knowledge and skills about basic calculus; it developed over 12 weeks, with three
face-to-face classes (both lectures and exercise sessions) of 2 h per week. The stu-
dents had also been offered resources and activities from an available online course
on the Moodle platform. The resources consisted of various materials such as notes,
slides and videos.

Two kinds of activities were implemented for the case study, IPSEs and Moodle
workshops: (i) five IPSEs on vector spaces had been delivered as URL resources,
without any time constraints, so that the students could access the resources at their
own pace, and (ii) five workshop (WSs) had been submitted to the students, some
of them focused on specific topics and one as a review before the mid-term exam.
In the WSs, students were required to solve a problem (first phase), and they were
expected to upload their productions within 4 days. It is worthwhile to note that the
request of each WS consisted not only of solving the problem, but is also explicitly
required for a “correct, clear and complete” solution, equipped with suitable expla-
nations and references to the underpinning theory. Then, the platform provided each
student with three solutions from peers, and a peer-review phase is envisaged (sec-
ond phase), according to specific assessment criteria defined by the teacher: correct-
ness, completeness and clearness (Albano et al., 2022).

The data collected for the case study analysis are just the students’ solving pro-
cesses of the problems submitted within the first phase of the WSs and devoted to
the peer assessment. We remark that just the peer assessment requires students to
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pay much attention to communication, as they should be understood by peers and
then they cannot rely on the teachers’ cooperative communication.

During the course, the IPSEs and the WSs were delivered according to Figure 5.
The course had two written exams, focused on solving problems: one mid-term and
one final. The exams were graded along a scale from A (the best one) to F (the insuf-
ficient level).

Research Procedure and Tools

In order to validate the design of IPSE with respect to our research hypothesis, we
looked at the students’ productions within the WSs using the lens of Habermas’
components of rational behaviour. As shown in Figure 5, the students carried out
the first two WSs without having at their disposal any IPSE. We evaluated WS1
and WS2, according to the same scale used for the exam (that is from A to F). This
allowed us to correlate the students’ grades with their productions within the WSs,
before and after the interaction with the IPSEs, and to define students’ profiles. With
this term, we mean the dynamic students’ characteristics in their problem-solving
activities in terms of strategic planning competence. In particular, we describe their
evolution as improvements in different components of rational behaviour.

For the analysis, we used the data collected automatically by the platform. They
consist of two different kinds: (1) log files, reporting the distribution of each stu-
dent’s accesses to IPSE resources, and (2) the files uploaded by students during the
WSs (for our analysis, we refer to the files of the first phase, that is the solving pro-
cesses of the given problems).

The former data provided information about the number of accesses done by the
students to IPSE resources and allowed us to consider those students (44) who used
IPSE at least two times (at least once before the first WS). This allowed us to con-
nect the interaction with IPSE and the student’s productions. The latter data allowed

9 — 13 April 17 - 23 May 24 -29 May

w3
Review
Ws1 Wws2 vector and
Matrices and Vector Euclidean
linear systems spaces spaces

ws4 Ws5
Homomorphisms || Conics and

and analytic
diagonalization geometry

March April June

8 April
IPSE1 - Find a base for a

vector space 4 May
IPSE2 - Find Cartesi IPSE4  Find dimensions and 2June
.y fm barteslayj R bases for Ker and Im of a IPSES5 — Solve and interpret a
equations o .a su spacg n < parametric linear system
IPSE2 - Find Cartesian homomorphism

equations of a subspace of R?

Fig.5 The timeline of the distribution of the resource within the online course
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us to analyse from the qualitative point of view (Sharma, 2013) the students’ solv-
ing processes with respect to research question 2. To do that, we looked at the stu-
dents’ written comments on the solution they provided, that is their response to the
request of being clear and of giving explanations: in other terms, we focused on their
interpretation and enactment of what/why/how to solve the proposed problems and
on the communication of the solving process. In this respect, we coded students’
excerpts concerning the knowledge of mathematical facts as referred to the epis-
temic component of rationality; we coded students’ excerpts concerning the actions
toward a goal as referred to the teleological component of rationality; finally, we
looked at the way the students communicate their problem-solving processes with
reference to the communicative component of rationality.

In detail, our research procedure envisaged the repeated and separated reading
and coding of the data by the researchers, until they agreed on the identification of
relevant themes and the definition of students’ profiles according to research ques-
tion 2 and the theoretical framework. The resultant profiles, discussed in Section 7,
are hence both theory- and data-driven.

Outcomes and Analysis

We analysed the productions of 44 students. The analysis allowed us to identify
some students’ profiles, characterized by some improvements in different compo-
nents of the rational behaviour.

In this section, we present the protocols of Renzo, Lisa, Maria and Paolo. They
have been chosen among the 44 students since they are representative of students
with different grades at the mid-term exam and with productions displaying different
levels of knowledge, skills and awareness before the educational experiment. The
analysis of their productions allowed us to highlight a significant change in problem
solving processes after the interaction with our IPSEs.

Let us see some Renzo’s transcripts. In Figure 6, there is the request of the WS2,
and it is shown how Renzo solves it from the operational viewpoint, by declaring
how the computation will be performed (making explicit the row operations made
for the row reduction). Indeed, he solves the task using correctly a given algorithm
without any justification (although explicitly asked by the general request of the
WS). However, he initially states what he is looking for, that is, he gives the defini-
tion of Cartesian equation for V.

Moving to WSS5, handling the problem shown in Figure 7, Renzo starts to solve
the task by explaining the planning of actions (feleological component of rational
behaviour), linking to appropriate theoretical references (epistemic component of
rational behaviour), clearly communicated (communicative component of rational
behaviour). Note that he refers firstly to a theoretical issue, which in this particular
case coincides also with an elementary step (see the first sentence of the solving
process in Figure 7), performed by means of a procedural step (see the second sen-
tence); so doing, he explains in advance his planning for the solution of the prob-
lem, and finally he proceeds towards the computations. We hypothesize that this is
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Let V=<(1,-2,3,-1), (1,1,4,-3)> be a vector space of R*. Compute Cartesian equations for V.

For Cartesian equations for V we mean that we make use of a homogeneous linear system. We reduce [in
echelon form] the matrix constituted by the vectors of V and a generic vector u=(x,y.zt).

r
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Cartesian equations

Fig.6 The request of WS2 for Renzo and his solving process
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s y U R r—y+32-2=0

2=-14+2t—s
establish if r is parallel to 7.
A plane and a line are parallel if and only if the direction vector of the line and the normal vector of a plane are
orthogonal. That is their dot product is zero. Hence
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Fig.7 The request of WS5 for Renzo and his solving process

because he considers useful the information given by the theory to solve the compu-
tational items.

Taking into account the analysis along all WSs, we notice that Renzo displays
an increasing accuracy in strategic planning toward a goal and in the capability of
theoretically justifying his actions. However, when he puts into practice his plan-
ning, he does not justify the elementary steps he carries out (e.g. he takes for granted
that to analysing the linear independence of vectors it is possible to evaluate the
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rank of a suitable matrix). In other terms, the teleological component of rationality
seems to be improved, while the epistemic component is fully activated for what
concerns definitions and results justifying the sub-problems to be solved, but not
enough for the elementary and procedural steps. This analysis suggests that the tele-
ological component of rationality, which IPSE explicitly addresses, is predominant
over the other ones; moreover, among the other components of rationality, it seems
that the epistemic one prevails over the communicative one. Indeed, the student does
not bother to explain his calculations to the reader. Although the change in the solv-
ing process by Renzo from WS2 to WS5 may also be partially attributed to the kind
of task, we remark that the general request for all the WSs was to clearly explain
and justify the solving process. In this sense, Renzo performs more effectively the
proposed task in WS35, and he seems to take advantage of the structure of problem
solving suggested by IPSE.

Let us now analyse the productions of Lisa. Her first submissions present over-
abundant theoretical references and calculations. For example, Figure 8 shows that
she grounds her procedure on the definition of the basis of a vector space, and she
verifies for the given set of vectors both the conditions that it is linearly independ-
ent and that it is a system of generators, without taking advantage from knowing the
dimension of the vector space given by the problem. It seems that Lisa tries to main-
tain linguistic control over the actions she performs, exploiting the problem as an
opportunity to review theoretical issues. At the same time, it seems that she does not
grasp knowledge expressed by language: for example, she refers before to the notion
of “linear combination”, explaining it in detail as a sum of terms that are products
of vectors and numbers (see Remark in item 1), and she does the same in item 2,
without referring to the expression “linear combination” nor the Remark in item 1.

Her subsequent submissions are less pedantic and display increasing mathemati-
cal skills, but also increased self-confidence, control and awareness of the available
tools. In the WSS5, within the solving process, Lisa coordinates three different semi-
otic systems (algebraic, verbal, and geometric) for describing a line: she uses a sys-
tem of equations (given in the problem), translates it into verbal language by inter-
preting geometrically each one of the equations of the system as a plane, and hence
the line as an intersection of planes, and draws the planes and the line (see Figure 9).

Moreover, although Lisa’s work does not show a clear plan before she performs
procedural steps, she declares some progressively partial goals to be achieved. This

Let us consider the subset of R3: S={(-1,-2t,1), (-3t,1,-2t), (,t,0)}.
e  For which values of t in R is S a basis for R3?
In order for S be a basis it is necessary:
1. Verifying the linear independence of vectors in S, i.e. the property according that no vector of the
given set is obtainable as linear combination of the other vectors.
e Remark: a linear combination is an expression formed by a sum of terms multiplied for
constants.
2. Verifying that the set S is a generator for the vectors of R?.
® or, in a better way, verifying that any vector v of R* comes from a sum of terms which are
products of scalar numbers and vectors in S.

Fig. 8 The request of WS2 for Lisa and her solving process
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2x—-3y—-z—-1=0

Given the line r of Cartesian equations { X—y+3z-1=0 ° calculate parametric equations of r.

The line represented in this way is the
Ax- $Y‘ t-1:0 the intersection of two planes.
9

Y-y+32-4-0

o [ identify the vectors nrand np, orthogonal to the first and the
second plane, respectively.

me <(2, -3, 1)
mg < (4,4,%)

e The directional vector of the required line will be orthogonal to the plane formed by nrand ny.

obtained by the coefficient [of] x, y, z

The “vectorial product” associated with each pair of vectors is a third vector which is orthogonal to both of
them.

Fig.9 The request of WS5 for Lisa and her solving process

suggests that she sometimes follows the foreseen global sequence Plan—Justify—Per-
form and that sometimes she moves along a different sequence by declaring a step,
justifying and performing it, then declaring the subsequent step, justifying and per-
forming it, etc., so localizing the envisaged global sequence.

From the communicative point of view, her last deliveries assume the traits of a
narration, where conceptual and procedural knowledge are harmonically integrated,
the useless elements are omitted, while the crucial ones are well linked towards the
final solution.

Looking at the analysis of all WSs, we may note that Lisa’s transcripts are ini-
tially characterized by standardized and mnemonic executions, and they gradually
show a clear improvement in terms of awareness and self-confidence, which was
precisely a goal of our IPSEs. She displays a clear improvement in the epistemic
component of rationality and in the control of the meanings of the mathematical
contents; moreover, she progressively develops good coordination between the alge-
braic and geometric languages and ways of thinking. Finally, from the communi-
cative viewpoint, Lisa’s submissions become gradually more synthetic, clearer, and
effective.

Let us turn now to Maria and Paolo. Within WS3, handling the exercise in
Figure 10.

Maria solves the exercise, describing step by step the plan followed, clearly com-
municating what to do (step of the plan: “I calculate the dimension of [the vector
space] V”, Figure 10), how (which computations: “rank of the matrix having v1 and
v2 as rows”, Figure 10), together with an explanation of how to perform the declared
steps (elementary row operations) and why (underpinning theory or data: “Know-
ing that V = <vl, v2>”). Maria seems to solve the problem according to a local
sequence Plan—Justify—Perform, i.e. not explaining her plan in advance, but describ-
ing step by step what she plans, justifies and performs.

In WS4, Maria displays an analogous behaviour to that in WS3, but it is worth-
while noticing that, as a new feature, she activates explicitly an a-posteriori
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In the Euclidean space R? with the scalar product defined by:
w-v = (ug,us,uz) - (v1,v2,v3) = ugvy + 2ugvy + uzvs

let us consider the vectors: o = (=1,-2,3), 09 = (1,2,—1)

a. calculate the dimension of V- and a basis for it, where V=<v,v,>.

Knowing that V=<v1,v2> I calculate the dimension of V, which is equal to the rank of the matrix having v1 and
V2 as rows.
,4;[—’ -2 ’2] Pl~>ﬂ;eﬂ4 = fa -»( -2 37

2= 0o QJ:»MA%:MWV:Z

From the equality dim R3=dimV+dimV-, I find dim V4=dim R3-dimV=3-2=1. I find a base of VL.
I use the definition of orthogonal vectors: 2 vectors are orthogonal if their scalar product is 0. I call w the
generic vector (X.y,z) . I require that W V=0 )
wvy=0 ' K (-1723)
basis of V V-(992)

Fig. 10 The request of WS3 for Maria and her solving process

control (“that’s to be expected”, Figure 11), as well as anticipating some results
(“I know in advance”, Figure 11), by fruitfully connecting computations and the-
oretical results.

Let us consider now some productions by Paolo. In solving the problem of
WS3 shown in Figure 11, he displays awareness and mastery of knowledge when
he sets up the system in a symbolic way and then substitutes the numerical val-
ues. Moreover, he shows a strong control towards the final goal of the problem
and hence a clear focus on the teleological component of rational behaviour,
when he avoids solving the first equation of the system and writing the second
one; he writes “I can already conclude that...” (last line in Figure 12).

Given the matrix 1 h -
A= —h+4 2 2
—1 2h—2 h—1
a. find the values h in R for which A is orthogonally diagonalizable;
b. for the values found in a), calculate a basis for each eigenspace.

For the relation 1< mg < ma, being all the ma=1, then all the mg=1. Moreover, that’s be expected that all the
solution would be real, just for the spectral theorem. I continue the item b) by calculating a basis for each space.

U=-2 = 4,-[3 =2

-1 I know in advance that dim=1 since
. 2z g 2 dim eigenspace=mg=dim R3-rk(A.,).
Sstame el " s
3x+2 V2= o
Y+¢faz 0 Reduced system

Fig. 11 The request of WS4 for Maria and her solving process
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In the Euclidean space R? defined by the following scalar product

w-v = (uy,us, ugz) - (v1,v2,v3) = 2uyvy + Vs + 2ugvy
let us consider the vectors up = (1,—-2,1), uz = (6,4,0), uz=(1,-1,3)

b) Establish if u; belongs to VL.

+ i Ay =0
: 173 7 2 4
D sy V> #y LBy )2'”2‘”%_(0
?'(41'-2,1)‘(1,'4/3);0 IMEEE £33V L RSN EE e,
(6410)'(1/‘1/24 2 DiCene CHE
Mg vt

I can already conclude that uz & vi

Fig. 12 The request of WS3 for Paolo and his solving process

Concerning the problem handled in WS5 (Figure 13), Paolo’s excerpts (Figure 12
and Figure 13) allow us to highlight how an anticipatory thought (Boero, 2002)
arises, through which Paolo predicts the possible results of a computation he is
going to do. Indeed, before identifying the reciprocal position of two planes, he lists
the different cases that can occur (see lines “If rk(A) ...” in Figure 13). Moreover,
he easily switches between the geometric and algebraic representations (see line 1 in
Paolo’s solving process in Figure 13, together with the conclusions derived from “if
rk(A) ...”), firstly reducing the problem of the mutual positions of geometrical loci
in the Euclidean space to the calculation of ranks of matrices, and then associating
to each possible result of this calculation the corresponding geometric situation.

2-3t—s
—4+2t—s
—3+t+2s

3
——
H H H

and the line { z=-2+t

determine if 7 is parallel to 7’ and, if not, find the line s s=nNn’.

The study of the mutual posmon in the space leads back to the calculatlon of the rank of the matrices

it 4 v ar
e ;,igh x(ﬁ«‘iJ pas a4

where a, b c are the coefficients of the equatlons

We need to study the compatibility of the system {77;’ — (())
If rk(A)=2, then rk(A|b)=2
e the system is possible and has ! solutions — the planes are incident and the solutions are the points
of the line generated by the intersection of the planes.
If rk(A)=1
o ifrk(AJb) is 2, the system is impossible — planes parallel
e ifrk(Alb)=1 — o? solutions — planes coincident

Fig. 13 The request of WS5 for Paolo and his solving process
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Maria and Paolo display analogous behaviour, specifically for what concerns the
progressive development of a metacognitive and strategic control on the elementary
and procedural steps performed. From the first deliveries to the last ones, Maria and
Paolo develop an anticipatory thought, allowing them to predict possible results, and
manifest the attitude to check a-posteriori the calculations done by comparing them
with the available information. Moreover, they display a progressive transition from
the global sequence Plan—Justify—Perform to a repeated local sequence Plan—Jus-
tify—Perform for each procedural step (Figure 15).

Discussion

The analysis of the students’ productions showed the positive effects of their inter-
actions with IPSE and their evolution in problem-solving capability in terms of
strategic planning and awareness of what/why/how to do. According to the IPSE
structure, the students seem to have acquired the methodological attitude promoted
by IPSE: The more they interact with IPSE, the more they generally propose the
planning of the steps needed to solve the problem, justify and carry out them by
means of suitable procedures. In this respect, the replicability of IPSE, allowing us
to design five different IPSEs, is an essential aspect. The analysis of the students’
productions and the reference to the theory informed us for identifying some stu-
dents’ profiles, depending on the students’ progress in the use of the Habermas’
components of rationality and their capability to face a task through strategic plan-
ning. Hence, these profiles are both theory- and data-driven.

A first profile is constituted by low achievers improving mainly on epistemic and
communicative sides. These students achieve F- or E-grade in the first WSs; Lisa is
one of the 14 students with this profile. They generally solve the first assignments
in a standardized and procedural way and display many difficulties concerning the
meanings of the mathematical concepts at stake. Typically, they make many calcula-
tions, probably due to theoretical lacks or inability to connect the knowledge. After
the interaction with our IPSEs, the students progressively build self-confidence and
awareness about the implications of the calculations performed, improve their con-
trol on the meanings of the mathematical concepts and develop the capability to
integrate the algebraic and the geometrical level of the tasks. Moreover, some of
these students develop an anticipatory thought displayed by the attempt to predict
the possible results, before implementing the calculation procedures; they also acti-
vate an a posteriori control of the consistency of the obtained results. On the basis
of our analysis, these students generally reach a medium grade in the final exams,
showing a remarkable improvement mainly for what concerns the use of epistemic
and communicative components of rationality.

A second profile collects average achieving students mainly improving in strate-
gic planning. These students achieve D- or C-grade in the first WSs. They display a
remarkable improvement in their attitude to planning strategically the resolution of
a task and to going into the plan by performing each procedural step. Renzo can be
considered a representative of the 24 students with this profile. The way for solving
the tasks applied by these students passes from a mainly procedural level, although
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quite justified by theoretical notions and results, to a more conceptual one, in which
the algorithms carried out are motivated and oriented to a specific and declared goal,
which is related to the request of the task. The learning path of the students with this
profile displays a progressively arising predominance of the teleological component
of rational behaviour, to which our IPSE is specifically addressed, with respect to
the epistemic and the communicative ones.

Finally, the third profile we have highlighted is represented by high achievers
displaying a dynamic intertwinement of the three components of rational behav-
iour, metacognitive control and anticipatory thought. These students achieve B-
or A-grade in the first WSs; Maria and Paolo represent two of five students in this
category. These students improve their metacognitive and strategic control of the
procedures performed and their consequences toward a specific goal. They progres-
sively activate forms of anticipatory thought and a posteriori control on the results
obtained by the applied procedures and clearly communicate their solving pro-
cess, so effectively intertwining all the three components of rational behaviour. On
one hand, the anticipatory thought allows students to exploit the available knowl-
edge (given by the theory or acquired by the calculations) to achieve the goal in a
smart way; on the other hand, the metacognitive control allows students to check
the appropriateness of the obtained solution with respect to the context and to the
request. The diagram in Figure 14 shows the back and forth movement between the
available knowledge and the set goal so that the former is continuously interpreted
according to the latter and vice versa. This movement is made concrete by the use of
anticipatory thought and metacognitive control and their relationship with the inter-
related components of rational behaviour.

Communicative
component

Habermas rationality

Epistemic
component

< Metacognitive control |
Knowledge

Anticipatory thought
Fig. 14 The diagram showing the intertwinement among Habermas’ rational components, anticipatory
thought and metacognitive control

Teleological
component
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A further characteristic of this profile, already emerged in some cases of the
previous profile, is the change of working style from the enactment of the global
sequence Plan—Justify—Perform induced by IPSE (Figure 15a) to a local variation
of it (Figure 15b) or mixed schemes. This is displayed in task resolutions providing
firstly a general planning and then going through each procedural step of it; after the
interaction with our IPSEs, the solving style of these students presents mainly the
description of one local goal and the performance of the procedural steps, one by
one, theoretically justified, for reaching it.

We are aware that the described changes in the students’ productions could
depend on different causes, such as the kind of the task, their commitment and pro-
gress in understanding the topics. However, taking into account that all the WSs
required students for a justified and clearly communicated solving process for the
proposed task, the presented productions reproduce the structure of IPSE, and, in
this respect, they seem to suggest the impact of the interaction with IPSE on stu-
dents’ improvements.

Although all students interact without any difficulty with IPSE, understanding
the tasks to be accomplished, and the positive outcomes of our case study, some
criticalities arose. Some recurring difficulties emerged from the students’ protocols.
They mainly concern the meaning of specific mathematical concepts, like the Car-
tesian and parametric equations of a vector subspace; moreover, some students lack
mastery on the variation of parameters. These aspects, linked with misconceptions
discussed in the literature, suggest a redesign of our IPSE or the design of specific
IPSEs aimed to minimize the emerged difficulties. In particular, we would like to
deepen the potentiality of our IPSE in order to support the students’ handling of the
generality of a parameter and apply the format of IPSE to learning and producing
proofs, in order to foster the students’ conceptual understanding of proofs as com-
plex objects, for which is needed the integration of all the Habermas’ component of
rational behaviour.

{ sub-problem 1 \

Elementary step 1.1

, Sub-problem 1

PLAN
PLAN ':~ Elementary step 1.1

~\ JUSTIFY and PERFORM
Elementary step 1.2 PLAN : ystep 1.2 N
wep® = Z JUSTIFY and PERFORM
Sub-problem 1 Sub-problem 1

Elementary step 2.1

e

Elementary step 2.1

Elementary step 1.1
because

Elementary step 1.1
ecause

Elementary step 1.2 Elementary step 1.2
because because

PERFORM @

S —

a) global sequence b) local sequence

Fig. 15 Schemes of possible working styles associated to IPSE
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Conclusion

The study outcomes seem to suggest that the students with the third profile dem-
onstrate the very dynamic nature of the Habermas’ rationality: for these students,
the three components of rational knowing, acting and communicating are well inte-
grated and dialectically interact in the practice of rationality itself and its develop-
ment. Indeed, these students show a dynamic integration between what is available
from the performed calculations and the final aim; they display a continuous search
for a meta-control on the evidence following from the implemented procedures and
for strategic use of them with respect to a specific goal. These students’ behaviour
puts the epistemic and the teleological components together, moving continuously
back and forth from the available knowledge (both that given from the task and that
arising from the performed calculations) and the set goal, and interpreting the for-
mer in light of the latter, also paying attention to the communicative choices.

The conducted case study suggested some answers to our research questions and
opened many others.

For the future, it would be interesting to investigate some further issues emerged
by the outcomes of this study:

e Educational possible effects of the identification of students’ profile: how can the
student and the teacher take advantage of knowing the student’s profile?

e Educational strategies to improve the students’ profile: how can the teacher
favour the student’s moving to a more advanced profile?

e Strategies for deepening the profiling of the students: on one hand, how can we
use technological tools to make the students’ profiling automatic? On the other
hand, how can we make the students’ profiling more fitting by integrating the
collected data with students’ interviews?

Finally, more theoretical and experimental research is needed in order to under-
stand the contexts favouring the full realization of the dynamicity of the Habermas’
rationality in mathematical activity and its connection with heuristics in problem-
solving. Educational experiments involving numerous samples and carried out with
heterogeneous activities in different areas of Mathematics should shed light on ways
in which the dynamic nature of rationality displays, its dependence on the students’
profile, and to what extent it relies on the students’ interaction with IPSEs or on
changes of the didactical contract.

Author Contribution The authors contributed equally to the study conception, design, data analysis, to
the development of the manuscript and both of them read and approved the final version.

Funding Open access funding provided by Universita degli Studi di Salerno within the CRUI-CARE
Agreement.

Data Availability Datasets generated during the current study are not publicly available because they con-

tain identifiable information. Transcripts created during analysis are available from the corresponding
author on reasonable request.

@ Springer



Digital Experiences in Mathematics Education

Declarations

Competing interest The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

References

Albano, G., Pierri, A., & Sabena, C. (2022). Grasping criteria for success: Engaging undergraduate
students in formative feedback by means of digital peer workshops. Teaching Mathematics and
its Applications: An International Journal of the IMA, 42(2), 187-206. https://doi.org/10.1093/
teamat/hrac012

Alessio, F., Demeio, L., & Telloni, A. (2019). A formative path in tertiary education through GeoGe-
bra supporting the students’ learning assessment and awareness. International Journal for Tech-
nology in Mathematics Education, 26(4), 191-203.

Boero, P. (2002). Transformation and anticipation as key processes in algebraic problem solving. In R.
Sutherland, T. Rojano, A. Bell, & R. Lins (Eds.), Perspectives on school algebra (pp. 99-119).
Kluwer Academic Publishers.

Boero, P., & Planas, N. (2014). Habermas’ construct of rational behavior in mathematics education:
New advances and research questions. In P. Liljedahl, C. Nicol, S. Oesterle & D. Allan (Eds.),
Proceedings of the 38th Conference of the International Group for the Psychology of Mathemat-
ics Education (vol. 1, pp. 228-235). PME.

Cohen, L., Manion, L., & Morrison, K. (2007). Research methods in education (6th ed.). Routledge/
Taylor & Francis Group.

Cusi, A., & Telloni, A. (2019). The role of formative assessment in fostering individualized teaching
at university level. In U. Jankvist, M. van den Heuvel-Panhuizen, & M. Veldhuis (Eds.), Elev-
enth Congress of the European Society for Research in Mathematics Education (pp. 4129-4126).
ERME.

del Olmo-Muiioz, J., Gonzélez-Calero, J., Diago, P., Arnau, D., & Arevalillo-Herraez, M. (2022). Using
intra-task flexibility on an intelligent tutoring system to promote arithmetic problem-solving profi-
ciency. British Journal of Educational Technology, 53(6), 1976—1992. https://doi.org/10.1111/bjet.
13228

Di Martino, P., Gregorio, F., & Iannone, P. (2023). The transition from school to university in mathemat-
ics education research: New trends and ideas from a systematic literature review. Educational Stud-
ies in Mathematics, 113(1), 7-34. https://doi.org/10.1007/s10649-022-10194-w

Dogan, H. (2019). Some aspects of linear independence schemas. ZDM Mathematics Education, 51(7),
1169-1181.

Donevska-Todorova, A. (2016). Procedural and conceptual understanding in undergraduate linear alge-
bra. In K. Krainer & N. Vondrova (Eds.), First conference of International Network for Didactic
Research in University Mathematics, Mar 2016, Montpellier, France. {hal-01337932).

Donevska-Todorova, A. (2018). Fostering students’ competencies in linear algebra with digital resources.
In S. Stewart, C. Andrews-Larson, A. Berman & M. Zandieh (Eds.). Challenges and strategies in
teaching linear algebra (pp. 261-276). ICME-13 Monographs. Springer. https://doi.org/10.1007/
978-3-319-66811-6_12

Dorier, J.-L., Robert, A., Robinet, J., & Rogalski, M. (2010). On a research program about the teach-
ing and learning of linear algebra in first year of French science university. International Journal

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1093/teamat/hrac012
https://doi.org/10.1093/teamat/hrac012
https://doi.org/10.1111/bjet.13228
https://doi.org/10.1111/bjet.13228
https://doi.org/10.1007/s10649-022-10194-w
https://doi.org/10.1007/978-3-319-66811-6_12
https://doi.org/10.1007/978-3-319-66811-6_12

Digital Experiences in Mathematics Education

of Mathematics Education in Science and Technology, 31(1), 27-35. https://doi.org/10.1080/00207
3900287354

Dorier, J. L., & Sierpinska, A. (2001). Research into the teaching and learning of linear. The teaching
and learning of mathematics at university level. An ICMI Study (pp. 255-274). Kluwer Academic
Publishers.

Douek, N. (2014). Pragmatic potential and critical issues. In P. Liljedahl, C. Nicol, S. Oesterle & D. Allan
(Eds.), Proceedings of the 38th Conference of the International Group for the Psychology of Math-
ematics Education (vol. 1, pp. 228-235). PME.

Duval, R. (2006). A cognitive analysis of problems of comprehension in a learning of mathematics. Edu-
cational Studies in Mathematics, 61(1-2), 103—131. https://doi.org/10.1007/s10649-006-0400-z
Engelbrecht, J., & Borba, M. (2024). Recent developments in using digital technology in math-
ematics education. ZDM: Mathematics Education, 56(2), 281-292 https://doi.org/10.1007/

$11858-023-01530-2

Goldman, E., Scott, A., & Follman, J. (2015). Organizational practices to develop strategic thinking.
Journal of Strategy and Management, 8(2), 155-175. https://doi.org/10.1108/JSMA-01-2015-0003

Gueudet, G., Bosch, M., diSessa, A., Nam Kwon, O., & Verschaffel, L. (2016). Transitions in mathemat-
ics education. ICME-13 Topical Surveys, Springer. https://doi.org/10.1007/978-3-319-31622-2_1

Habermas, J. (1999). Warheit und Rechtfertigung. Frankfurt: Suhrkamp Verlag (in translation: 2001. Ver-
ita e giustificazione. Bari, Editori Laterza).

Harel, G., & Sowder, L. (1998). Students’ proof schemes: Results from an exploratory study. In A. Sch-
oenfeld, J. Kaput, & E. Dubinsky (Eds.), Research in college mathematics education 111 (pp. 234—
283). AMS.

Hiebert, J., & Lefevre, P. (1986). Conceptual and procedural knowledge in mathematics: An introductory
analysis. In J. Hiebert (Ed.), Conceptual and procedural knowledge: The case of mathematics (pp.
1-27). Erlbaum.

Hochmuth, R., Broley, L., & Nardi, E. (2021). Transitions to, across and beyond university. In V. Durand-
Guerrier, R. Hochmuth, E. Nardi & C. Winslgw (Eds.), Research and development in university
mathematics education (pp. 193-215). Routledge. https://doi.org/10.4324/9780429346859

Jacinto, H. (2023). Engaging students in mathematical problem solving with technology during a pan-
demic: The case of the tecn@mat club. Education Sciences, 13(3), 271. https://doi.org/10.3390/
educscil3030271

Kieran, C. (2013). The false dichotomy in mathematics education between conceptual understanding and
procedural skills: An example from algebra. In K. Leatham (Ed.), Vital directions for mathematics
education research (pp. 153—171). Springer. https://doi.org/10.1007/978-1-4614-6977-3_7

Lepellere, M., Cristea, 1., & Gubiani, D. (2019). The E-learning system for teaching bridging mathemat-
ics course to applied degree studies. In C. Flaut, S. HoSkova-Mayerova, & D. Flaut (Eds.), Models
and theories in social systems (pp. 295-309). Springer.

Lester, F., & Cai, J. (2016). Can mathematical problem solving be taught? Preliminary answers from 30
years of research. In P. Falmer, E. Pehkonen, & J. Kilpatrick (Eds.), Posing and solving mathemati-
cal problems (pp. 117-135). Springer.

Lompscher, J. (1975). Theoretische und experimentelle untersuchungen zur entwicklung geistiger fachig-
keiten. Volk und Wissen Volkseigener Verlag.

Maciejewski, W., & Star, J. (2016). Developing flexible procedural knowledge in undergraduate calculus.
Research in Mathematics Education, 18(3), 299-316. https://doi.org/10.1080/14794802.2016.11486
26

Morselli, F., & Boero, P. (2009). Habermas construct of rational behaviour as a comprehensive frame for
research on the teaching and learning of proof. In L. Lin, F.-J. Hsieh, G. Hanna & M. de Villiers
(Eds.), Proof and proving in mathematics education: ICMI Study 19 Conference Proceedings (vol.
2, pp. 100-105). ICME.

Pellerey, M. (2004). Le competenze individuali e il portfolio [The individual competences and the port-
folio]. La Nuova Italia.

Polya, G. (1945). How to solve it. Princeton University Press.

Rittle-Johnson, B., & Schneider, M. (2015). Developing conceptual and procedural knowledge of mathe-
matics. In R. Kadosh & A. Dowker (Eds.), The Oxford handbook of numerical cognition (pp. 1118—
1134). Oxford University Press. https://doi.org/10.1093/0xfordhb/9780199642342.013.014

Rittle-Johnson, B., & Star, J. (2007). Does comparing solution methods facilitate conceptual and proce-
dural knowledge? An experimental study on learning to solve equations. Journal of Educational
Psychology, 99(3), 561-574. https://doi.org/10.1037/0022-0663.99.3.561

@ Springer


https://doi.org/10.1080/002073900287354
https://doi.org/10.1080/002073900287354
https://doi.org/10.1007/s10649-006-0400-z
https://doi.org/10.1007/s11858-023-01530-2
https://doi.org/10.1007/s11858-023-01530-2
https://doi.org/10.1108/JSMA-01-2015-0003
https://doi.org/10.1007/978-3-319-31622-2_1
https://doi.org/10.4324/9780429346859
https://doi.org/10.3390/educsci13030271
https://doi.org/10.3390/educsci13030271
https://doi.org/10.1007/978-1-4614-6977-3_7
https://doi.org/10.1080/14794802.2016.1148626
https://doi.org/10.1080/14794802.2016.1148626
https://doi.org/10.1093/oxfordhb/9780199642342.013.014
https://doi.org/10.1037/0022-0663.99.3.561

Digital Experiences in Mathematics Education

Santos-Trigo, M. (2019). Mathematical problem solving and the use of digital technologies. In P. Lilje-
dahl & M. Santos-Trigo (Eds.), Mathematical problem solving. ICME-13 Monographs. Springer.
https://doi.org/10.1007/978-3-030-10472-6_4

Schoenfeld, A. (1980). Teaching problem-solving skills. The American Mathematical Monthly, 87(10),
794-805. https://doi.org/10.2307/2320787

Stfard, A. (1991). On the dual nature of mathematical conceptions: Reflections on processes and objects
as different sides of the same coin. Educational Studies in Mathematics, 22(1), 1-36. https://doi.org/
10.1007/BF00302715

Sharma, S. (2013). Qualitative approaches in mathematics education research: Challenges and possible
solutions. Education Journal, 2(2), 50-57. https://doi.org/10.11648/j.edu.20130202.14

Shemshack, A., & Spector, J. (2020). A systematic literature review of personalized learning terms.
Smart Learning Environments, 7, (33). https://doi.org/10.1186/s40561-020-00140-9

Shute, V. (2008). Focus on formative feedback. Review of Educational Research, 78(1), 153—189. https://
doi.org/10.3102/0034654307313795

Silver, E. (Ed.). (1985). Teaching and learning mathematical problem solving: Multiple research per-
spectives. UK: Lawrence Erlbaum Associates.

Silverman, J., & Hoyos, V. (Eds.) (2018). Distance learning, E-learning and blended learning of math-
ematics. ICME-13 Monographs. Springer.

Skemp, R. (1976). Relational understanding and instrumental understanding. Mathematics Teaching, 77,
20-26.

Star, J. (2005). Reconceptualizing procedural knowledge. Journal for Research in Mathematics Educa-
tion, 36(5), 404-411.

Stewart, S., Larson, C., & Zandieh, M. (2019). Linear algebra teaching and learning: Themes from recent
research and evolving research priorities. ZDM: Mathematics Education, 51(7), 1017-1030.

Telloni, A. (2024). Roleplaying to develop students’ awareness and robust learning of advanced math-
ematical concepts. International Journal of Mathematical Education in Science and Technology,
55(1), 44-67. https://doi.org/10.1080/0020739X.2022.2077852

Trgalova, J., & Tabach, M. (2023). Affordances of virtual learning environments to support mathemat-
ics teaching. Digital Experiences in Mathematics Education, 9(3), 444-475. https://doi.org/10.1007/
s40751-023-00127-4

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1007/978-3-030-10472-6_4
https://doi.org/10.2307/2320787
https://doi.org/10.1007/BF00302715
https://doi.org/10.1007/BF00302715
https://doi.org/10.11648/j.edu.20130202.14
https://doi.org/10.1186/s40561-020-00140-9
https://doi.org/10.3102/0034654307313795
https://doi.org/10.3102/0034654307313795
https://doi.org/10.1080/0020739X.2022.2077852
https://doi.org/10.1007/s40751-023-00127-4
https://doi.org/10.1007/s40751-023-00127-4

	IPSE: An Individualized Digital Environment for Strategic Planning at the University Level
	Abstract
	Introduction
	Conceptual Background
	Habermas’ Construct of Rational Behaviour
	Personalization and Individualization
	Procedural and Conceptual Understanding in Linear Algebra

	The Design of IPSE
	The Rationale of the IPSE
	A Paradigmatic Example
	Individualization Features in the IPSE
	Implementation Details

	Methods
	The Case Study: Participants and Context
	Research Procedure and Tools

	Outcomes and Analysis
	Discussion
	Conclusion
	References


