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Robust open Bayesian analysis: Overfitting, model uncertainty,
and endogeneity issues in multiple regression models

Antonio Pacifico

Postdoc in Applied Statistics & Econometrics, LUISS Guido Carli University, CEFOP-LUISS, Rome, Italy

ABSTRACT
The paper develops a computational method to deal with some open
issues related to Bayesian model averaging for multiple linear models:
overfitting, model uncertainty, endogeneity issues, and misspecified
dynamics. The methodology takes the name of Robust Open Bayesian pro-
cedure. It is robust because the Bayesian inference is performed with a set
of priors rather than a single prior and open because the model class is
not fully known in advance, but rather is defined iteratively by MCMC algo-
rithm. Conjugate informative priors are used to compute exact posterior
probabilities. Empirical and simulated examples describe the functioning
and performance of the procedure. Discussions with related works are also
accounted for.
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1. Introduction

Given a set of all possible candidate covariates X1, :::,Xm and a dependent variable Y, standard
statistical procedures to select subsets of covariates when building multiple linear regression mod-
els consist in conditioning on a single best model and then to make inferences as if the selected
model has been the true model (see, e.g., Miller (1984), Breiman (1992, 1995), and Breiman
and Spector (1992)). Hereafter, best stands for the model providing the most accurate predictive
performance overall candidate models. For instance, consider the following model:

Yi ¼ aþ b1x1, i þ b2x2, i þ b3x3, i þ !i (1)

where, say b3 ¼ 0: Model selection should exclude x3 because it will not improve prediction. A
similar argument goes when b3 ’ 0 is very small. However, if x1 and x2 are sufficiently correlated,
estimating both b1 and b2 in one model is unlikely to represent the best strategy since it could
result in larger estimation variance and lower prediction accuracy. More precisely, this approach
would lead to underestimation of uncertainty in model selection and thus to over-confident infer-
ences and decisions about quantities of interest.

A practical Bayesian solution to these problems involves estimating two separate single-
regressor models, the first based on x1 and the next based on x2, and averaging over them
instead. Even though each model is biased (omitted variables), it also has smaller variance can be
further reduced by averaging. Each member of this sequence is called a submodel and the num-
ber of variables in the equation is the size of the submodel. The best submodel of the generated
sequence is generally selected in order to give higher prediction accuracy. This is known as
Bayesian Model Averaging (BMA) and is widely used today as the basic methodology of account-
ing for model uncertainty (see, e.g., Madigan and Raftery (1994), Madigan et al. (1995), Raftery
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et al. (1995, 1997), Clyde (1999), Clyde and George (2004), and Hansen (2007)). To better under-
stand that procedure and thus the implementation proposed in this study, given the model (1),
the posterior distribution for the quantity of interest Y is:

prðYjDÞ ¼
Xm

k¼1

prðYjMk,DÞ % prðMkjDÞ (2)

where D denotes the data.
Equation (2) is the average of the posterior distributions under each of M1, :::,Mm models con-

sidered, weighted by their posterior model probability. Nevertheless, in many applications, this
averaging becomes unpractical, especially when the number of terms in model (1) tends to
increase, rendering exhaustive summation unfeasible. Several empirical evidence and MCMC
methods—discussed in the paper—have been proposed in order to select promising subsets in
multiple linear regression models and estimate their associated model-averaged posterior distribu-
tions dealing with the problem of accounting for model uncertainty.

The contribution of this article is to propose and develop a computational approach for imple-
menting Bayesian model selection in order to deal with some open research questions related to
BMA and MCMC methods. They include: (i) model uncertainty in hierarchical normal mixture
models (Section 2.1); (ii) overfitting and thus overestimation of effect sizes since more complex
models will always provide a somewhat better fit to the data than simpler models, where the
“complexity” stands (for example) for the number of unknown parameters (Section 2.2); (iii) the
choice and specification of prior distributions over multiple competing models (Sections 2.3 and
2.4); (iv) endogeneity issues and structural model uncertainty, where one or more parameters are
posited as the source of model misspecification problems, when studying and modeling economic
interactions (Section 3); and (v) variable selection problems in implementing BMA methodology
for multiple models classes when the number of parameters and thus the number of possible
models is high dimensional (Section 5).

The methodology proposed in this article takes the name of Robust Open Bayesian (ROB) pro-
cedure. It is robust because the Bayesian inference is performed with a set of priors rather than a
single prior (see, for instance, Berger (1990) and Berger et al. (1994)) and open since the model
class is not fully known in advance, but rather is determined and defined iteratively by MCMC
routine (see, for instance, Madigan et al. (1995) and George and McCulloch (1993, 1997)). It con-
sists of two stages. First, a fully enumerated Markov Chain Monte Carlo (MCF) integration is
used to move through the model space and the parameter space at the same time in order to
obtain a reduced set containing best (possible) model solutions (or best combination of predic-
tors) that mainly explain and thus fit the data. Second, a further shrinkage is conducted in order
to obtain a smallest final subset of top best submodels containing the only significant solutions.
Hereafter, top best stands for the model providing the most accurate predictive performance over
all candidate submodels obtained in the first stage and significant stands for models having statis-
tically significant predictive capability. Finally, the regression model with higher Bayes Factor
(BF) will be the final solution containing a potential subset of predictors with higher significant
overall F value and sufficiently strong adjusted-R2 (!R2) measure. Hereafter, strong refers to !R2

value equal to or bigger than 30%.
My approach and empirical application aim build on Raftery et al. (1997), who develop two

alternative approaches to account for model uncertainty in linear regression models: Occam’s
window algorithm, that involves constructing a small set of models over which a model average
can be computed, and MCMC model composition (MC3) methodology of Madigan et al. (1995),
that directly approximates the exact solution. The former consists of two basic principles, likewise
the ROB procedure. First, if a model predicts the data far less well than the model that provides
the best combination of predictors, then it has effectively been discredited and should no longer
be considered. Second, models receiving less support from the data than any of their simpler

ECONOMETRIC REVIEWS 149



submodels should be excluded. However, the methodology proposed in this paper differs from
their analyses in three main issues: (i) both model uncertainty and overfitting are accounted for;
(ii) a hierarchical structural framework is provided to assign multiple class of prior distributions;
and (iii) MCMC-based Posterior Model Probabilities (PMPs) derive from the number of iteration
counts for all possible regressor combinations, without eliminating any submodels from consider-
ation and thus acting as a strong Occam’s razor.

I also build on the Stochastic Search Variable Selection (SSVS) method of George and
McCulloch (1993). It defines a Markov chain that moves through model space and parameter
space at the same time. The SSVS method never actually removes a predictor from the full model,
but only sets it closes to zero with high probability. My procedure avoids this by integrating ana-
lytically over parameter space.

The main thrust to the potential of ROB procedure is the use of Conjugate Informative Proper
(CIP) priors for each promising model in a hierarchical and structural framework. This is an
important issue because, in multiple model class, common parameters can change meaning from
one model to another, so that prior distributions must change in a corresponding fashion and
weight more according to model size. Thus, each possible model solution being considered is
likely to be exactly true. In this way, when the true model is not in the model class and there is
no relationship between potential predictors, there is no need to introduce some penalty term
(e.g., when allowing for approximate Bayesian model selection) or restrictions on data-supported
models (e.g., in Occam’s window when there is no signal in the data1). Thus, the hierarchical
conjugate formulation can be used to jointly address the problem of outlier detection and variable
selection.

When studying and modeling economic interactions and policy implications in a context of
large (if not big) dynamic data, endogeneity issues and structural model uncertainty, where one
or more parameters are posited as the source of model misspecification problems, can occur.
More precisely, since ROB procedure is strictly related to BMA approach, it is constrained to
model associations between covariates and the dependent variable, ignoring issues of endogeneity
and uncertainty surrounding instrument specifications. Moreover, recent studies suggest that
there are large potential gains from jointly modeling and quantifying multicountry data using the
information contained in a large set of endogenous variables instead of single univariate time-
series models (see, for instance, Canova and Ciccarelli (2009), Canova et al. (2007), Ciccarelli
et al. (2018), and Pacifico (2019a, 2019b)). Thus, I extend and implement the ROB procedure in
order to deal with endogeneity issues and functional form misspecification, when accounting for
dynamics of the economy in either time-invariant moderate data (m & 15) or time-varying high
dimensional multicountry data (m ' 20), with m denoting the number of predictors (X). The for-
mer is obtained by building on and extending the framework of Lenkoski et al. (2014), who com-
bine the BMA approach to regression variable uncertainty and the Two-Stage Least Squares
(TSLS) procedure. More precisely, I derive CIP priors for all the endogenous predictors (X) in
order to model uncertainty and investigate endogeneity issues at both the instrument and covari-
ate levels in the ROB procedure. Then, the validity of instruments in the TSLS-ROB procedure is
addressed by constructing a Bayesian test of the identification restrictions based on model aver-
aged posterior predictive p-values. In a context of dynamic multicountry setups, I build on
Pacifico (2019b) and estimate a Structural Panel Bayesian Vector Autoregressive (SPBVAR) model
by defining hierarchical prior specification strategy and MCF implementations in order to extend
variable selection procedure to a wide array of candidate models and thus candidate density fore-
cast combinations. Bayesian methods are used to reduce the dimensionality of the model, struc-
ture the time variations, and evaluate issues of endogeneity. In this way, policies designed to

1The Occam’s window usually reports the null model or the simplest model solution including the null model as the only one
to be selected. See, for instance, Raftery et al. (1997).
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protect the economy against the worst-case consequences of misspecified dynamics are less
aggressive and good approximations of the estimated rule. Moreover, some drawbacks of robust
policies, a connection between the degree of structure an authority assigns to the uncertainty it
faces, and the likelihood of policy attenuation in response to that uncertainty can be assessed.

The outline of this paper is as follows. Section 2 discusses the econometric methodology
describing Bayesian framework and then the procedure, and illustrating as conjugate hierarchical
setups and MCMC algorithms are constructed. Section 3 extends the methodology to investigate
endogeneity issues in time-invariant moderate data. Section 4 illustrates empirical and simulated
examples by comparing the predictive performance of ROB procedure with related works. Section
5 extends the methodology to jointly deal with endogeneity issues and misspecified dynamics in
time-varying multicountry setups. Finally, Section 6 contains some concluding remarks.

2 Econometric methodology

2.1. Bayesian framework

The aim in building multiple regression models is to predict an outcome Yi for each individual i,
with i ¼ 1, 2, :::, n, based on the behavior of a few or large number of continuous and/or discrete
covariates Xik, with k ¼ 1, 2, :::,m: Given a vector of regression parameters h ¼ fhkg of size m,
the response Yi is modeled as a linear combination of the explanatory variables Xik:

Yi ¼ aþ
Xm

k¼1

hkXik þ !i or f ðYjh, rÞ ¼ NðXh, r2INÞ (3)

where Yi is a n % 1 vector, X ¼ X1,X2, :::,Xm is a ½n % ðmþ 1Þ) matrix, h ¼ ðh1, h2, :::, hmÞ0 is a k % 1
vector of unknown regression coefficients, a is the intercept, and !i * Nð0, r2Þ is a n % 1 vector of
disturbances, with r to be an unknown positive scalar.

Stacking the model (3) for n observations:

Y ¼ aþ
Xm

k¼1

hkXk þ ! with ! * Nð0,r2Þ (4)

Let fMk, k 2 K ,Mk 2 Mg be a countable collection of candidate models, where Mk contains the
vector of the unknown parameters h, fHk, hk 2 Hk,Hk 2 Hg be the set of all possible values for
the parameters of model Mk, and f ðMkÞ be the prior probability of model Mk, then the PMP is
given:

f ðMkjYÞ ¼
f ðMkÞ % f ðYjMkÞP

Mk2M f ðMkÞ % f ðYjMkÞ
with Mk 2 M (5)

where f ðYjMkÞ is the marginal likelihood corresponding to f ðYjMkÞ ¼
Ð
f ðYjMk, hkÞ %

f ðhkjMkÞdhk and f ðhkjMkÞ is the conditional prior distribution of hk. The natural parameter space
and model space for ðMk, hkÞ are, respectively:

H ¼ [
Mk2M

fMkg x Hk (6)

M ¼ [
k2K

fkg x Mk (7)

When the size of the set of possible model solutions M is high dimensional, the calculation of
the integral f ðYjMkÞ becomes unfeasible. Thus, a MCMC method is required in order to generate
observations from the joint posterior distribution f ðMk, hkjYÞ of ðMk, hkÞ for estimating f ðMkjYÞ
and f ðhkjMk,YÞ: In this context, no perfect collinearity is assumed to hold for each candidate
model class ðMkÞ:
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The main aim of BMA is to average over all possible solution models Mk 2 M in order to
choose the best model providing the most accurate predictive performance of the form:

Y ¼ dþ
X-

l¼1

hlXl þ g with g * Nð0,r2Þ (8)

where X1,X2, :::,X- is a subset of X1,X2, :::,Xm, l ¼ 1, 2, :::,- is a subparameter index with l + k:
The error terms in Eqs. (4) and (8) are ðn % 1Þ vectors independent and identically distributed and
uncorrelated between them. Thus, ð!, gÞ * i:i:d: and Covð!, gÞ ¼ Eð!0 % gÞ ¼ 0:

In hierarchical models, many problems involve multiple parameters which can be regarded as
related in some way by the structure of the problem. A joint probability model for those parame-
ters should reflect their mutual dependence. Typically, the dependence can be summarized by
viewing these parameters as a sample from a common population distribution. Thus, the problem
can be modeled hierarchically, with observable outcomes (Yi) created conditionally on certain
parameters (hk), which themselves are assigned a distribution in terms of further (possibly com-
mon) parameters, hyperparameters. In addition, common parameters would change meaning
from one model to another, so that prior distributions must change in a corresponding fashion.
This hierarchical thinking may help solve the trade-off between inaccurate fit and overfitting, and
it plays an important role in developing computational strategies.

2.2. Robust open Bayesian procedure

The variable selection problem arises when there is some unknown subset of predictors Xik with
regression coefficients so small that it would be preferable to ignore them. Thus, the variable
selection procedure can be seen as one of deciding which of the regression parameters, the hk’s,
are equal to zero. Throughout this paper, I use two auxiliary indicator variables. One corresponds
to a vector v ¼ fvkg, with v ¼ ðv1, v2, :::, vmÞ

0, containing each of the possible 2m subset choices,
where vk ¼ 0 if hk is small (absence of k-th covariate in the model) and vk ¼ 1 if hk is sufficiently
large (presence of k-th covariate in the model). The other auxiliary variable used to implement
variable selection is a vector b ¼ fbkg, with b ¼ ðb1, b2, :::, bmÞ

0, corresponding to the regression
parameter hk when Ik ¼ 1 (e.g., by defining hk ¼ Ikbk). When Ik ¼ 0, the variable bk would be
sufficiently small so that the predictor Xk should be ruled out from the procedure.

Given the model in Eq. (4), the full model class set is:

F ¼ fMk : Mk , F ,Mk 2 M, k 2 K , aþ b1Xn1 þ b2Xn2 þ :::þ bmXnm þ !g (9)

where M ¼ ½fkg %Mk) is the natural model space and Xk denotes the regressors contained in the
data for each i.

The ROB procedure consists in two stages. First, a fully enumerated Markov Chain Monte
Carlo (MCF) integration2 is used to move through both model space and parameter space at the
same time in order to obtain a reduced set containing best model solutions (or best combination
of predictors) that mainly explain and thus fit the data. Second, a further shrinkage is conducted
in order to obtain a smallest final subset of top best submodels containing the only significant sol-
utions. Finally, the regression model with higher Bayes Factor (BF) will be the final solution con-
taining a potential subset of predictors with higher significant overall F value and sufficiently

strong !R2 measure.

2See Section 2.4 for more details.
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2.2.1. First stage
The first stage of the ROB procedure entails a joint reduction of model space and parameter
space, by approximating the Eq. (4) via MCF integration. This means that the posterior f ðMkjYÞ
would put more weight on the more promising subsets of predictors. This would correspond to a
mixed strategy, where the model selection is based on a bridge between an objective and a sub-
jective proposal to move from the full model (Mk) to the promising submodels (Ml) and thus fol-
lowed by acceptance or rejection of it. Here, the model sampler corresponds to the total number
of models to be sampled, starting from 0. In this way, all regression coefficients will be averaged
over all candidate models, including the models wherein the variable has not been contained
(that is, the regression coefficient is zero). In addition, since the model space and the parameter
space are fully enumerated at the same time, the procedure is able to iterate all possible combin-
ation of predictors with respect to the full model (Mk). It is similar in spirit to the Stochastic
Search Variable Selection method of George and McCulloch (1993), with a main difference. The
SSVS method never removes a predictor from the full model, but only sets it close to zero with
high probability. The ROB procedure avoids this by excluding all regressor combinations that
predict the data far less well than the submodels that provide the best combination of predictors.
The same problem has been avoided from Raftery et al. (1997), who adopt the MCMC model
composition (MC3) methodology of Madigan et al. (1995), but it directly approximates the exact
solution and thus neglects the problem of accounting for the trade-off between inaccurate fit and
overfitting in high dimensional linear regression models.

Let the reduced parameter space and model space be, respectively:

_H ¼ [
Ml2 _M

fMlg x Hl (10)

_M ¼ [
l2K

flg x Ml (11)

with Hl , H and Ml , M, the subset containing the best model solutions will be:

S ¼ fMl : Ml , S,S 2 F ,Hl , Hk, _M , M,
X-

l¼1

pðMljYn ¼ yn, vÞ ' sg (12)

where Ml denotes the submodels of the multiple linear regression Yn ¼ dþ b1Xn1 þ b2Xn2 þ :::þ
b-Xn- þ g, with Ml < Mk, l + k, f1 & l < kg, Xl denotes the potential candidate covariates con-
tained in the data, with Xl < Xk, and s is a threshold chosen by the data analyst. The subset in
Eq. (12) holds if and only if 9bl 6¼ 0: In the empirical example,3 I use s ¼ 1% for an enough pos-
terior consistency4 with predictors & 15: Thus, the predictors Xl that seem to be not good predic-
tors (that is, their regression parameters bl lie below the threshold in one of the selected models)
will be excluded from the procedure, with vk ¼ 0; otherwise, Xl will be included in the subset S,
with vk ¼ 1 and bl ¼ hl:

Finally, the conditional regression parameters and the PIPs, corresponding to the sum of the
PMPs, will be, respectively:

EðbjYn ¼ yn, vÞ ¼
X-

l¼1

pðbljyn, v,MlÞ % pðMljyn, vÞ (13)

X-

l¼1

pðMljYn ¼ yn, vÞ ¼
pðynjMl, vÞ % pðMlÞ

pðynjvÞ
¼ pðynjMl, vÞ % pðMlÞPK

k pðynjMk, vÞ % pðMkÞ
(14)

3See Section 4.
4In Bayesian analysis, this term is usually taken to mean that the posterior probability concentrates on the true model.
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2.2.2. Second stage
The second stage of the ROB procedure entails shrinking further the subset S in order to obtain
a smallest final subset of top best submodels (Mn) containing the only significant solutions. The
shrinkage does not account for choosing the model with higher PMP (e.g., in standard Bayesian
model selection), but matching a (possible) pool of submodels in order to jointly deal with over-
estimation of effect sizes (or individual contributions) and model uncertainty (implicit in
the procedure).

Here, two specifications are in order: (i) I define a new auxiliary variable _v containing the only
best model solutions in the subset S and (ii) I define a new threshold _s according to the probability
of the submodels in S to perform the data (PMPs). In the empirical example,5 I use _s ¼ 0:5% for a
sufficient prediction accuracy in explaining the data. Thus, the new and final subset will be:

E ¼ fMn : Mn , E,E 2 S, pðMljYn ¼ yn, _vÞ ' _sg (15)

where Mn + Ml and pðMljYn ¼ yn, _vÞ denotes the PMPs. Finally, the exact and final solution will
correspond to one of the submodels Mn with higher log natural Bayes Factor (lBF):

lBFn, l ¼ log
"
pðMnjYn ¼ ynÞ
pðMljYn ¼ ynÞ

#
(16)

where n & l: In this procedure, the lBF would also be called the log Weighted Likelihood Ratio
(lWLR) factor of Mn to Ml with the priors being the weighting functions. The scale of evidence6

for interpreting the lWLR factor in Eq. (16) is defined as:

0 < lBn, l < 2 no evidence for submodel Mn

2 < lBn, l < 6 moderate evidence for submodel Mn

6 < lBn, l < 10 strong evidence for submodel Mn

lBn, l > 10 very strong evidence for submodel Mn

8
>><

>>:
(17)

The prediction of the outcome in Eq. (8) will be:

p̂ðYÞ ¼
X

n

p̂ðYÞ % pðMnjynÞ (18)

2.3. Conjugate prior setups and posterior distributions

The variable selection procedure entails estimating vk and bk. Thus, the probability that a variable is
in the model (e.g., the Posterior Probability) can be simply calculated as the mean value of the indica-
tor vk. Here, the size of the v-th subset is denoted as mv ¼ v01: Since the appropriate value of v is
unknown, one could model the uncertainty underlying variable selection by a mixture prior:

pðb,r, vÞ ¼ pðbjr, vÞ % pðrjvÞ % pðvÞ (19)

The v-th subset model is described by modeling b as a realization from a multivariate normal prior:

pðbjr, vÞ - pðbjvÞ|fflfflffl{zfflfflffl}
conjugate

¼ Nkðlv,Rðr, vÞÞ (20)

where lv is a hyperparameter for the auxiliary regression coefficients bk, according to the non-0
components of v, restricted to a benchmark prior7 maxðN, jvjÞ, with jvj denoting the model size
and Rðr, vÞ ¼ Cv % Vk denoting the ½ðkþ 1Þ % ðkþ 1Þ) covariance matrix.

5See Section 4.
6See, for instance, Kass and Raftery (1995).
7It would be a generalization of the standard objective prior of Zellner (1986).
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The hierarchical mixture prior in Eq. (20) corresponds to the conjugate prior since the condi-
tional distribution of b and r, given v, is conjugate for the Eq. (3). In this way, b and r can be
eliminated by routine integration from the full posterior pðb, r, vjYÞ: This feature yields attractive
computational methods for posterior evaluation and exploration.

In the ROB procedure, the covariance matrix is obtained from two components8: Vk ¼
ðr2 % InÞ, where r2 denotes the unknown residual variance for the v-th model, and the diagonal
matrix Cv ¼ diagðI, a2v1R

0
X1X1

, a2v2R
0
X2X2

, :::, a2vmR
0
XmXm

Þ, where a2vk is a hyperparameter equal to 0

whether vk ¼ 0 and equal to 1 otherwise, and RXkXk ¼ 1
2 ðX

0
kXkÞ.1:

The k-th diagonal element of Cv is appropriately set to be small or large according to whether
vk ¼ 0 or vk ¼ 1, respectively. It is defined as:

ðCvÞkk ¼
c0, vk when vk ¼ 0
c1, vk when vk ¼ 1

"
(21)

The residual variance r2 is still modeled as a realization from an Inverse Gamma (IG) prior:

pðr2jvÞ ¼ IG
v
2
,
v % kv
2

% &
equivalent to

v % kv
r2

* v2v (22)

where v and kv are hyperparameters to be chosen in order to decrease with the size of the
selected subset mv: Here, kv and v would correspond to the prior estimate of r2 and the prior
sample size associated with this estimate, respectively. Because there is only a partial information
on the distribution of the covariates, the variable selection procedure will choose kv ¼ s2LS and
v ¼ s2Y so that pðr2jvÞ would assign substantial probability to the interval ðs2LS, s2YÞ, where s2LS
and s2Y are the classical least squares estimate of r2 based on the saturated model and the sample
variance of Y, respectively.

Finally, under the prior defined in Eq. (20), each component of b is still modeled as coming
from a scale mixture of normals:

pðbkjr, vÞ ¼ ð1. vkÞ % Nðlv, r2c0, vkÞ þ vk % Nðlv,r2c1, vkÞ (23)

As with the nonconjugate prior (see, e.g., George and McCulloch (1993, 1997)), the idea is that
c0, vk and c1, vk are sets small and large respectively, so that when the data supports vk ¼ 0 over
vk ¼ 1, then bk is probably small enough so that v will not be needed in the model. However,
the way in which c0, vk and c1, vk are selected is affected by the unknown value of r. Generally,
when a reasonable estimate s2 of r2 is available, the nonconjugate and conjugate priors would be
simple parametrizations of each other. Nevertheless, the priors are different between them.
Indeed, in the conjugate case, the marginal distribution of bk, given v, is:

pðbkjvÞ ¼ ð1. vkÞ % Tðu, 0, kvc0, vkÞ þ vk % Tðu, 0, kvc1, vkÞ (24)

where Tðu, 0, kvcp, vkÞ, with p ¼ ð0, 1Þ, is the t distribution with u degrees of freedom and scale
parameter kvcp, vk :

Given the hierarchical setup, the marginal posterior distribution pðvjYÞ contains the relevant
information for variable selection. Based on the data Y, the posterior pðvjYÞ updates the prior
probabilities on each of the 2m possible values of v. Identifying each v with a submodel via vk ¼
1 if and only if vk is included, the v’s with higher posterior probability pðvjYÞ will identify the
more promising submodels and thus supported most by the data and the prior distributions.

8Similar frameworks, with appropriate Bayesian empirical specifications, have been used to make inference and obtain
posterior distributions among time-varying macroeconomic-financial variables in multicountry panel data (see, e.g., Canova
and Ciccarelli (2004, 2009), Canova et al. (2007, 2012), and Pacifico (2019a, 2019b)).
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Thus, a reasonable choice might have the vk’s independent with marginal distribution:

pðvkÞ ¼ wjvj %
k
jvj

% &.1

(25)

where wjvj denotes the model prior choice related to the Prior Inclusion Probability (PIP) with
respect to the model size jvj, through which the bk’s will require a non-0 estimate or the vk’s
should be included in the model. In this way, one would weight more according to model size
and, by setting wjvj large for smaller jvj, assign more weight to parsimonious models. Such priors
would work well in both situations when k is moderate (e.g., equal to or less than 15) and large
(e.g., more than 15 but less than 20), yielding sensible results.

2.4. MCMC integration

The factorization in b and r, given jvj, allows us to easily construct MCMC algorithms for simu-
lating a Markov chain:

vð0Þ, vð1Þ, vð2Þ, :::, vðmÞjvk,Y !d pðvjYÞ (26)

where vð0Þ is automatically assigned to the model selection procedure in absence of any relation-
ship between potential predictors. The sequence in Eq. (26) is converging in distribution to
pðvjYÞ and exactly contains the information relevant to variable selection. Thus, an ergodic
Markov chain in which it is embedded is:

bð0Þ, rð0Þ, vð0Þ,bð1Þ, rð1Þ, vð1Þ,bð2Þ, rð2Þ, vð2Þ, :::, !d pðb,r, vjYÞ (27)

where bð0Þ, rð0Þ, vð0Þ are automatically assigned to the model selection procedure in absence of any
relationship between potential predictors, with rð0Þ corresponding to the full variance of Y. The
sequence in Eq. (27) converges in distribution to the full posterior pðb, r, vjYÞ and would corres-
pond to an auxiliary Gibbs sequence.

In general variable selection problems, where the number of potential predictors k is moderate
(e.g., equal to or less than 15), the sequence in Eq. (26) can be used to evaluate the full posterior
pðvjYÞ: In large problems (e.g., when k is more than 15 but less than 20), it will still provide use-
ful and faster information, performing more with respect to model size and being more effective
than a per—iteration basis for learning about pðvjYÞ:

The main advantage of using the conjugate hierarchical prior is that it enables analytical mar-
gining out of b and r from pðb, r, vjYÞ ¼ f ðYjb,rÞ % pðbjr, vÞ % pðrÞ % pðvÞ: Combining the likeli-
hood from (3) with the priors (20) and (22), it yields to the joint posterior:

pðb, r, vjYÞ / r.ðnþmvþvþ1Þ % jRðr, vÞj.1=2 % exp
"
. 1
2r2

% j!Y . !Xvbj2
#
% exp

"
. vkv
2r2

#
% pðvÞ (28)

where !Y ¼ ½Y 0)0 and !Xv ¼ ½Xv ðRr, vÞ.1=2)0 are ð2 % 1Þ vectors, with Xv being a ðn %mvÞ
matrix whose columns correspond to the components of b.

Integrating out b and r yields:

pðvjYÞ / pðvÞ - j!X0
v
!Xvj.1=2 % jRðr, vÞj.1=2 % ðvkv þ S2vÞ

.ðnþvÞ=2 % pðvÞ (29)

where pðvÞ denotes the marginal distribution of the vk’s and S2v is the decomposition of the vari-
ance in the procedure selection and defined as:

S2v ¼ !Y 0!Y . !Y 0 !Xvð!X
0
v
!XvÞ.1 !X

0
v
!Y ¼ Y 0Y . Y 0XvðX0

vXv þ ðRðr, vÞÞ.1Þ.1
X0

vY (30)
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The generation of the components in Eq. (26) in conjunction with pðvÞ in Eq. (29) can be obtained
trivially as simulations of Bernoulli draws. The required sequence of Bernoulli probabilities can be
computed fast and efficiently by exploiting the appropriate updating scheme for pðvÞ :

pðvk ¼ 1, vðkÞjYÞ
pðvk ¼ 0, vðkÞjYÞ

¼
pðvk ¼ 1, vðkÞÞ
pðvk ¼ 0, vðkÞÞ

(31)

At each step of the iterative simulation from (26), one of the values of pðvÞ in Eq. (31) will be
available from the previous component simulation.

The attractive feature of the conjugate prior is in the availability of the exact pðvÞ values, pro-
viding useful information about pðvjYÞ: Firstly, the exact relative probability of two values v0 and
v1 is obtained as ½pðv0Þ=pðv1Þ): This allows for more accurate identification of the high probabil-
ity models among those selected. Then, only minimal additional effort is required to obtain these
relative probabilities since pðvÞ must be calculated for each of the visited v values in the execu-
tion of the MCMC algorithm. In addition, the availability of pðvÞ also makes it possible to esti-
mate a normalizing constant C as:

pðvjYÞ ¼ C % pðvÞ (32)

To be more precise, let A be a preselected subset of v values and let pðAÞ ¼
P

v2A pðvÞ so that
pðAjYÞ ¼ C % pðAÞ, a consistent estimate9 of C for a simulation of A is obtained by:

Ĉ ¼ 1
pðAÞ % T

%
Xn

i¼1

IAðvikÞ (33)

where IAðÞ is the indicator of the setA: Because the selection ofA cannot depend on the simulation
sequence used to evaluate the Eq. (33), A is chosen to be a set of v values visited by a preliminary
simulation ofA:

Inserting Ĉ into the Eq. (32), it yields improved estimates of the probability of individual v values:

p̂ðvjYÞ ¼ Ĉ % pðvÞ (34)

and thus an estimate of the total visited probability:

p̂ðBjYÞ ¼ Ĉ % pðBÞ (35)

where B is the set of visited v values.
Finally, since p̂ðvjYÞ=pðvjYÞ ¼ Ĉ=C, it is easy to obtain an useful quantity to measure the

uniform prediction accuracy of the probability estimates:

jðĈ=CÞ . 1j (36)

The Eq. (36) also provides a measure of the total probability discrepancy since:
X

v

jp̂ðvjYÞ . pðvjYÞj ¼ jĈ . Cj %
X

v

pðvÞ ¼ jðĈ=CÞ . 1j (37)

3. Investigating endogeneity issues: A TSLS-ROB procedure

When studying and modeling economic interactions, endogeneity issues and structural model uncer-
tainty, where one or more parameters are posited as the source of model misspecification problems,
can occur. More precisely, since the ROB procedure is strictly related to BMA approach, is

9Here, a consistent estimator or asymptotically consistent estimator is an estimator having the property that, as the number of
data points used increases indefinitely, the resulting sequence of estimates converges in probability to C:
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constrained to modeling associations between covariates and the dependent variable, ignoring issues
of endogeneity and uncertainty surrounding instrument specifications. Thus, to investigate endoge-
neity issues, I implement the methodology in order to model uncertainty at both the instrument and
covariate level in ROB procedure. To do it, I build on Lenkoski et al. (2014) by combining the BMA
approach to regression variable uncertainty and the Two-Stage Least Squares (TSLS) procedure and
extend their framework by using CIP priors for the endogenous variables in order to address model
uncertainty in regression models with the classic technique of TSLS. Finally, the validity of instru-
ments in the TSLS-ROB procedure is addressed by constructing a Bayesian test of the identification
restrictions based on model averaged posterior predictive p-values.

The main thrust of TSLS-ROB procedure would be to choose the best model providing the
most accurate predictive performance of the form (8), where the predictors belonging to the sub-
set of X1,X2, :::,Xm,

P
l+k Xl, are going to possibly be instrumentalized.

According to Eq. (3), stacking for n observations and dropping the intercept for convenience,
I consider the system:

Y ¼
Xm

k¼1

hkðWkXkÞ þ ! with ! * Nð0,r2!Þ (38)

W ¼
X

~k¼1 _m

~h~kðZ~kX~kÞ þ # with # * Nð0, r2#Þ (39)

where Yi is the n % 1 vector denoting the variable of interest, X is the ½n %m) matrix of covariates,
W is the n % 1 vector denoting the set of endogenous variables, hk and ~h~k are the vectors of

unknown regression coefficients, with ~k 6¼ k, Z is the ½n % _m) matrix of instruments, and #i is the
n % 1 vector of disturbances independent and identically distributed with respect to !i, with r# to
be an unknown positive scalar.

Following the framework of Kleibergen and Zivot (2003), let U ¼ ðWXÞ and D ¼ ðZXÞ, I
rewrite the Eqs. (38) and (39) as:

Y ¼ ~Uð~h~kÞhk þ u with u * Nð0, r2!Þ (40)

W ¼ D~h~k þ # with # * Nð0, r2#Þ (41)

where ~Uð~h~kÞ ¼ ðD~h~kXÞ is the replacement of W in U with its fitted value, and the Ordinary

Least Squares (OLS) estimate regressing W on D is given by Û ¼ ~Uð~̂h~kÞ, with ~̂h~k ¼
ðD0DÞ.1D0W: Finally, since in the presence of endogeneity the correlation between u and # leads
to inconsistent estimates of the coefficient vector hk under standard OLS, I use the TSLS estima-
tor in order to solve this inconsistency problem when Z instruments occur. The latter would be
independent of Y, given the set of endogenous variables (W) and covariates (X). It is defined as:

ĥ
TSLS

¼ ðÛ 0
ÛÞ.1Û

0
Y (42)

According to Eqs. (40) and (41), the TSLS conditional likelihoods are given by:

LðhjY , ~̂h,r2uÞ ¼ r
.n

2
u % exp . 1

2
ðY . ÛhÞ0 % ðY . ÛhÞ

r2u

 !

(43)

Lð~hjW,D, r2#Þ ¼ r
.n

2
# % exp . 1

2
ðW . D~hÞ0 % ðW . D~hÞ

r2#

 !

(44)

Before estimating Eqs. (40) and (41), informative priors need to be constructed. Let the CIP prior
in Eq. (19), I suggest the form:
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pðb, ~b,r/, vÞ ¼ pðbj~b, r/, vÞ % pðr/jvÞ % ~pðvÞ (45)

where ~b is an additional auxiliary variable corresponding to the regression parameters in imple-
menting variable selection when instruments occur, with ~b ¼ ð~b1, ~b2, :::, ~b _mÞ, r/ ¼ X1=2, with

X ¼ Var
u
#

% &
, and ~pðvÞ ¼ wjvj %

~k
jvj

 !.1

as defined in Eq. (25), but adjusted for the auxiliary

regression in (41). The right-hand side priors of Eq. (45) can be defined as:

pðbj~b, r/, vÞ ¼ pðbj~b, vÞ|fflfflfflfflffl{zfflfflfflfflffl}
conjugate

¼ N _kðlv,Rr/ , vÞ (46)

pðr/jvÞ ¼ IG
v
2
,
v % ~kv
2

% &
(47)

Here, the underlying logic of TSLS-ROB procedure is the same as for ROB procedure (Section
2.2), but Eqs. (46) and (47) differ from Eqs. (20) and (22) for three reasons: (i) in the second
stage (Section 2.2.2), I am averaging by using a variable selection of possible set of instruments
Z~k given the set of covariates excluded in the first stage (Xk 2 Mk); (ii) ~kv ¼ s2TSLS; and (iii) the
IG prior is used to model the residual variance r2/, implied in (40).

Combining the likelihoods in (43) and (44) with the priors (45) and (47), it yields to the joint
posterior adjusted for the TSLS-ROB procedure:

~pðvjYÞ / ~pðvÞ - j ~̂X
0

v
~̂Xvj.1=2 % jRðr/, vÞj

.1=2 % ðv ~kv þ ~S
2
vÞ

.ðnþvÞ=2 % ~pðvÞ (48)

where ~S
2
v is the decomposition of the variance defined in Eq. (30), but adjusted for the TSLS-

ROB procedure, and ~̂Xv ¼ ½~Xv ðRðr/ , vÞÞ
.1

2)0, with ~Xv being a ðn %mvÞ matrix whose columns

correspond to the components of ~b: Here, MCMC algorithms for simulating a Markov chains are
easily constructed through the factorization in b, ~b, and r/, given the model size jvj:

To construct a Bayesian test of identification restrictions, posterior predictive p-values are
used since they are useful tools in applied Bayesian statistics to verify model assumptions and
whether each submodel—which is used to form TSLS-ROB procedure—is appropriately
identified. In the case of TSLS estimation in the presence of model uncertainty, the BMA
framework must be extended to account for model uncertainty at both stages. Thus, let ~p ¼
pðMljYn ¼ yn, _vÞ denoting the PMPs in TSLS-ROB procedure, the TSLS estimator in (42)
becomes:

ĥ
TSLS

¼
X

l

~p % ~̂h~k (49)

The corresponding p-value in the TSLS-BMA approach and thus the appropriate Bayesian test of
identification restrictions can be defined as:

€- ¼
X

l

p̂ðYÞ % ~p % €- l (50)

where €- l ¼ PrðnR2
l > v2pXþpZ.1jWÞ, with R2

l denoting the R2 associated with the auxiliary regres-
sion in (41) on all X and Z variables, given the data Y and the total number of X (pX) and Z (pZ)
included in the TSLS-ROB procedure, and v2 being the usual chi-squared sampling distribution.

The performance and functioning of the TSLS-ROB procedure are assessed in Section (4.1.1).
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4. Applications

4.1. Us crime data

In order to display the performance of the ROB procedure in Section (2.2), I replicate the
example in Ehrlich’s analysis about the criminal behavior in 47U.S. states in 1960.10 He argues
that the costs of crime are related to the probability of imprisonment and the average time served
in prison, affected by police expenditures. The benefits of crime are related to both the aggregate
wealth and income inequality in the enclosing community. The expected net payoff from legitim-
ate activities are expected to be lower for nonwhites and for young males than for others in 1960
and thus states with high proportions of these are expected to have higher crime rates.

The dataset collects 15 candidate predictors of crime rate that denotes the variable of interest
(Table 1). As in the original analysis, all data have been transformed in logarithms and there are
215 ¼ 32, 768 possible model solutions. Ehrlich’s analysis focuses on the relationship between the
probability of imprisonment (predictor 14) and the average time served in state prisons (predictor
15), by running two regression models: model 1 consisting of the predictors (9, 12, 13, 14, 15)
and model 2 consisting of the predictors (1, 6, 9, 10, 12, 13, 14, 15).

A MCF approach is used in the first stage of the ROB procedure. More precisely, I sample
100,000 iteration draws, starting from 2m.1, and I fix the benchmark prior to max(47, 32768) in
order to include all possible combination of predictors counted in the natural model space M:
Here, some considerations are addressed: (i) the probability of imprisonment (predictor 14) and
the average time served in state prisons (predictor 15) are not potential predictors of crime rate
as indicated in Ehrlich’s analysis; (ii) the aggregate wealth (predictor 12) and the income inequal-
ity (predictor 13), accounting for the benefits of crime, should be interpreted with care; (iii) the
decision to engage in criminal activity is related to some legitimate activities, such as the educa-
tional level (predictor 3) and the availability of employment measured by the unemployment rates
(predictors 10 and 11)11; (iv) the percentage of nonwhites (predictor 9) would be a potential pre-
dictor of crime rate, but it is not the same for the percentage of young males (predictor 1) as in

Table 1. Crime data.

Idx. Predictor Label PIP (%)

1 Percentage of males aged 14–24 in total state population (pmale) 0.00
2 Indicator variable for a southern state (south) 0.00
3 Mean years of schooling of the population aged ' 25 (edu) 1.26
4 Per capita expenditure on police protection in 1960 (po60) 1.41
5 Per capita expenditure on police protection in 1959 (po59) 1.36
6 Labor force participation rate of males aged 14–24 (labor) 0.62
7 Number of males per 1,000 females (nmale) 1.06
8 State population in 1960 in hundred thousands (pop) 1.03
9 Percentage of nonwhites in the population (nnwhite) 1.26
10 Unemployment rate of urban males 14–24 (unem1) 2.06
11 Unemployment rate of urban males 35–39 (unem2) 3.53
12 Wealth (median value) (wealth) 8.54
13 Income inequality (%) (ineq) 1.16
14 Probability of imprisonment (prob) 0.59
15 Average time in months in state prisons (time) 0.73
– Crime rate per 100,000 population in 1960 (crime) –

The Table is so split: the first column denotes the predictor number; the second and the third column describe the predictors
and the corresponding labels; and the fourth column displays the PIPs (in %) in Eq. (14) for each predictor. The last row
refers to the depedent variable.

10See, e.g., Ehrlich (1973).
11The result follows the studies of Becker (1968) and Stigler (1970), who argue that the decision to engage in criminal activity
is a rational choice determined by its costs and benefits relative to some legitimate opportunities.
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Ehrlich’s theory; and (v) the predictors not belonging to the subset S and thus excluded from the
procedure are (1, 2, 6, 14, 15).

The inclusion12 of an indicator variable for southern states (predictor 2), the sex ratio (pre-
dictor 7), and the state population in 1960 (predictor 8) has not found empirical validation.

By looking into which predictors are included with higher frequency in the all (possible)
model solutions, 10 best potential combination of predictors for crime rate are selected (Table 2),
with PMPs ' s in Eq. (12),13 obtaining 210 ¼ 1, 024 best model solutions. In Table 2, I display
the revised PIPs (e.g., the sum of PMPs for all best models wherein a covariate Xl has been
included with the auxiliary variable v¼ 1), the coefficients’ Posterior Standard Deviations (PSDs),
and the Conditional Posterior Sign (CPS) for the sign certainty (e.g., the posterior probability of
a positive coefficient expected value conditional on inclusion). Here, the CPS indicates a positive
effect on crime rate whether it is close to 1 and a negative effect whether it is close to 0.

The predictors (3, 4, 9, 12) would look like the top best combination of covariates with higher
PIPs. They negatively affect the crime rate, except for the percentage of nonwhite (predictor 9).
Thus, the expected net payoff to engage in criminal activity is determined from alternative legit-
imate activities related to: educational level (predictor 3); per capita expenditure on police protec-
tion in 1960 (predictor 4); and an indicator variable for origin (predictor 9).

Finally, looking into which models included perform better the data (Table 3), I find 24 top
best model solutions (Mn), with PMPs ' _s in Eq. (15).14 Each of them shows strong evidence
with respect to the submodels Ml according to the log Bayes Factors in Eq. (16). Accounting for
the benefits of crime, related to the aggregate wealth (predictor 12) and income inequality (pre-
dictor 13), also if they are accurately specified from a theoretical point of view (fourth column in
Table 2), they are excluded in the final subset E described in Eq. (15).

The final solution (e.g., Mtp), in bold type in Table 3, corresponds to the model consisting of pre-
dictors (3, 4, 9) with higher lBF. To be more precise, it consists of the following regression model:

crimei ¼ .þ h1edui1 þ h2po60i2 þ h3nnwhitei3 þ # (51)

where . denotes the intercept and # is a (n % 1) vector containing the disturbances. The latter is inde-
pendent and identically distributed (i:i:d:) with respect to the errors ! and g defined in Eqs. (3) and (8).

In Table 4, I summarize the ROB procedure step by step. To be more precise, I focus on: (i)
the selected predictors according to the criteria used for each stage; (ii) the corresponding size of
the model space and the parameter space; and (iii) the corresponding Predictive Coverage (PC),

Table 2. Best potential combination of predictors for crime data.

Predictor Idx. PIP (%) PSD CPS

edu 3 22.09 1.77 0.00
po60 4 26.28 0.65 0.00
po59 5 17.72 0.54 0.04
nmale 7 8.15 2.30 0.00
pop 8 5.34 0.06 0.01
nnwhite 9 98.70 0.14 1.00
unem1 10 3.78 0.17 0.00
unem2 11 2.64 0.09 0.63
wealth 12 35.42 1.20 0.00
ineq 13 15.47 0.87 1.00

The Table is so split: the first column refers to the predictors according to the
labels defined in Table 1, the second column displays the predictor number as
defined in Table 1, and the last three columns display the PIPs (in %), the
PSDs, and the CPS, respectively.

12See, e.g., Vandaele (1987).
13I use s ¼ 1% for an enough posterior consistency with predictors & 15:
14I use _s ¼ 0:5% for a sufficient prediction accuracy in explaining the data with predictors & 15:
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Eq. (35), measured by using the percentage of the proportion of observations in the performance
set that fall in the 95% prediction interval.

In Table 5, I compare the results with some related works: (i) two popular alternative variable
selection techniques, such as Occam’s window (see, e.g., Raftery et al. (1997)) and MC3 method-
ology (see, e.g., Madigan et al. (1995)); (ii) the two regression models tested in the original
Ehrlich’s analysis15; (iii) a Bayesian penalization technique16 in which the prior distribution per-
forms a function similar to that of the penalty term in classical penalization, such as horseshoe
procedure (see, e.g., Bhattacharya et al. (2016)); and (iv) an alternative Bayesian variable selection
procedure with spike-and-slab regression,17 which combines variable selection with estimation of
the regression parameters by using mixture priors on regression coefficients with density func-
tions that are peaked at zero (the “spike”) and have large probability mass for a wide range of
non-zero values (the “slab”). Regarding the last two procedures, some considerations are in order.
The horseshoe priors are computed by assuming the same number of draws used to run MCF

integrations and the top best model solutions correspond to the only statistically significant Bayes
estimates.18 The exact and final solution in spike-and-slab regression is obtained by using a cross-
validation variable selection procedure with a stability19 > 80%:

Table 3. Top Best model solutions with PMPs of 0.5% or larger.

Model PMP (%) lBFn, l
9 12 25.55 9.09
4 9 16.60 9.18
5 9 10.67 9.16
3 9 8.54 9.02
9 13 6.94 8.71
3 4 9 2.83 9.21
3 9 12 2.29 9.09
3 5 9 1.96 9.20
3 9 13 1.64 9.01
4 7 9 1.59 9.18
7 9 12 1.36 9.07
7 8 9 10 1.14 8.85
5 7 9 1.03 9.17
4 9 12 0.99 9.17
3 8 9 0.92 8.95
9 10 12 0.85 9.06
5 9 12 0.84 9.17
7 9 13 0.81 8.91
9 12 13 0.80 9.06
4 9 13 0.75 9.20
4 9 10 0.65 9.15
8 9 12 0.65 9.03
9 11 12 0.57 9.06
5 9 13 0.52 9.18

The Table is so split: the first column displays the top best model solutions (Mn);
the second column displays the PMPs of 0.5% or Larger for each regression
model in subset E , S; and the third column shows the log Bayes Factor.

15Own computations.
16When accounting for BMA procedure in linear regression models with many predictors, penalized regression techniques are
often used to deal with overfitting and select promising variables for predicting a variable of interest.
17Spike-and-slab regression is a Bayesian variable selection technique particularly useful in high dimensional datasets when
the number of possible predictors is larger than the number of observations. See, e.g., Mitchell and Beauchamp (1988), Raftery
and Madigan (1994), and George and McCulloch (1997) for further implementations.
18Here, statistical significance refers to the concept of the standard statistical hypothesis testing with a significance level
setting to 5%.
19In spike-and-slab regression, the top best covariates in explaining the data are determined by minimizing the test-set Mean
Squared Error (MSE) for its entire solution-path. The average number of times a predictor is selected in this way defines a
value recorded from 0%. 100% denoting its stability.
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In summary, the final solution reached accounting for ROB procedure shows higher significant
overall F value and sufficiently strong !R2

: By running the lBF between the model Mtp and the
models related to the alternative approaches (M/), I find very strong support for model averaging
in Raftery et al. (1997), moderate support for some of Ehrlich’s theory and spike-and-slab regres-
sion, and weak support for horseshoe Bayesian penalization technique.20 In particular, by averag-
ing over all models, the results indicate support for a relationship between crime rate and the
predictors (3, 4, 9), but not for the inclusion of indicator variables for the offender’s presumed
exceptional psychological and social circumstances (predictors 1, 12, 13, 14, 15).21

A further support for my results is found in Fig. 1. Here, I show that the posterior distribu-
tions for the coefficients of the selected top best combination of predictors (3, 4, 9), based on the
model averaging results of the ROB procedure, are centered away from 0.

4.1.1. Us crime and endogeneity issues
The empirical example displayed in Section 4.1 could be deepened by accounting for possible
unobserved endogeneity problems between the crime rate (Y) and, for example, some covariates
Xk dropped in the first stage of ROB procedure (Table 2). Thus, interesting endogeneity issues
would arise between the crime rate and predictors accounting for labor force participation rate of
males aged 14–24 (predictor 6), probability of imprisonment (predictor 14), and average time in
months in state prisons (predictor 15). These variables would be the set of instruments Z and the
remaining are going to be the set of covariates X (predictors 1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13 in
Table 1).

Running the TSLS-ROB procedure, I obtain the following model:

Y ¼ W þ ĥ1X1 þ ĥ3X3 þ ĥ4X4 þ ĥ7X7 þ ĥ9X9 þ ĥ10X10 þ ĥ12X12 þ ! (52)

Table 4. ROB procedure for crime data.

Stage Predictor Parameter Model Criterion PC (%)
Space Space

PIPs PMPs

Full model All 15 (hk) 32, 768 (Mk) – – –
First stage 3 4 5 7 8 9 10 11 12 13 10 (hl) 1, 024 (Ml) ' 1% – 100
Second stage – – 24 (Mn) – ' 0:5% 99.95
lBFn, l 3 4 9 3 (, hl) Mtp ¼ 1 – – –

The Table is so split: the first column displays the ROB procedure step by step; the second column describes the potential pre-
dictors observed for each step; the third and the fourth column display the parameter space and model space with the cor-
responding labels; the fifth column describes the criteria used for the shrinking; and the last column refers to the Predictive
Coverage (in %).

Table 5. Models selected for crime data: A comparison.

Method Predictor SER !R2 (%) F-Test lBFðMtp ,M/Þ Evidence

Full model All 0.10 77.59 11.62 9.21 Very strong
Occam’s window/MC3 1 3 4 9 11 13 14 0.10 78.27 24.67 8.91 Very strong
Ehrlich model 1 9 12 13 14 15 0.12 53.25 11.48 4.99 Moderate
Ehrlich model 2 1 6 9 10 12 13 14 15 0.12 55.47 8.16 5.19 Moderate
Horseshoe 1 3 4 9 10 11 13 0.10 75.76 21.54 3.04 Weak
Spike-and-slab 1 3 4 5 9 14 0.10 67.88 17.21 5.54 Moderate
ROB 3 4 9 0.10 60.74 24.72 – –

The Table is so split: the first column describes the method; the second column displays the predictors accounted for; the
third and the fourth column display the goodness of fit for each method; the fifth column displays the significance for each
method; the last two columns refer to the log Bayes Factor and the corresponding scale of evidence (Eq. (17)).

20Own computations.
21See, e.g., Becker (1968), Stigler (1970), and Brier and Fienberg (1980).
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W ¼ ~̂h1X1 þ ~̂h 3X3 þ ~̂h 4X4 þ ~̂h 9X9 þ ~̂h 11X11 þ ~̂h13X13 þ ~̂h 14Z14 þ # (53)

The Table 6 summarizes the results. Here, some considerations are addressed: (i) only one vari-
able in Z (predictor 14) serves as instrument; (ii) predictors (3, 4, 9), denoting alternative legitim-
ate activities, tend to determine the expected net payoff to engage in criminal activities with
higher significance, just as in the ROB procedure (Table 2); and (iii) variables accounting for
males (predictor 7), unemployment (predictor 10), and wealth (predictor 12) also strongly affect
Y, as found in the ROB procedure (Table 2).

Nevertheless, four of the variables in X (predictors 1, 3, 4, and 9) have explanatory power on
both Y and W and thus also reflect endogeneity issues when instruments occur. This explanatory
power tends to increase in (53), when the instrument Z14 is accounted for. Moreover, the only
one instrument considered (predictor 14) negatively affects W and thus Y. These findings high-
light that the crime rate would be driven by the probability of imprisonment over time and not
in an inverse way.

Finally, the posterior predictive p-values for both Eqs. (52) and (53) are close to zero and thus
model assumptions are verified and each submodel of Xk, used to form TSLS-ROB procedure, is
appropriately identified.

Figure 1. Posterior Distributions for the coefficients of the selected top best combination of predictors (3, 4, 9), based on
the model averaging results of ROB procedure, are displayed. A 95% confidence bands are used to draw posteriors. The Y and X

axis represent the probability density and the posterior means of the estimators ~̂h€l , where€l ¼ 3, 4, 9, respectively.
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4.2. Simulated example

In this example, the performance and the usefulness of ROB procedure are investigated by follow-
ing the format of George and McCulloch (1993). To be more precise, I construct two distinct
sets: a training set by simulating p¼ 15 predictors and n¼ 50 observations as independent stand-
ard normal vectors and a prediction set by generating 50 additional observations in the same
manner. The model used to generate the response is:

Y ¼ X3 þ X4 þ X9 þ €. (54)

where €. * N50ð0,r2Þ, with r ¼ 2:5: Least squares estimates22 for these data are given in Table 7.
Here, the tuning parameters s and _s are put equal to 0.5% for a sufficient prediction accuracy
and posterior consistency with predictors & 15 (Eqs. (12) and (15)).

In this example, the predictors are highly correlated between them and there is moderate
model uncertainty since the only p-values for b1, b2, b10, and b11 are & 0:10:

Looking into which methods fit better the data, I compare the performance of the ROB pro-
cedure with MC3 methodology of Madigan et al. (1995) and two popular variable selection tech-
niques (Table 8). They are23: minimum Mallow’s Cp and maximum adjusted R2. The main thrust
of this example is to prove that model averaging has better predictive performance than other
single models selected using standard techniques. The ROB procedure, even if only slightly,
would perform better the data than MC3 methodology dealing with both model uncertainty and
overfitting when constructing multiple linear regression models.

5. ROB procedure in time-varying high dimensional data

Although the importance of uncertainty on decision-making has been realized by monetary pol-
icy-makers, the vast bulk of analysis has taken refuge in a certainty equivalence framework that
enables policy-makers to disregard the properties of uncertainty. For example, if the countries’
responses and dynamics of the economy can be adequately represented with linear equations, cer-
tainty equivalence implies it is only necessary to focus on the first moments of future outcomes,
appropriately discounted, to derive optimal policy. Nevertheless, when jointly modeling and quan-
tifying multicountry data using the information contained in a large set of endogenous

Table 6. TSLS-ROB.

Predictor Variable Model (52) Model (53) Sign/Effect

X1 pmale (0.062)/ (0.046)// (.)
X3 edu (0.004)/// (0.002)/// (.)
X4 po6n0 (0.004)/// (0.002)/// (.)
X7 nmale (0.042)// – (.)
X9 nnwhite (0.006)/// (0.001)/// (þ)
X10 unem1 (0.037)// – (.)
X11 unem2 – (0.002)/// (þ)
X12 wealth (0.033)// – (.)
X13 ineq – (0.001)/// (þ)
Z14 prob – (0.000)/// (.)

!R2M52 ¼ 76:59 !R2M53 ¼ 77:94
€- l,M52 ¼ 0:00 €- l,M53 ¼ 0:00

The Table refers to TSLS-ROB procedure accounting for Eqs. (52) and (53). It is so split: the first column refers to predictors;
the second column denotes the variables according to labels used in Table 1; the third and fourth column display the
estimates in terms of p-values with their significant codes for both the two models; and the fifth column displays the effect
on the crime rate. The last two rows refer to the adjusted R2 and the posterior predictive p-values for both the models. The
significant codes are: /// significance at 1%, // significance at 5%, and / significance at 10%.

22Own computations.
23See, e.g., Weisberg (2005).
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macroeconomic-financial variables, it no longer suffices to focus solely on the first moments of
possible outcomes entering, for example, feedback effects from policy implications and temporary
or persistent long-run effects associated with systemic events. Thus, one may need to characterize
all moments or, equivalently, the entire distribution of possible outcomes. Consequently, forecast-
ers should provide density forecast combinations rather than simply point forecasts reflecting
expected values, by using different prior information sets in order to deal with misspecified
dynamics. From the same token, Bayesian methods should be used to reduce the dimensionality
of the model, structure the time variations, and evaluate issues of endogeneity. In this way, poli-
cies designed to protect the economy against the worst-case consequences of misspecified dynam-
ics are less aggressive and good approximations of the estimated rule. Moreover, some drawbacks
of robust policies, a connection between the degree of structure an authority assigns to the uncer-
tainty it faces, and the likelihood of policy attenuation in response to that uncertainty can
be assessed.

In this section, I extend the ROB procedure to dynamic multicountry panel data in order to
jointly deal with endogeneity issues and structural model uncertainty, where one or more param-
eters are posited as the source of model misspecification problems. More precisely, I build on
Pacifico (2019b) and estimate a simplified version of the SPBVAR by defining hierarchical prior
specification strategy and MCF implementations in order to extend variable selection procedure
to a wide array of candidate models and thus candidate density forecast combinations. In this
context, all possible model solutions are structured and thus they can include parametric models
in which parameter values vary over time in ways that the decision maker cannot describe prob-
abilistically. Because all parametric models are misspecified, I also consider alternative probability
distribution setups with much less structure.

In this empirical example, by following the framework of Pacifico (2019b), ROB performance
and forecast density combinations are highlighted according to a time-varying multicountry setup
of six developed European economies and current members of the Eurozone.24 In this context, I
focus on the only six endogenous variables involved to describe the real and financial dimensions:
three real variables (general government spending, gross fixed capital formation, GDP growth
rate) and three financial variables (general government debt, current account balance, interest

Table 7. Least squares estimates with r̂ ¼ 2:75:

b0 b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 b11 b12 b13 b14 b15
b 0 0 0 1.00 1.00 0 0 0 0 1.00 0 0 0 0 0 0
b̂ .24 .25 ..30 ..04 .04 ..10 .06 .09 .09 .03 .30 .24 .15 .00 .18 .02
SEðb̂Þ .34 .15 .14 .17 .16 .15 .14 .14 .12 .13 .13 .14 .15 .15 .13 .16
p-value .48 .10 .04 .80 .78 .50 .69 .54 .46 .84 .02 .09 .33 .99 .20 .92

The Table displays the Least Squares Estimates for each of the simulated predictors (second row) and the corresponding
Standard Errors and p-values (third and fourth row, respectively).

Table 8. Performance comparison.

Method Predictor PC (%)

Full model All 59.76
MC3 Model Averaging 98.04
Cp 1 2 6 7 8 9 13 65.32
Adj. R2 1 2 10 11 65.97
ROB Model Averaging 99.05

The Table is so split: the first column describes the method; the second column dis-
plays the predictors accounted for; and the third column refers to the Predictive
Coverage (in %) for a 95% prediction interval, with PMPs greater than or equal
to 0.5%.

24They are: Italy (IT); Spain (ES); France (FR); Germany (DE); Greece (GR); and Portugal (PT).
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rate). The real GDP per capita in logarithmic form (hereafter called productivity) is used as vari-
able of interest. The overall series is expressed in quarters, and all data points originate from
Eurostat and OECD data sources (Table 9).

The simplified version of the time-varying SPBVAR developed in Pacifico (2019b) takes the
form:

Yit €m ¼ Ait, j€mðLÞYi, t.1€m þ €eit (55)

where i, j ¼ 1, 2, :::, 6 are country indices, t ¼ 1, 2, :::,T denotes time, €m ¼ 1, :::, 6 denotes the set
of endogenous variables, Ait, j is a 36 % 36 matrix of real and financial variables for each pair of
countries (i, j) for a given €m,Yi, t.1 is a 36 % 1 vector of lagged variables of interest that accounts
for the real and financial dimensions for each i for a given €m, and €eit * i:i:d:Nð0, €RÞ is an 36 % 1
vector of disturbance terms. For convenience, I suppose one lag and no intercept.

The estimation sample covers the period from March 1999 to December 2013. It amounts,
without restrictions, to 2,160 regression parameters. More precisely, each equation of the time-
varying SPBVAR in (55) has 36 coefficients and there are 60 equations in the system. According
to the BMA methodology, there are 236 ¼ 68, 719, 476, 736 possible model solutions. In this con-
text, it is very costly to select subsets of covariates via MCF simulations by fixing the benchmark
prior maxðN, jvjÞ, with jvj denoting the model size. In fact, the number of coefficients is
increased by N €M factors, with €M denoting the overall lagged endogenous variables accounted
for. Moreover, all coefficients vary over time and thus dynamic relationships, cross-unit lagged
interdependencies, and dynamic feedback matter. Then, in order to be able in applying the speci-
fications underlying the ROB procedure (Section 2.3), I need to express the time-varying
SPBVAR in (55) in terms of a multivariate normal distribution.

Let €k ¼ N €M be the number of all matrix coefficients in each equation of the model for each
pair of countries (i, j), a 1 % €k vector €Xt ¼ ðY 0€m

i, t.1,Y
0€m
i, t.2, :::,Y

0€m
i, t.lÞ

0 can be defined containing all

lagged variables in the system for each i. Then, I define an N €M€k % 1 vector €cit, j€k ¼ vecð€g it, j€kÞ con-
taining all columns, stacked into a vector,25 of the matrix AtðLÞ for each pair of countries (i, j)
for a given €k, with €g it, j€k ¼ ðA10

it, j ,A
20
it, j , :::,A

€M 0
it, jÞ

0, and €ct ¼ ð€c01t ,€c
0
2t , :::,€c

0
NtÞ

0 denoting the time-
varying coefficient vectors, stacked for i, for each country–variable pair.

By adapting Bayesian specifications described in Section (2.1) and following the framework of
Pacifico (2019b), I can able to express the time-varying SPBVAR in (55) in terms of multivariate
normal distribution:

Yt ¼ ðIN €M 0 €XtÞ€ct þ €Et (56)

Table 9. Data.

Variables Description

General government spending Financial accounts for general government spending.
Gross fixed capital formation Investments of fixed assets at current prices weighted.
GDP growth rate It is calculated as: Log GDPit, j

GDPit.1, j

' (
:

General government debt Non-financial accounts for general government debt.
Current account balance Non-financial accounts for general government net.
Interest rate Long term interest rate.
Productivity It corresponds to logarithm of the real GDP per capita.

Here, general government spending, gross fixed capital formation, public debt, and
current account balance are weighted for the GDP.

25The vec operator transforms a matrix into a vector by stacking the columns of the matrix, one underneath the other.
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where Yt ¼ ðY €m0
1t , :::,Y €m0

Nt Þ
0 is an 36 % 1 vector containing the observable variables of interest for

each i for a given €m, and €Et ¼ ð€e01t , :::,€e
0
NtÞ

0 is an 36 % 1 vector containing the random disturban-
ces of the model. In model (56) there is no subscript i since all lagged variables in the system are
stacked in €Xt:

Now, because the coefficient vectors in €ct vary in different time periods for each country–vari-
able pair and there are more coefficients than data points, it is impossible to eliminate €ct: Thus,
to cope with the problem of dimensionality, I adapt the framework in Pacifico (2019b) and
assume €ct has the following factor structure:

€ct ¼
X

f¼1€F

€Gf % b€f t þ €ut with €ut * Nð0,R€uÞ (57)

where €F + N €M€k and dimðb€f tÞ + dimð€ctÞ by construction, €G€f ¼ ½€G1, €G2, :::, €G€F ) are N €M€k % 1
matrices obtained by multiplying the matrix coefficients (€g it, j€k) stacked in the vector €ct by con-

formable matrices X€f with elements equal to zero and one,26 ut is an N €M€k % 1 vector of unmod-

eled variations present in €ct , and €Eð€ut€u0
tÞ ¼ R€u ¼ R€e 0 €V , where R€e is the covariance matrix of

the vector €Et and €V ¼ ðr2I€kÞ as in Kadiyala and Karlsson (1997). The idea is to shrink €ct to a
much smaller dimensional vector bt, with bt ¼ ðb01t , b

0
2t , :::, b

0
€FtÞ

0 denoting the adjusted auxiliary
indicator defined in Section 2.3 (b ¼ fbkg), and containing all regression coefficients stacked into
a vector.

Running Eqs. (56) and (57) for the model described in (55), I assume that the coefficient vec-
tors in €ct depends on three factors:

€G€f b€f t ¼ €G1b1t þ €G2b2t þ €G3b3t þ €ut (58)

where, stacking for t, b€f ¼ ðb1,b2,b3Þ
0 contains all the time-varying regression parameters to be

estimated and grouped in (potential) best submodels. Furthermore, given the structural frame-
work, I am able to also investigate endogeneity issues among countries and sectors.

In this study, the factorization is adapted to the thrust of the ROB procedure. More precisely,
the coefficient vectors in €ct represent all the model solutions counted in the natural model space
M (Eq. (7)), and each factor would describe subsets of (potential) best combination of covariates
to be included in the reduced model space _M (Eq. (11)).

Given the factorization in Eq. (58), the reduced-form SPBVAR model in Eq. (56) can be trans-
formed into a Structural Normal Linear Regression (SNLR) model27 with an error covariance
matrix of an Inverse–Wishart (IW) distribution.28 By Eqs. (56) and (57), the SNLR model can be
written as

Yt ¼ €Ht

%X3

€f ¼1

€G€f b€f t þ €ut

&
þ €Et - €v€f tb€f t þ €gt with €Ht ¼ ðIN €M 0 €XtÞ (59)

where €Ht contains all lagged time-varying variables in the system by construction, €v€f t - €H€f t
€G€f t

is an N €M % 1 matrix that stacks all coefficients of the system, with €vt ¼ diagð€v01t , €v
0
2t , €v

0
3tÞ, and

€gt - €H€f t€ut þ €Et * Nð0,rt % R€uÞ has a particular heteroskedastic covariance matrix that needs to

26Here, X€f would correspond to the auxiliary indicator v ¼ ðvkÞ in matrix form.
27See, for instance, Pacifico (2019b) for an illustration of the conformation of the time-varying multicountry SPBVAR model
and the exact form of the b€f t ‘s, €v€f t ‘s, and the €G€f ‘s.
28The Wishart distribution is a multivariate extension of v2 distribution and, in Bayesian statistics, corresponds to the
conjugate prior of the inverse covariance-matrix of a multivariate normal random vector.
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be taken into account, with rt ¼ ðIN þ r2 €H
0
t
€HtÞ: If r2 converges to zero, the factorization in (58)

becomes exact and thus €gt * Nð0, €RÞ, with €R ¼ diagðR€e0,R€e0, :::,R€e0Þ, depends on the only dis-
turbances contained in €Et: Thus, it is uncorrelated with the regressors, and classical OLS can be
used to estimate the vectors bt and €ct , and the Bayesian specifications in Section (2.1) hold.

Let €M€v ¼ €M€v1, €M€v2 be the number of variable groups, with €M€v1 and €M€v2 denoting the real
and financial variables, respectively, and €M€c be the number of common factors, referring to total
economy (both the real and financial variables). The specified factors in Eq. (58) I assume for the
empirical analysis are: (1) €v1tb1t is a N €M % €M€v1 observable cross-country variable-specific indica-
tor for Yt that accounts for the only real variables in order to assess the best combination of pre-
dictors affecting the productivity among countries in real economy when formulating policies and
forecasting, with €v1t ¼

P
i

P
€M€v1

yi €M€v1t.1; (2) €v2tb2t is a N €M % €M€v2 observable cross-country vari-
able-specific indicator for Yt that accounts for the only financial variables in order to evaluate the
best combination of predictors affecting the productivity among countries in the financial dimen-
sion when formulating policies and forecasting, with €v2t ¼

P
i

P
€M€v2

yi €M€v2t.1; and (3) €v3tb3t is a

N €M % €M€c observable common indicator for Yt that accounts for total economy in order to investi-
gate (possible) best combination of predictors when studying endogeneity issues and dynamic
interdependence in the real and financial dimensions, with €v3t ¼

P
i

P
€M€c

yi €M€c
t . 1:

By construction, hierarchical Conjugate Informative Priors (Section 2.3) and MCMC simula-
tions (Section 2.4) can be used without loss of estimation efficiency. Nevertheless, further specifi-
cations and MCF implementations need to be done. More precisely, since the coefficient vectors
bt vary over time, I need to suppose the following state-space structure:

bt ¼ bt.1 þ €tt with €tt * Nð0, €HtÞ (60)

where bt ¼ ðb1t ,b2t , :::Þ
0, €Ht ¼ diagð €!H 1t , €!H 2t , €!H 3tÞ is a block diagonal matrix, and €!H €f t ¼ ð€h€f t % IÞ,

where €h€f t controls the tightness (stringent conditions) of the factorization (€f ) of the time-varying

coefficient parameter (bt) in order to make it estimable. The errors €Et , €ut , and €tt are mutually
independent. The random-walk assumption in (60) is very common in the time-varying VAR
literature and has the advantage of focusing on permanent shifts and reducing the number of
parameters in the estimation procedure.

Supposing exact factorization, mixture prior distributions in (19) need to be improved. More
precisely, I need to define prior moments on ðR€e.1, €h€f 0, b0Þ: Thus, collecting them in a vector
€/0, with €/0 ¼ ðR€e.1, €h€f 0, b0Þ be a mixture density of conjugate priors, the likelihood function

can be derived from the sampling density pðYj€/0Þ by using a mixture hierarchical distribution.
In other words, I use: (i) a Normal distribution for factors b; (ii) a Wishart distribution for R€e.1;

and (iii) an Inverse-Gamma distribution for €h€f , where
€h€f ¼ vecð€HtÞ: That is,

bjR€e.1,Y * Nðb̂,R€e.1 0 ð€v0€vÞ.1Þ (61)

R€e.1jY * Wð€S.1
,T . €k . 1Þ (62)

€h€f jY * IG
"

€!x
2
,
~v€S
2

#
(63)

where b̂ ¼ ð
P

t €v
0
t€vtÞ

.1ð
P

t €v
0
tYtÞ is the OLS estimate of b, €S ¼ ðYt . b̂€vtÞ

0ðYt . b̂€vtÞ is the sum

of squared errors, R̂€e ¼ €S=ðT . €kÞ is the OLS estimate of R€e , and €!x and ~v are hyper-parameters
to be chosen. In addition, because such prior assumptions will generally be influenced (for
example) by common or subjective beliefs about marginal effects of economic variables,
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Independent Normal Wishart prior is used in this analysis, since it assumes that tentative beliefs
on €/0 ¼ ðR€e.1, €h€f 0, b0Þ derive from separate considerations.

The posterior distributions for €/ ¼ ðR€e.1, €h€f t , fbtg
T
t¼1Þ are calculated by combining the prior

with the (conditional) likelihood for the initial conditions of the data. The resulting function for
the full model Mk, containing all coefficient vectors in €ct in (57), is then proportional to

LðYT j€/,MkÞ / ðR€eÞ.
T
2 exp f. 1

2
RtðYt . ð €Ht €GÞbtÞ

0) *
R€e.1 RtðYt . ð €Ht €GÞbtÞ

) *
g (64)

where YT ¼ ðY1, :::,YTÞ denotes the data, and €/ ¼ ðR€e.1, €h€f t , fbtg
T
t¼1Þ refers to the unknowns

whose joint probability distribution needs to be found. According to Eqs. (59) and (60), dynamic
analysis in ROB procedure can be conducted by MCF implementations in order to construct exact
mixed posterior distributions of the time-varying bt. More precisely, a variant of the Gibbs sam-
pler approach can be assessed in this framework by making use of the Kalman filter,29 so it only
requires knowledge of the conditional posterior of (b1, :::, bT jYT , €/.bt ). The result would be a

Bayesian Model Averaging. Thus, the posterior distributions for €/ can be computed as:

btjYT , €/.bt * Nð~btjT ,
€!RtjTÞ or pðbtjYT ,/.btÞ ¼ Nð~btjT ,

€!RtjTÞ (65)

R€e jYT , €/.R€e
* iWð€̂z1,

€̂b1Þ or pðR€e jYT , €/.R€e
Þ ¼ iWð €̂z1,

€̂b1Þ (66)

€h€f tjY
T ,/.€h€f t

* IG
" €!x€f

2
,
€!S
2

#
or pð€h€f tjY

T ,/.€h€f t
Þ ¼ IG

" €!x€f

2
,
€!S
2

#
(67)

where ~btjT and €!RtjT denote the smoothed one-period-ahead forecasts of bt and of the variance–covariance

matrix of the forecast error, €̂z1 ¼ €z1 þ T, €̂b1 ¼ €b1 þ
P

tðYt . ð €Ht €GÞbtÞ, €!x€f ¼ €k þ €!x0, and €!S ¼
€S0 þ Rtðbt€f . bt.1€f Þ

0ðbt€f . bt.1€f Þ, with bt€f denoting the
€f
th
subvector of bt and €f referring to the fac-

tors described in Eq. (57).
The choice of correlating €Et and €ut enables conjugation between the prior and the likelihood,

dealing with structural model uncertainty under misspecified dynamics and endogeneity issues,
and greatly simplifies the computation of posterior distributions. Finally, since the fit improves
when r2 ! 0, the model in Eq. (59) presents an exact factorization of €ct:

In this empirical application, the hyperparameters are all known.30 More precisely, collecting
them in a vector d, where d ¼ ð€z1, €!x0, €S0, €b1Þ, they are treated as fixed and are either obtained
from the data to tune the prior to the specific applications (this is the case for €!x 0 and €b1) or
selected a priori to produce relatively loose priors (this is the case for €z1 and €S0). The values are:
€z1 ¼ NM ¼ 36, €!x0 ¼ 100,€S0 ¼ 1:0, and €b1 ¼ diagð€Q11, :::, €Q1NÞ, where €Q1i is the estimated
covariance matrix for each i.

Given the above specifications, posterior distributions can be simply obtained by recursively
calculating the first two moments of the posterior of the parameters. I use a set of 1,000 until
5,000 draws and find that convergence is obtained at about 3,000 draws.31 The total number of
draws has been 2, 000þ 3, 000 ¼ 5, 000, which corresponds to the sum of the final number of
draws to discard and save, respectively. A total of 3,000 retained replications have been used to
conduct posterior inference at each t. Here, the outcomes absorb the conditional forecasts com-
puted for a time frame of 9 quarters (2.25 years).

29See, e.g., Chib and Greenberg (1995).
30Own computations.
31The convergence has been found by amounting to about 1.5 draws per regression parameter.
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Finally, once the (conditional) marginal likelihood in (64) is obtained for any model Mk, fur-
ther shrinkage need to be conducted until to obtain the exact and final solution with higher log
Bayes factor (Section 2.2.2). However, the sum of PMPs—according to Eqs. (65), (66), and (67)—
refers to mixture density of conjugate priors and the tuning parameters s and _s in Eqs. (12) and
(15) are dropped by focusing on the only hyperparameters collected in the vector d. Thus, I am
able to discriminate across models with different indices (Mk) by directly choosing a pool of top
best submodels (Mn) that contain the only regression parameters with posterior means (b̂€f t ‘s) dif-
ferent from zero. In this way, I can jointly deal with overestimation of effect sizes (or individual
contributions) and structured model uncertainty (implicit in the procedure by construction) with-
out loss of estimation efficiency. The log Bayes Factor in (16) is computed as:

lBF€k , €n ¼ log
LðYT jMkÞ
LðYT jMnÞ

% &
(68)

where YT denotes the data and LðYT jMnÞ refers to the (conditional) likelihood function32 con-
ducted on submodels Mn by MCF implementations. Support for the presence of cross-country
interdependence and endogeneity issues is obtained, according to the indicator €v3tb3t , by com-
paring the marginal likelihoods of the unrestricted model (Mk) and a vector of the submo-
dels (Mn).

5.1. Empirical results

In Fig. 2, I show the cross-country indicators in standard deviation from the historical average of
annual growth rates, spanning the period 1999q1 to 2016q1: They account for a pool of top best
submodels (Mn) that contain the only regression parameters with posterior means (b̂€f t ‘s) different

from zero. More precisely, I obtain p-values setting to 0.026, 0.024, and 0.016 for b̂1t , b̂2t , and
b̂3t , respectively. The higher log Bayes Factor is found for the last indicator (Fig. 2(c)), in which
I consider countries’ dynamics in total economy. It amounts to 5.94 for b̂3t , 4.17 for b̂2t , and
3.96 for b̂1t:

In Fig. 3, I draw the corresponding density forecast combinations for each of the cross-country
indicators (€v€f tb̂€f t). They correspond to conditional projections of each variable drawn in the top
best submodels (Mn) for output growth (change of productivity) and have been computed accord-
ing to posterior distributions derived in Eqs. (65), (66), and (67). The yellow and red curves
denote the 95% confidence bands, and the purple and blue curves denote the conditional33 and
unconditional34 projection of output growth for each country in the period from 1999q1 to
2016q1, respectively. Here, the data used for the estimation spans the period 1999q1 to 2008q1
and the training sample for the hierarchical CIPs spans the period 2008q2 to 2013q4 in order to
emphasize endogeneity issues by investigating (relevant) misspecified dynamics during, e.g., trig-
gering events.

The results find confirmation of the preliminary results obtained in Pacifico (2019b)’s analysis.
More precisely, focusing on the cross-country indicators (Fig. 2), three main considerations are in
order. First, stronger cross-country heterogeneity among sectors is found in real economy because
of larger economic linkages among sectors (structural uncertainty due to misspecified dynamics

32The result function would be LðYT jMnÞ ¼
Ð
EðYT j€/1,MnÞpð€/1jMnÞd€/1, where pð€/1jMnÞ is the mixture density priors for

submodels Mn:
33The conditional projection for output growth is the one that the model would have obtained over the same period
conditionally on the actual path of unexpected dynamics for that period.
34The unconditional projection is the one that the model would obtain for output growth for that period only on the basis of
historical information, and it is consistent with a model-based forecast path for the other variables.
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of the economy). Second, cross-country co-movements among sectors matter more in the finan-
cial dimension because of more intense policy implications (model uncertainty). Third, relevant
outliers among countries matter in total economy, but with some common behaviors because of
relevant cross-country interdependencies (endogeneity issues).

The above findings also hold by observing the corresponding density forecast combinations for
each of the cross-country indicators (Fig. 3). Indeed, forecasts by accounting for total economy
(third plot) tend to show a similar evolution to the ones according to financial economy (second
plot) because of highly stringent cross-country interdependencies. On the contrary, forecasts in
real economy tend to diverge (larger projections) because of stronger cross-country heterogeneity
(first plot). Overall, the persistent divergence observed in the real and financial dimensions and
even more in total economy highlights the relevant impact of significant endogeneity issues and
misspecified dynamics among countries and sectors, and thus the need for forecasters and policy-
makers to account for additional economic–institutional effects when formulating policies and
forecasting in a large set of multicountry data.35

Figure 2. Cross-country variable-specific and common indicators are shown in standard deviation, by means of box plots, from
the historical average of annual growth rates, spanning the period 1999q1 to 2016q1: They account for €v1tb̂1t (plot a), €v2tb̂2t
(plot b), and €v3tb̂3t (plot c) cross-country indicators, where b̂€f t ’s are posterior means.

35See, for instance, Pacifico (2019a, 2019b), Groen et al. (2013), Koop and Korobilis (2012), and Raftery et al. (2010) for
interesting implementations when studying macroeconomic-financial linkages in multicountry setups.

172 A. PACIFICO



6. Concluding remarks

This paper suggests and develops a computational approach, Robust Open Bayesian procedure, in
order to deal with open recurring problems when evaluating BMA for multiple linear regression
models. They include: (i) overfitting and thus overestimation of effect sizes since more complex
models will always provide a somewhat better fit to the data than simpler models, where the
“complexity” stands (for example) for the number of unknown parameters; (ii) model uncertainty
in hierarchical normal mixture models; (iii) the choice and specification of prior distributions
over multiple competing models; and (iv) variable selection and outlier detection when imple-
menting BMA methodology for multiple models classes when the number of parameters and thus
the number of possible models is high dimensional.

The main thrust to the potential of ROB procedure is the use of Conjugate Informative Proper
priors for each promising model in a hierarchical and structural framework. This is an important

Figure 3. Density forecast combinations for output growth for each of the cross-country indicators (€v€f tb̂€f t) are drawn. They cor-
respond to conditional and unconditional projections of each variable drawn in the top best submodels (Mn) according to poster-
ior distributions derived in Eqs. (65), (66), and (67).
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issue because, in multiple model class, common parameters can change meaning from one model
to another, so that prior distributions must change in a corresponding fashion and weight more
according to model size. The ROB procedure consists in two stages. First, a fully enumerated
Markov Chain Monte Carlo approach is used to move through the model space and the param-
eter space at the same time in order to obtain a reduced set containing best (possible) model sol-
utions that mainly explain and thus fit the data. Second, a further shrinkage is conducted in
order to obtain a smallest final subset of top best submodels containing the only significant solu-
tions. Finally, the regression model with higher Bayes Factor will be the final solution containing
a potential subset of predictors with higher significant overall F value and sufficiently strong !R2

measure. The performance and the usefulness of the procedure is debated by means of two exam-
ples: an empirical application to the criminal behavior in U.S. states in 1960, by replying the ana-
lysis of Ehrlich (1973), and a simulated experiment, by following the format of George and
McCulloch (1993). Here, discussion and relationships with other works have been displayed.

In this study, I also extend and implement the methodology in order to deal with endogeneity
issues and structural model uncertainty, where one or more parameters are posited as the source
of model misspecification problems, when accounting for dynamics of the economy in either
time-invariant moderate data or time-varying high dimensional multicountry data. The former is
obtained by building on and extending the framework of Lenkoski et al. (2014), who combine the
BMA approach to regression variable uncertainty and the TSLS procedure. More precisely, I
derive Conjugate Informative Proper priors for all the endogenous covariates in order to model
uncertainty and investigate endogeneity issues at both the instrument and covariate levels in the
ROB procedure. Then, the validity of instruments in the TSLS-ROB procedure is addressed by
constructing a Bayesian test of the identification restrictions based on model averaged posterior
predictive p-values. In a context of dynamic multicountry setups, I build on Pacifico (2019b) and
estimate a simplified version of the Structural Panel Bayesian VAR by defining hierarchical prior
specification strategy and MCF implementations in order to extend variable selection procedure
to a wide array of candidate models and thus candidate density forecast combinations. Bayesian
methods are used to reduce the dimensionality of the model, structure the time variations, and
evaluate issues of endogeneity. In this way, policies designed to protect the economy against the
worst-case consequences of misspecified dynamics are less aggressive and good approximations of
the estimated rule.
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