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Abstract

Investors usually assign part of their funds to asset managers who are given

the task of beating a benchmark. Asset managers usually face a constraint on

maximum Tracking Error Volatility (TEV), imposed by the risk management

office. In the mean-variance space, Jorion (2003) shows that this constraint

determines an ellipse containing all the admissible portfolios. However, many

admissible portfolios have problems in mean-variance terms, for example be-

cause of a too high variance. To overcome this problem Jorion (2003) also fixes

a constraint on variance, while Alexander and Baptista (2008) fix a constraint

on Value-at-Risk (VaR).

In this paper, I determine an optimal value for a set of bounds composed

by the minimum TEV, the maximum TEV and the maximum VaR. In partic-

ular, using the TEV Constrained-Efficient Frontier developed in Palomba and

Riccetti (2013), that is the set of portfolios that are on Jorion’s ellipse and

are not dominated from the mean-variance perspective, I develop a strategy

to impose to asset managers a set of portfolios that contains as much as

possible “TEV constrained-efficient” portfolios and as less as possible non-

efficient ones. Moreover, I show that a bound on maximum VaR is usually

better than a bound on maximum variance.
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1 Introduction

Many investors assign part of their wealth to asset managers of mutual funds (unit

trust, investment companies, etc., but also private wealth management) who are

given the task of beating a benchmark. These investors choose a benchmark, but

also ask for active management strategies. The active management approach is very

different from the passive one, in which the index fund or the Exchanged Traded

Fund (ETF) replies the benchmark’s composition and performance. Instead, an act-

ive management creates two needs: (i) to keep the risk of the portfolio (relatively)

close to that of the selected benchmark; (ii) to beat the benchmark and maximize

the investors’ utility, moving away from the benchmark.

To achieve the first need, the risk management department usually imposes a max-

imum value on the tracking error volatility (TEV). However, Roll (1992) shows that

such portfolios are generally suboptimal, because they do not belong to the mean-

variance frontier (MVF, Markowitz 1952) and they are overly risky. Indeed, the

so-called “mean-TEV frontier” (MTF), that is the set of portfolios with a given

expected return and the smallest TEV, is usually far from the efficient frontier. The

portfolio efficiency loss is defined as the portfolio’s variance minus the variance of

the portfolio on the mean-variance frontier with the same expected return.

Some methods try to mitigate the portfolio efficiency loss imposing limits on the

amount of risk that asset managers can take, using different measures of risk: Roll

(1992) imposes a limit on beta, Jorion (2003) adds a limit on portfolio variance, in

a framework with a given TEV (T ), Alexander and Baptista (2008) impose a limit

on value-at-risk (VaR), while Alexander and Baptista (2010) propose a target on

ex-ante alpha, while still minimizing TEV.

In Palomba and Riccetti (2012), the authors analyze all the interactions among some

of the proposed portfolio frontiers and find an area in the mean-variance space, de-

limited by the “Fixed VaR-TEV Frontier” (FVTF), in which an asset manager can

choose portfolios that satisfy both TEV and VaR limit at the same time and that

present a trade-off between minimizing relative risk (measured with TEV) and min-

imizing absolute risk (measured with overall portfolio variance) for any given level

of expected return. Moreover, Palomba and Riccetti (2013) draw attention to the

mean-variance efficient subset of the Jorion (2003)’s ellipse, determining the so-

called “Efficient Constrained TEV Frontier” (ECTF). For a more detailed review of
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these papers, see Section 2.

Concerning the second need reported above, Riccetti (2012) proposes to apply

a minimum TEV constraint to force the asset manager to have an active strategy.

Indeed, the recent growth of ETFs1 increases the importance to beat the benchmark

with an active management focused on the maximization of the utility and, thus,

on the reduction of the absolute risk with a constraint on the relative risk, as in

Jorion (2003). Indeed, investors (especially those who ask for mutual funds with

active management strategies) are not interested in minimizing relative risk, but

are interested in maximizing their utility, which is a function of portfolio mean and

variance.

In this paper I will propose a consistent set of bounds that risk management

offices should fix to help asset managers in achieving both the needs of investors

that choose a mutual fund with an active management strategy.

First of all, I will use the minimum TEV bound developed in Riccetti (2012). Besides

the minimum TEV, I will set a range of optimum values for the maximum TEV,

using some TEV properties found by Jorion (2003), and I will focus on the ECTF

of Palomba and Riccetti (2013) in order to determine the optimum range for a

maximum VaR constraint with two purposes:

• to reduce the number of “efficient constrained TEV” portfolios that could not

lie among feasible portfolios if other constraints are used;

• to reduce the amount of feasible portfolios far from the ECTF, that an asset

manager can choose.

The proposed framework can be applied irrespective of the method used to es-

timate the required inputs (the expected return vector and variance-covariance mat-

rix) even if, obviously, the method exploited is very relevant for the out-of-sample

performance of the allocation. For a good review of the different methods used to es-

timate expected returns and variance-covariance matrix see, for instance, DeMiguel

et al. (2009).

This analysis is relevant both for practitioners and for academics. In the former

group, it can be relevant for a risk management office and, indirectly, for the al-

1In 2014 the total U.S.-listed ETF assets reaches a new record of over $1.7 trillion (source

www.etf.com). ETFs often take advantage of lower fees, better liquidity and better disclosure

compared to mutual funds.
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location chosen by the asset managers. However, in this paper I only define useful

values for some risk management constraints, but I do not select a single “optimal”

allocation, that is the task of the asset managers that can freely choose among the

portfolios that comply with the constraints. Therefore, as already said, the paper is

indirectly relevant also for asset managers: a good set of constraints can help asset

managers in achieving a good performance, but this performance depends on the

exact portfolio choice (that is also due to many other factors, such as the goodness

of the estimates of the inputs, as explained above).

In the academic debate, compared to the previous literature (such as the already

cited Jorion, 2003, Alexander and Baptista, 2008, and Palomba and Riccetti, 2013),

this paper contributes performing a clear and explicit comparison of variance and

VaR bounds in order to select which one should be chosen in various contexts, also

adding a range of optimal values for TEV and VaR constraints.

The paper proceeds as follows: Section 2 reviews the approaches of Jorion (2003),

Alexander and Baptista (2008) and Palomba and Riccetti (2013). Section 3 explains

how minimum and maximum TEV constraints should be set, while Section 4 explains

how a risk management office should set the maximum VaR constraint given the

maximum TEV bound. Finally, Section 5 concludes. The Appendix shows the

analytical solutions of the proposed limits.

2 Review of some portfolio frontiers

In this section I review in a non-technical way (for analytical details see Appendices

A-1, A-2 and A-3) some portfolio frontiers proposed in the literature, that will be

useful for the paper. The analysis is conducted in variance-return space (σ2, µ), but

all figures are presented in the usual standard deviation-return space (σ, µ). I assume

that investor’s utility function is quadratic and that short sales are allowed. I refer

to Palomba and Riccetti (2012) for a deeper analytical analysis of these frontiers.

I analyze the choice of an asset manager who faces an optimization with a con-

straint on maximum TEV. So, feasible portfolios for the asset manager are inside

an elliptical (for relatively low TEV values) area that contains the benchmark, as

shown by Jorion (2003)2. I also call this ellipse “Constrained TEV Frontier” (CTF),

2The area is elliptical if it does not “touch” the mean-variance frontier. Moreover, Jorion (2003)

fixes the TEV value and not a maximum TEV. Fixing the TEV, Jorion (2003) shows extreme cases
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as done in Palomba and Riccetti (2012).

Moreover, Jorion (2003) shows that, with a maximum TEV constraint, a reasonable

choice to avoid overly risky portfolios, is to choose the portfolio on the CTF at the

same level of variance of the benchmark (obviously the one with the highest return,

in the upper part of the CTF). This portfolio forces the overall risk (the variance)

to be at the same level of the benchmark and usually does not have a return which

is much smaller than the portfolio on the CTF with the highest return.

In Alexander and Baptista (2008), the authors insert a VaR constraint. In the

(σ, µ) space, the VaR constraint is represented by a line with intercept -V, where V is

the VaR limit, and slope zθ, where zθ is the inverse cumulative distribution function,

with confidence level 0.5 < θ < 1. Portfolios that satisfy the VaR constraint lie on

or above the line.

Alexander and Baptista (2008) improve the mean-TEV frontier (MTF) with the

“constrained mean-TEV frontier” (CMTF): a portfolio is on the CMTF if it satisfies

the VaR constraint and there is no other portfolio with the same expected return

and with a smaller TEV. In Figure 1, CMTF is composed by segment M1R1, arcúR1R2 and segment R2M2. Then, CMTF reduces the efficiency loss compared to

MTF: for a given expected return, CMTF dominates MTF in mean-variance terms,

that is portfolios on CMTF have a smaller or equal variance (graphically, portfolios

on CMTF are at the left of portfolios on MTF or, at most, are the same).

However, CMTF presents two problems. The first is that it does not account for

the maximum TEV constraint: portfolios on segment M1K1 (except K1), and on

segment K2M2 (except K2), are not feasible. Generalizing, the first problem is that

VaR constraint is not related with the benchmark and the benchmark could also

be out of the portfolios that satisfy the VaR limit. For the same reason, even the

ellipse, that contains portfolios feasible for the asset manager, could not contain

portfolios that satisfy the VaR constraint.

The second problem concerns the mean-variance dominance: among all portfolios

that an asset manager can choose, the ones on the constrained mean-TEV frontier

(CMTF) are usually not optimal. Indeed, in Fig.1, compared with portfolios on

segment K1R1, arc úR1R2 and segment R2K2, there are other portfolios inside the

ellipse at the same return level with less variance (standard deviation in the figures),

in which the required TEV is so high that the benchmark is outside the area delimited by the

portfolios with the required TEV. However, this is not the case for the maximum TEV analysis.
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Figure 1: MVF, MTF, CTF and CMTF, in (σ,µ) space.

MVF

CTF

MTF

CMTF

or at the same variance with higher expected returns.

Summarizing, on one hand, if the asset manager has a limit on maximum TEV and

it is not compatible with the VaR limit, the fund has no way to exist. On the other

hand, if the maximum TEV is compatible with VaR limit (the VaR line intersects the

ellipse), there is no reason for an asset manager, who wants to maximize investors’

utility, to choose some of the portfolio on the CMTF, because he/she can choose

better portfolios. Moreover, if there is no TEV limit, again there is no reason to

choose a portfolio on the CMTF and not to choose a portfolio on the mean-variance

frontier (MVF).

Palomba and Riccetti (2012) face these problems, introducing the concept of

“Fixed Var-TEV Frontier” (FVTF): this is composed by the lines that delimit the

area of feasible portfolios for the asset manager (that satisfy both VaR and max-

imum TEV constraints), and that can not have, for any given level of return, other

portfolios with both a smaller variance and a smaller TEV. In practice, this area

is inside the ellipse, at the left of the CMTF (in Fig.1 among the left arc úK1K2 on

the ellipse, segment K1R1, arc úR1R2 and segment R2K2). Portfolios inside FVTF,

face a trade-off between absolute risk (variance) reduction and relative risk (TEV)

reduction: moving towards the left the variance is reduced and the TEV is increased

and vice versa.
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Palomba and Riccetti (2013) emphasize the importance of absolute risk, because,

in a mean-variance context, it influences the investors’ utility, which is not directly

related to TEV. For this reason the authors introduce the concept of “Efficient

Constrained TEV Frontier” (ECTF), defined as the set of portfolios that are on

the “Constrained TEV Frontier” (the ellipse) and are not dominated on the mean-

variance criterion.

In the following figures (see, for instance, Figure 2) the ECTF is composed by

portfolios on the upper arc øJJ1, where:

• J is the portfolio on the ellipse that has the minimum variance,

• J1 is the intersection between the ellipse and the MTF, that is the portfolio

on the ellipse with the highest return.

The ECTF definition is unchanged in spite of the slope of the ellipse, and it also

is almost unchanged in spite of the level of the maximum TEV. Indeed, the ECTF

is always the mean-variance efficient part of the set of portfolios feasible after the

TEV constraint imposition. Obviously the ECTF is not an arc on the ellipse in ex-

treme cases such as maximum TEV equal to zero (in which case the only admissible

portfolio is the benchmark), or maximum TEV above a threshold TT at which the

ellipse is tangent to the Markowitz frontier.

3 Minimum and maximum TEV limit

First of all, I want to fix a range for the TEV. To do this I will use the results

reported in Jorion (2003) and Riccetti (2012). For the analytical values of these

TEV bounds, see the Appendices A-4 and A-5.

3.1 Minimum TEV

The topic of setting a minimum TEV limit Tmin is already faced by Riccetti (2012),

who analytically determines the TEV that gives the asset manager the possibility

of obtaining a gain equal to the fees required to the investors. Indeed, if the asset

manager exactly duplicates the benchmark B, the investor has a portfolio Bcom with

the same standard deviation of the benchmark and with a return that is equal to

the benchmark’s return less the fees. The minimum TEV makes the ellipse passes
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through the benchmark B. Moreover, as already explained in the introduction, the

large growth of ETFs increases the importance to beat the benchmark with an active

portfolio allocation; then the risk management has to force the asset manager to have

an active strategy to beat the benchmark requiring a minimum TEV constraint at

least adequate to cover the required management fees.

Riccetti (2012) also faces some peculiar cases, such as very high fees or a benchmark

on (or very near) the Markowitz efficient frontier; in the latter case the choice of

an ETF reproducing the benchmark (or a mutual fund with a passive management

strategy) is obviously the best choice.

3.2 Maximum TEV

The choice of the maximum TEV T is a free choice of the risk management office,

given the characteristics that the mutual fund wants to comply with, in order to

attract investors. However, I can give some insight in order to establish a reasonable

range for this constraint.

I have to distinguish two cases depending on the fact that the expected return

of the benchmark B is above or below the expected return of the global minimum

variance portfolio on the Markowitz efficient frontier, that will be called C.

In the first case, that is if the expected return of the benchmark µB is above the

expected return of the global minimum variance portfolio µC , the maximum TEV

T should not be above a value TM , found by Jorion (2003), at which portfolio J

coincides with portfolio C. A maximum TEV above this value could be dangerous,

indeed Jorion (2003) shows that portfolios with a high TEV are on a line that moves

to the right when the TEV increases: to reach a very high TEV, the asset manager

has to choose a portfolio with a very high overall variance. Obviously the asset

manager is not forced to use all the TEV, but the risk management has to prevent

this possible event. When T increases above TM the ECTF only enlarges with

portfolios that are on the Markowitz frontier with a high variance level and, at the

same time, a large number of very risky dominated portfolios enters in the feasible

set of the asset manager. Instead, below TM a TEV increase makes the ECTF

improve reaching portfolios nearer and nearer to the Markowitz frontier and, above

the TEV value at which the ellipse has a contact point with the Markowitz efficient

frontier (analytically found by Jorion 2003), ECTF touches additional portfolios on

8



How TEV and VaR constraints should be fixed

the efficient frontier both with lower and higher variance compared to the portfolio

at the tangency point.

If TM is a reasonable maximum for the maximum TEV, I now want to set a minimum

to have a range for the maximum TEV constraint. This minimum should be above

the minimum TEV bound for an amount large enough to give asset managers a

non-empty and a not too narrow set of feasible portfolios. Therefore:

Tmin < T ≤ TM (1)

In the opposite case, that is if µB ≤ µC , the maximum of the range should

be enlarged. Indeed, the benchmark could be very inefficient because it could be

far from the efficient part of the Markowitz frontier, that is the part with a return

above µC . Then, the asset manager can largely improve the benchmark performance

with a very active strategy, that requires a lot of “bets” that moves the managed

portfolio allocation away from the benchmark, with a consequent relatively high

TEV. Therefore, the more the benchmark is far from portfolio C, the more the

maximum of the range should be enlarged. Subsequently, TM should be multiplied

for a number α > 1, that is an increasing function of both µC − µB and σ2
B − σ2

C .

Given that the minimum of the range is unchanged, the range is now:

Tmin < T ≤ α · TM (2)

In both cases, if the minimum of the range is above the maximum of the range,

this is a signal that the fees are probably set at a too high level.

4 Maximum VaR in a Jorion (2003)’s framework

Given the maximum TEV bound (that determines the positions of portfolios J and

J1), I can set a maximum VaR value. Palomba and Riccetti (2013) insert the VaR

limit in Jorion (2003)’s framework: instead of constraining the standard deviation σ

to be no more than the standard deviation σB of a reference portfolio B (for instance

the benchmark’s variance as in Jorion 2003), the VaR V could be constrained to

be no more than the VaR VB of the reference portfolio B. Palomba and Riccetti

(2013) determine the subsection of the ECTF that is available for asset managers

after the imposition of the bound on standard deviation or VaR. Moreover, they

analyze all the possible relationships among these frontiers, showing under which
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analytical conditions the VaR or the standard deviation cut a different subset of

“efficient constrained TEV” portfolios.

Starting from that analysis, I want to determine an optimal range for the VaR

bound. This optimal range has to leave in the set of feasible portfolios for the asset

manager as much as possible “efficient constrained TEV” portfolios and, at the same

time, it has to reduce (as much as possible) portfolios that are not efficient. Within

this discussion, I will also show that the choice to set a bound on the portfolio

variance, as in Jorion (2003), is usually less efficient compared to the choice to set

the VaR constraint in the optimal range that I will determine. I will explain all these

concepts graphically, while I refer to the appendix for the analytical framework.

First of all, I have to distinguish two cases:

1. the VaR of portfolio J , VJ , is lower than the VaR of portfolio J1, VJ1 , as usual

for the commonly employed confidence level values used for the VaR (above

90%): VJ ≤ VJ1 ;

2. the opposite and peculiar case of VJ1 < VJ .

For the analytical values of these VaR bounds, see Appendix A-6 for the case of

VJ ≤ VJ1 , and Appendix A-7 for the opposite case.

4.1 Case VJ ≤ VJ1

When the VaR of portfolio J is lower than the VaR of portfolio J1:

• Proposition 1: the maximum VaR V has to be set above VJ and below VJ1 :

VJ ≤ V ≤ VJ1 .

• Proposition 2: the previous bound on VaR is better than a bound on variance.

Proposition 1. The reason to set VJ as the minimum value of the range for

the maximum VaR, is that a VaR below this threshold cuts from the ECTF some

portfolios near J (the arc ùJK2 in Figure 2), or could not intersect the ellipse, leaving

the asset manager with an empty set of admissible portfolios. In other words, V ≤ VJ

does not give asset managers the possibility of working and choosing the part of the

efficient subsection of the ellipse with the lowest standard deviation (arc ùJK2).
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Figure 2: The feasible subsection of the “Efficient Constrained TEV Frontier” isúK2K1, in (σ,µ) space. Then arc ùJK2 is not admitted.

The maximum value of the range for the maximum VaR has to be set not above

VJ1 . If I fix the VaR bound at the level of portfolio J1, that is the portfolio with

maximum return of the ellipse, the feasible set of portfolios includes all the “efficient

constrained” portfolios, as shown in Figure 3. Setting a VaR above this value adds

Figure 3: VaR and variance constraints at portfolio J1 level, in (σ,µ) space.
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in the feasible set portfolios that are all dominated by the portfolios on the ECTF.

Proposition 2. It is very simple to show graphically that the constraint on VaR is

better than the constraint on portfolio variance. Indeed, the VaR constraint elimin-

ates from the admissible portfolios the non-efficient ones in the area among segment

J1K2, segment J1K3 and arc úK2K3 in Figure 3. The reason for this improvement is

that the VaR constraint is always less inclined than the vertical variance constraint.

However, VJ1 can sometimes represent quite a high level of risk compared to the

risk of a reference portfolio, that is usually the benchmark. Then, I can distinguish

two cases:

1. the VaR of the benchmark portfolio VB is above the VaR of portfolio J1:

VB > VJ1 ;

2. the VaR of the benchmark portfolio VB is below the VaR of portfolio J1:

VB ≤ VJ1 .

The first case does not present the previously explained problem: the maximum

level of admitted VaR is even below the VaR of the reference portfolio.

The second case is represented in Figure 4. It is easy to show that a bound on VaR

is again better than a bound on variance. Suppose, for instance, the maximum vari-

ance or the maximum VaR are set at the benchmark (portfolio B) level; admissible

portfolios for the asset manager are:

• portfolios in the left area between segment B1B2 and arc úB1B2, if the risk

management office sets a maximum TEV and a variance constraint at the

benchmark level;

• portfolios in the left area between segment K1K2 and arc úK1K2, if the risk

management sets a maximum TEV and a VaR constraint at the benchmark

level.

A variance constraint cuts off from the feasible portfolios those on arc ùB1J1 that

are “efficient constrained”, instead a VaR constraint saves “efficient constrained”

portfolios on arc úB1K1, while it cuts off non-efficient portfolios in the area among

segment BK2, segment BB2 and arc úK2B2.

This result is obtained with a positive slope of the ellipse, but it could be generalized

to the cases of horizontal or negative slope.
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Figure 4: VaR and variance constraints at benchmark level, in (σ, µ) space.

Summary. The maximum VaR V has to be set in the following way: VJ ≤ V ≤
VJ1 , and the use of the VaR has to be preferred to the use of the variance to constrain

the absolute risk, because it can eliminate from the feasible set several portfolios that

are surely not optimal (in the low part of the ellipse), while it can insert portfolios

that could be of interest in mean-variance terms. Moreover, in order to give to

asset managers a not too narrow feasible set of portfolios, in my opinion, the risk

management should choose a maximum VaR in the following way (see Appendix

A-6.3):

• if VB > VJ1 , then the optimal choice for the risk management is to couple the

maximum TEV with a maximum VaR set to pass through J1: V = VJ1 ;

• if VB ≤ VJ1, then the optimal choice for the risk management is to couple the

maximum TEV with a maximum VaR set at the same level of the benchmark:

V = VB.

In this way:

• compared to Alexander and Baptista (2008), I solve the problem of a VaR

constraint that is not related with the benchmark and could create empty

FVTF (as explained in Palomba and Riccetti 2012);

• compared to Jorion (2003), I improve the set of feasible portfolios substituting

the constraint on variance with the constraint on VaR (reducing or avoiding to
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cut “efficient constrained” portfolios and, at the same time, reducing inefficient

portfolios).

4.2 Case VJ1 < VJ

This very special case occurs when the slope of the VaR straight line is flatter than

the slope of the straight line that passes through points J and J1. It is a very

particular case, that can hardly happen with high confidence value for the VaR,

such as 95% or 99%.3

However, this is the only situation that can really create a trade-off between variance

constraint and VaR constraint in terms of “efficient constrained” portfolios. Indeed,

for example, in Fig.5 the VaR line that passes through the benchmark, compared

to the constraint on variance, adds in the feasible set all portfolios between B1 and

J1, but cuts the “efficient constrained” portfolios with the lowest variance, that are

in the arc ùJK2. Moreover, the VaR constraint cuts off some non-efficient portfolios

with low variance (under segment K2B and at the left of segment BB2), but it

adds some non-efficient portfolios with high variance (above BK1 and at the right

of B1B).

It is possible to set the VaR to pass through J1 in order to avoid extremely risky

portfolios, but the feasible set could be quite small (between segment K2J1 and arcúK2J1 in Figure 6) and, however, the less risky “efficient constrained TEV” portfolios

(arc ùJK2) are out of the feasible portfolios.

To summarize, in this case, the choice between VaR and variance constraint, and

the level of the constraint, is a free choice of the risk management, but the choice

of the VaR implies a riskier set of feasible portfolios in variance terms.

5 Conclusions

Asset managers of mutual funds with active management strategies usually face a

maximum value on TEV, imposed by the risk management office to avoid that the

3Moreover, if the confidence level θ is not high enough, it could happen that the intercept −V
of the VaR straight line is in the positive side of the y-axis, then it is not a VaR which is a loss by

definition. To avoid this possible problem, the VaR is here defined as the “worst expected return”

case with probability (1− θ).

14



How TEV and VaR constraints should be fixed

Figure 5: VaR and variance constraints at benchmark level, in special case 2, in (σ,

µ) space.

Figure 6: VaR constraint at portfolio J1 level, in special case 2, in (σ, µ) space.

asset managers acquire a portfolio much riskier then the selected benchmark. In the

mean-variance space, Jorion (2003) shows that this constraint determines an ellipse

that contains all the admissible portfolios. However, many feasible portfolios are

not a good choice for the investors in mean-variance terms. For example, many of

these portfolios are overly risky. To overcome this problem Jorion (2003) adds to
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the TEV constraint also a variance constraint, while Alexander and Baptista (2008)

add a VaR constraint.

In this context, Palomba and Riccetti (2013) define “Efficient Constrained TEV

Frontier” (ECTF) the set of portfolios that are on the “Constrained TEV Frontier”

(Jorion’s ellipse) and are not dominated in mean-variance terms.

In this paper, I choose a strategy to impose to asset managers a set of (con-

strained TEV) feasible portfolios that contains as much as possible “efficient con-

strained” portfolios and, at the same time, as few as possible non-efficient ones.

With this aim, the choice to set a VaR constraint in the Jorion framework is better

compared to the choice to set a variance constraint; in other words, a good choice for

risk management is to fix a maximum TEV and a maximum VaR and, in particular,

the VaR can be chosen in this way:

• if the value of the VaR constraint that passes through the benchmark is lower

than the one that passes through the portfolio with the highest return of the

ellipse, than a reasonable choice is to set the VaR at the same level of the

benchmark’s VaR;

• if the value of the VaR constraint that passes through the benchmark is higher

(or equal) than the one that passes through the portfolio with the highest

return of the ellipse, than the optimal VaR is set so that the straight line

passes through the portfolio with the highest return of the ellipse.

Indeed, on one hand, the variance constraint keeps several non-efficient portfolios in

the feasible area in the lower part of the ellipse, while the VaR constraint cuts part of

them. On the other hand, the VaR constraint can add some “efficient constrained”

portfolios that a variance constraint could cut. Moreover, in this way I link the VaR

constraint to TEV constraint, thus I solve Alexander and Baptista (2008) problem

of a VaR not related to the benchmark.

The only peculiar exception, in which this strategy could be a non-optimal way of

fixing constraints for a risk averse risk management office, is the case in which the

slope of the VaR straight line is flatter than the slope of the straight line that passes

through points J and J1.

The choice of the optimal VaR bound, derives from the choice of the maximum

TEV constraint. Using a result obtained by Jorion (2003) and the minimum TEV

limit calculated by Riccetti (2012), I also determine a range to set the maximum
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TEV limit.

Moreover, as already said, I recall the minimum TEV constraint established by

Riccetti (2012) to force asset managers to have an active strategy.

All in all, I determine a consistent set of bounds that risk management offices

should impose to asset managers, composed by:

1. a minimum TEV,

2. a maximum TEV,

3. a maximum VaR.

Further developments of this analysis could be the goal of future research. First

of all, this framework can be easily extended to methodologies, such as the Black

and Litterman model, commonly used in the mutual fund industry. Moreover, the

most important advancements are: (i) to study the combination of TEV, VaR and

variance constraints, with constraints on portfolio weights (see, for instance, Bajeux-

Besnainou et al. 2011), as short sales prohibition; (ii) to study more complex utility

functions that also consider higher moments (such as skewness and kurtosis) of the

returns distribution.

Appendix

To analytically describe all the selected bounds, as usual in this literature, some

notation has to be provided.

A-1 TEV

First of all, the TEV measures the volatility of the deviations of active portfolio

returns from the benchmark portfolio returns. Using the following notation:

• qb vector of benchmark asset weights,

• qp vector of portfolio asset weights,

• x = qp − qb vector of deviations from benchmark,
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• Ω variance-covariance matrix of asset returns,

the tracking error variance T , also called tracking error volatility (TEV), can be

written as:

T = x′Ωx (A-1)

It often happens that the TEV is defined as the standard deviation of the tracking

error. In this case the TEV is
√
T . However, hereafter, I will call T as TEV4.

A-2 VaR

Alexander and Baptista (2008) insert a VaR constraint, which is the maximum loss

at a given confidence level that the portfolio can suffer over a time period. In the

usual mean-variance framework, it is assumed that asset returns have a multivariate

Normal distribution. Then, the expected portfolio VaR VP at the θ confidence level

(with 0.5 < θ < 1) is:

VP = zθσP − µP (A-2)

where zθ = Φ−1(θ) and Φ(.) is the standard normal cumulative distribution function,

σP is the standard deviation of portfolio P returns and µP is its expected return5.

Inserting a constraint on maximum VaR VP ≤ V in equation A-2, I find that

E(µP ) ≥ −V + zθσP (A-3)

which represents, in the (σ, µ) space, a straight line with intercept −V and slope zθ.

Portfolios that satisfy the VaR constraint lie to the left/above half-plane generated

by the line represented by equation A-3.

A-3 Efficient Constrained TEV Frontier (ECTF)

Palomba and Riccetti (2013) define the “Efficient Constrained TEV Frontier” (ECTF)

as the set of portfolios that are on the “Constrained TEV Frontier” (that is on the

ellipse if the TEV is not too large) and are not dominated in mean-variance terms.

4Moreover, other authors such as Grinold and Kahn (2000) define as Tracking Error what I call

tracking error volatility.
5Some academics, such as Maspero and Saita (2005), and some practitioners define as relative

VaR (RVaR) the opposite of what I call VaR.
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The ECTF is composed by portfolios on the small arc øJJ1 on the ellipse. To de-

scribe the two portfolios J and J1, further notation has to be provided: given n

assets, the n-dimensional column vector µ contains the expected returns (while the

squared n × n matrix Ω represents the variance-covariances matrix, as already ex-

plained). The following constants are defined: a = ι′Ω−1ι, b = ι′Ω−1µ, c = µ′Ω−1µ

and d = c − b2/a, where ι is a n-dimensional column vector in which each element

is 1.

The minimum variance portfolio of the mean-variance frontier C has expected re-

turn µC = b/a and variance σ2
C = 1/a.

All these values are independent from managers’ strategies because they are derived

exclusively by the available data.

The benchmark B can be defined as the reference portfolio with expected return µB

and variance σ2
B.

Last, I define:

∆1 = µB − µC

∆2 = σ2
B − σ2

C

∆1 determines the slope of the ellipse: if ∆1 is positive the slope is positive and vice

versa.

Now I can determine portfolios J and J1. J , that has expected return µB − ∆1

√
T√

∆2

and variance σ2
B + T − 2

√
T∆2, is the portfolio of the ellipse that has the minimum

variance.

J1, that has expected return µB +
√
dT and variance σ2

B + T + 2∆1

È
T/d, is the

intersection between the ellipse and the MTF, that is the portfolio on the ellipse

with the highest return.

Analytical details about these portfolios are in Jorion (2003). Table A-1 summarizes

the characteristics of the three portfolios that are the most relevant in determining

the maximum VaR limit.

Table A-1: Relevant portfolios

Portfolio Mean Variance

B - benchmark µB σ2
B

J - ellipse portfolio with minimum variance µB − ∆1

√
T√

∆2
σ2
B + T − 2

√
T∆2

J1 - ellipse portfolio with maximum return µB +
√
dT σ2

B + T + 2∆1

È
T/d

19



How TEV and VaR constraints should be fixed

A-4 Minimum TEV

Riccetti (2012) faces the topic of analytically determining the minimum TEV that

has to be requested to asset managers to have an active management. In particular,

that paper requires the minimum effort to beat the benchmark covering the fees

requested to the investors. In other words, Riccetti (2012) derives the minimum

TEV that gives to the asset manager the possibility of obtaining a gain equal to the

requested fees.

Defining com as the amount of fees paid by the investors to the asset manager, the

equations that a risk management office has to apply to understand if the asset

manager has done enough activity to beat the benchmark are the following:

• if com > −2∆1, the minimum tracking error variance is:

Tmin = 2∆2 −
2∆1(∆1 + com)

d
−

2∆2

d

Ì
∆4

1 + 2com∆3
1 + com2∆2

1

∆2
2

− 2d∆2
1 + 2comd∆1 + com2d

∆2

+ d2 (A-4)

• otherwise (that is if com ≤ −2∆1), the minimum tracking error variance is:

Tmin =
com2

d
(A-5)

Even if Eq.(A-5) should be used only with an inefficient benchmark (negative ∆1,

that is µB < µC) as shown by Riccetti (2012), it is much simpler than Eq.(A-4),

and it always implies a minimum TEV smaller than the one obtained by Eq.(A-4),

then it can be set as a lower bound for tracking error variance.

A-5 Maximum TEV

A-5.1 Maximum TEV: maximum of the range

The maximum TEV should not be above a value α · TM , where TM is the value at

which portfolio J coincides with C (the global minimum variance portfolio on the

Markowitz efficient frontier) found by Jorion (2003). Jorion analytically derives this

value finding:

TM = ∆2 (A-6)

20



How TEV and VaR constraints should be fixed

Furthermore, α ≥ 1 should be a decreasing function of ∆1 and an increasing function

of ∆2. In particular, α should be set at 1 if ∆1 > 0, while it should be above 1 when

∆1 ≤ 0.

A-5.2 Maximum TEV: minimum of the range

The minimum of the range for the maximum TEV, has to be above the minimum

TEV defined in the previous subsection A-4.

Therefore the maximum TEV should be in the following range:

com2

d
< T ≤ α ·∆2 (A-7)

A-6 Maximum VaR: VJ ≤ VJ1 case

A-6.1 Maximum VaR: minimum of the range

To fix a VaR constraint smaller than VJ causes the loss of the “efficient constrained

TEV” portfolios with the smallest variance. This is due to a trade-off between

VaR and standard deviation of returns for portfolios included in arc øJK, where K

is the tangency point between the VaR straight line and the CTF (see Palomba

and Riccetti 2012, to determine portfolio K): among these portfolios, J presents

the minimum standard deviation but the maximum VaR, while K has maximum

standard deviation and minimum VaR, and all portfolios inside this arc face a trade-

off between VaR and variance reduction. For a discussion on this trade-off, see

Palomba and Riccetti (2013) or Alexander (2009)6.

Therefore the minimum of the range for the maximum VaR is:

VJ = zθ(σ
2
B + T − 2

È
T∆2)1/2 − µB +

∆1

√
T√

∆2

. (A-8)

A-6.2 Maximum VaR: maximum of the range

In general the maximum of the range for the maximum VaR is VJ1 :

VJ1 = zθ(σ
2
B + T + 2∆1

È
T/d)1/2 − µB −

√
dT . (A-9)

6Substituting the concept of mean-variance efficiency with the concept of mean-VaR efficiency

of Alexander (2009) this problem is obviously overcome and the bound for setting the minimum

acceptable VaR is VK , even if in this extreme case the only feasible portfolios is K, which is a too

restricted and practically unreasonable space for asset managers’ choices.
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A-6.3 Maximum VaR: a possible choice

As explained in Section 4, a possible choice to set the maximum VaR can be the

following, that divides two cases.

VJ ≤ VJ1 < VB case. In this case the optimal VaR level is reported in Equation

A-9, that is, the one that passes through the portfolio with the highest return of the

ellipse (J1): it makes all “efficient constrained TEV” portfolios to be feasible and,

compared to variance constraint at J1 level, this constraint always cuts off some

inefficient portfolios in the lower part of the ellipse.

VJ1 < VB means that the value of the VaR constraint for the VaR straight line

that passes through the benchmark is higher than the value for the VaR straight

line that passes through the portfolio with the highest return of the ellipse (portfolio

J1). The former is equal to

VB = zθσB − µB (A-10)

while the latter is in equation A-9.

So the first is higher than the second if

σB >

 
σ2
B + T + 2∆1

Ê
T

d

! 1
2

−
√
dT

zθ
(A-11)

As explained in Palomba and Riccetti (2013), a necessary and sufficient condition

for VB > VJ1 is that the slope of the straight line that passes through B and J1 is

negative or vertical, or is positive and higher than zθ (that is µB−µJ1

σB−σJ1
> zθ).

VJ ≤ VB ≤ VJ1 case. This is the opposite of the previous case. In this case it

could be better to set the maximum VaR at VB level (Equation A-10).

A-7 Maximum VaR: VJ1 < VJ case

As explained in Palomba and Riccetti (2013), a necessary and sufficient condition

for VJ1 < VJ is that the slope of the VaR straight line is flatter than the slope of the

straight line that passes through points J and J1. Since the straight line passing

through J and J1 has the slope

ẑ =
µJ1 − µJ
σJ1 − σJ

, (A-12)
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where σJ0 and σJ1 are the standard errors associated to portfolios J and J1, then

VJ1 < VJ when zθ < ẑ.

With a further decomposition of the equation, I also obtain:

zθ <

√
d
�q

σ2
B + T + 2∆1

È
T/d+

È
σ2
B + T − 2

√
T∆2

�
2
√

∆2

(A-13)

In this very peculiar case the risk management could prefer a limit on variance

to a bound on VaR.

A-8 Summary

Table A-2 summarizes the proposed constraints.

Table A-2: Optimal limits
Minimum TEV Tmin = com2

d

Maximum TEV (range) com2

d < T ≤ α∆2

Maximum VaR, VJ ≤ VJ1 < VB case V = zθ(σ
2
B + T + 2∆1

È
T/d)

1
2 − µB −

√
dT

Maximum VaR, VJ ≤ VB ≤ VJ1 case V = zθσB − µB
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