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Abstract This paper proposes a three-parameter statistical modiet@ie distribution by exploiting recent developments
on the use of deformed exponential and logarithm functiensugigested by Kaniadakis (2001, 2002, 2005). Formulas for
the shape, moments and standard tools for inequality measunt are given. The model is shown to fit remarkably well
the personal income data for Great Britain, Germany and thiged States in different years, and its empirical perforoea

appears to be competitive with that of other existing disitions.
Keywords Income distribution Income inequality k-generalized distribution
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1 Introduction

In the analysis of income distribution, analysts have foitindeful to have a mathematical description for the sizg&idigion
of income based on estimates of functional forms. Indeedrarpetric model of the way the empirical distributions ldik
enables to get an easier grip upon particular features dntimene distribution and can be useful in a variety of appiices,
from the comparison of distributions in different poputes and/or over time, to the measurement of inequality aad th
elaboration of income redistribution policies, up to thamcterization of the solution to economic models of th@ine
distribution process.

In applied work, the principal functional forms used as digsors of the distribution of income have been the logndrma
or Pareto densities. Both distributions arise from stotibasodels of income growth. For example, Gibrat (1931) demo

strated that if income growth rates are random and indepgratethe initial size, then lognormality of incomes occurs
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irrespective of the initial distribution. Variations onigltheme are able to generate Pareto distributions inseegdGham-
pernowne 1953). However, these simple models are evidémtited in the variety of shapes of income distribution that
they can be expected to describe. The problem is that néitéognormal nor the Pareto density provides an adequate fit
actual data. The former does not adequately fit the tailseolibtribution, while the latter only fits the very top of thistd-
bution. Moreover, both densities are outperformed in tesfrgoodness-of-fit by parsimonious alternatives (e.g. grama
distribution proposed by Salem and Mount 1974). Subsequerk indicated that still further improvements could be mad
by considering families of densities flexible enough to bk @b capture the prominent features of the observed income
distributions. For instance, McDonald and Xu (1995) praubthe generalized beta, a quite general family of prokigbili
density functions that nests most of the income distrilm#timtroduced in the econometrics literature as speciahotinhg
cases. Of these, the Singh-Maddala (1976) and Dagum (193tripdtions have shown them to be a good compromise

between parsimony and goodness-of-fit in many instances.

In this paper we introduce a new three-parameter distohuiased on the generalization of the exponential and kbgari

functions proposed by Kaniadakis (2001, 2002, 2005) andeléfas

Xl

exp (x) = ( 1+ K22+ KX) , XeR, (1a)
XK _ x—K
IOgK (X) = 2K , X€& R+a (1b)

which lead to the standard exponential and logarithm when 0 and exhibit a power-law behavior at the boundaries of

their support, i.e.

exp, (x) Ll |2k x| il , (2a)

log, (X) ~ NG (2b)
K x—0t 2|K| ’

log, (X) ~ 1w (2c)
K x——+00 2|K| '

Formally, the distribution can be obtained by maximizingading to Jaynes (1957a,b) maximum entropy principle the

Shannon (1948) information measure

S=_ / f (x)log f (X 3)
0
under the natural constraint that normalizes the density,
/ f(x)dx=1, 4
0
and the three characterizing moments
/Iogxf x)dx=logf — = {y+ 1) ( ) +log(2k) + K} (5a)
@ 2a
2( X 1 1
O/Iog 14k (B) ] (X)dx = 2K — w<1+4K)+w<2 4K> (5b)
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0/Iog \/ 1+ K2 (;) —K(;) f(x)dx:o/smh 1{—K <;) }f(x)dx_K. (5¢)

The solution to the variational problem (3)—(5), obtaimabsing the method of Lagrange multipliéri given by what we

call thek-generalized distribution

foxa,B.K) = = (X>a_lexn<[_w <=0

PABS eewp

wherea > 0 is a shape parametg,> 0 is a scale and < [0,1) measures the heaviness of the right#ail.

(6)

In a previous work of us (Clementi et al. 2010) the above fiomet form was adopted successfully in modelling the
personal income distribution in Italy. However, one may gina that income in other countries is distributed diffelen
By using sets of data for three developed economies (Gre@ilBrGermany and the United States) across several years,
in this paper we draw conclusions about the quality of theppsed model in describing the distribution of income more
generally than just the Italian characteristics. The bpsiposition is that the density (6) provides a very good degon
of the observed income distributions, ranging from the legion to the middle region, and up to the right tail.

The plan of the paper is as follows: Section 2 proposes thedistribution and examines its theoretical properties.
Section 3 studies its empirical performance and makes cosgps with other existing distributions. Section 4 sumizes

the paper.

2 The distribution and its properties
2.1 Definitions and interrelations

A random variableX is said to have &-generalized distribution if it has the probability degsianction (6). The corre-

sponding cumulative distribution function reads
F(xa,B,k)=1—exp [—(x/B)], (7

and the quantile function equals

Fl(u;a,B,K):B{IogK <1iu>r’ O<u<1 (8)

As Kk — 0, the distribution tends to the Weibull distribution; itnche easily verified that

lim F (x a,B,K) = 1—exp[— (x/B)“] 9)
and
a-1
lim, £ (x 0, B,) = % (;) exp[— (x/B)°] . (10)

1 See Appendix A of Clementi et al. (2010).

2 Notice that the use of the entropy formalism in the analysisadme distribution is not new. For example, Ord et al. (19B&pur (1989) and Leipnik
(1990) pointed out that several income distributions migtgdiected if one uses a criterion of maximum entropy. On thelialdy side, the entropy-based
measure of inequality proposed by Theil (1967) naturallytionted to the development of a general information-théoggiproach to the measurement
of inequality (Cowell 1980a,b; and Cowell and Kuga 1981a,b)



For x — 0" the distribution behaves similarly to the Weibull model é)d (10), whereas for largeit approaches a

Pareto distribution with scal@ (2K)’% and shapég, i.e.

a
K

F(KGJ&K)Xj_llﬁ(%?a] (11)
and N
e[ 2x)#]"

f(X;a’B’K)HNwT’ (12)

thus satisfying the weak Pareto law (Kakwani 1980)

. xf(xa,B,k) «
S I-F(ea k) K .

From (8) the median is

Q-

Xmed = 3 [l0gy (2)] (14)

The distribution is unimodal, the mode being at

% 2 =
Xmode:B C{Z—"_ZKZ(C{_:L):l {\/1+4K2(02_K2)(a_1) _1} (15)

2k2 (a2 —k?) [a2+2k2 (a — 1))

if o > 1; otherwise, the distribution is zero-modal with a polehat origin.

2.2 Moments and other properties

Thert-order moment about the origin of tkegeneralized distribution equals

Q=
X

F(A+a) (5~ 2)

2
) (16)
146K T (5 +2)

Uy = /x’f (xa,B,k)dx=B"(2k)~
0

whererl (-) denotes the gamma function, and existsdor r < <. Specifically,/,li = mis the mean of the distribution and

, Lfraeyr(A-) [ra+dri-n1?
02:“2_m2232(2K) a 1(_|_2’?),-(2f i{)_ §-+Ka)r(21< Zfr) (17)
a [ (z+3) a (2% +2¢)
is the variance. Hence, the coefficient of variation equals
o kPTG T (- r2+5) 8
K= a+2k r2(Lr(Li yr2(i_ 1 :
(a) (2K+a) (ZK 20{)

It is also possible to define the standardized measures wheles and kurtosis, respectively given by

Uz pz—3ppm+2m?

—ts _ Mo ST (19)

i

and
M4 My —Augm— 6,n? — 3
T g4 gt

Vo (20)

)



wherepr = 3 _g (;) (—1)'} u]mr*j is the moment about the mean.

2.3 Lorenz curve and inequality measures

The Lorenz (1905) curve of the-generalized distribution is available in terms of the firstment distributiorl (F (x)) =

m XX p (x’) dx, namely

Fhlmetoafm () wGomd)
1

whereBy (-,-) is the incomplete beta function with = (1—u)?*. Clearly, the curve exists if and only§ > 1. The use of
(21) can be done analytically.

As regards scalar measures of inequality, the well-known (&R14) coefficient can be derived using the represemtatio
in terms of order statistics due to Arnold and Laguna (197&)G=1-m1 [J’[1-F (x)]2dx, yielding

_|_

2042k T (
2a+k T (

1 1 1
=)\ T 5= 4+ ==
GK -1 2](:1) (2{( Zf) .3 (22)
2a 2k 2a
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Furthermore, the generalized entropy (GE) class of inégquakasures (Cowell 1980a,b; and Cowell and Kuga 1981a,b)

is defined as .
1 (B[ @0 o T (5 —a) ( 9)
GE« (0) = = K0/ (14— )| -1y, 6+#0,1 23
The mean logarithmic deviation index is
MLDy = lim GE (9)—E + x +log(2«) —alo B +K (24)
K= g CER )= Y o5 g 9\m ’

wherey = — (1) is the Euler-Mascheroni constant agiz) = "' (z) /I (2) is the digamma function. The Theil (1967)

1 1 1 1 1 1 1
l,U(l—Fa) _Ew (2'(_20) _éw <2K+2(1> —log(2k)
B oK

+a|og(m> T

Expressions for each GE index other than for the c@se®, 1 can be derived by straightforward substitution. In pattg

index is

. 1
Ty :(IganlGEK(G) =5

(25)

the bottom-sensitive index is given by

GE(-1)=—5+ , (26)

8 Using Stirling approximation for the gamma functidh(z) ~ \/2nzZ*% exp(—z), and taking the limit as — O in Equation (22), one arrives after
some simplification aGp = 1 — 2*%, which is the explicit form of the Gini coefficient for the Vieill distribution (e.g. Kleiber and Kotz 2003, p. 177).
Since the exponential distribution is a special case of teéW with shape parameter equal to 1, one directly detersiihat fork — 0 anda = 1 the
exponential law is also a special limiting case of khgeneralized distribution, with a “true” value of the Gimefficient equal to one half (e.g. Byulescu
and Yakovenko 2001).



whereas the expression for the top-sensitive index is

2 2 1 _1yr2¢1 , 1
GE((2) = 242191 K) rz("l) r(iK i) rz(i“:i")—l ~lov 27)
2 a+2k I (a)r(2K+a)r <2K 20{) 2

Finally, the Atkinson (1970) class of inequality indices foequality aversion parameter=1— 6, € > 0 ande # 1,

can be easily computed fro®E, (8) by exploiting the relationshipy (¢) =1—[e (e —1)GEx (1—¢) + 1] Te (e.g. Cowell

AK(S)_l_{@)ls (26) " r@—iz_wr(lg;e)”“, (8)

The limiting form ase — 1 of the equation above & (1) = 1 —exp(—MLDy).4

1995); this yields

3 Estimation and comparison of alternative distributions

To test the performance of the proposed new statisticailoligion we use data from the 2008 release of the Cross-hitio
Equivalent File (CNEF), a commercially available databas@piled by researchers at Cornell University (Burkhaeset.
2001). The CNEF includes data for Great Britain, GermanythadJnited States, and provides cross-nationally comparab
information about income, employment and a number of deapigc characteristicsThe surveys used to build the CNEF
are the British Household Panel Study (BHPS), the GermaimSonomic Panel (GSOEP) and the US Panel Study of
Income Dynamics (PSID). The sample period is 1991-2004HerBHPS, 1984-2007 for the GSOE®nd 1980-2005
for the PSID (which switched to biennial data collectioneaft997). All calculations are based on the household post-
government income expressed in nominal local currency This variable represents the combined income after taxes a
government transfers of the head, partner and other fangiybers. Since the PSID stopped estimating household taxes
in survey year 1992, from that year onward we use the analGNEF variable for which taxes were estimated using the
National Bureau of Economic Research TAXSIM model (Feeglaerd Coutts 1993). Observations with zero or negative
incomes have been removed from the samples of each couhtsyeXclusion has affected only a tiny fraction of the data.
Furthermore, incomes have been adjusted for differenchstisehold size using the “modified OECD” equivalence scale
(Hagenaars et al. 1994and weighted by the provided sampling weights.

Estimates by maximum likelihood of the parameters for eamimtry and year are shown in Tablé Also displayed
are the log-likelihood and selected distributional stetssimplied by the model parameter estimates, i.e. the m@&am
coefficient and Theil index, reported to facilitate a conigam with their corresponding empirical estimates in TdbleThe

model fit varied slightly across years and countries but vesetally excellent. This is demonstrated by the probatplibts

4 Notice that all the measures considered here are functiotheafistribution moments, whose existence depends on somiionadjuaranteeing the
convergence of relevant integrals. As a matter of exampleGthecoefficient (22) exists provided the mean of the distitoum = [ xf (x; a, B, k) dx
converges, which is true wheh > 1. As shown by Kleiber (1997), the problem of existence ofipapinequality measures is common to various parametric
models of income distribution.

5 The CNEF also includes some data for Australia, Canada anz&Veind. They are not used in this paper.

6 Before the reunification of Germany, the GSOEP samples onlydrchouseholds living in the western states of the FedezpLiBlic of Germany.
The first wave of the East German sample was collected in Jur@ b8fbre the currency, economic and social union came intefon July 1.

7 The “modified OECD” equivalence scale allocates points ttgaerson in a household by taking the first adult as having ghteif 1 point, whereas
each additional person who is 14 years or older is allocat®g@ints, and each child under the age of 14 is allocated @dirg Equivalized household
income is derived by dividing total household income by a faetpual to the sum of the equivalence points allocated to thuséhold members. Unlike
the old OECD scale, the modified one gives less weight to anijiadal household member, allowing for higher economies ofesca

8 The model parameters have been estimated by minimizing the veegéthe log-likelihood function via a PORT routine as stigglby ther function
nlminb (R Development Core Team 2011). Convergence was achievidyl\wiRin several iterations.



Table 1 Selected standard distributional summary measures forFCiNiEa, 1980-20G7
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a Numbers in parenthesis: standard errors obtained via 1,00@toap replications




Table 1 continued&

Great Britain (BHPS-CNEF)

Germany (GSOEP-CNEF)

Unitedest&@p SID-CNEF)

Wave Obs Mean "~ Gini Theil Obs ___ Mean i Thei Obs Mean o Theil
Households Individuals (GBP) Households Individuals (BUR Households Individuals  (USD)
1994 5,039 12,625 9’(%? (0%(2)35’ (0%(1)2? 6,434 16,976 14'(51%% (%'.%%%) (%'B%% 8,585 23,475 20'2?311 " 0&8?0%7) .8('1;@)’3
1996 5,014 12,588 10£8;1 (0%?)2? (o%ég? 6,518 17,009 15&%‘5 (%'.%%%) (%'.t‘é%) 8,464 22,952 21'9(33?62) 0570106) .&(25?8
1998 5,946 14,680 1(11’271’)3 (0(.)53231 (o(.)dﬁi 7,261 18,315 15'(220%) (()6_207067) ?d_lc)ii) — E— — —
2000 sse4 21230 ol L RS 12575 30771 OTPL SN oo — S - —
2001 10,354 25,923 1?1’23? (O%%;‘)S (o(.)d%)i? 11,338 27,791 17'(2;632;) (00'_%7054) (od_%%‘;) 7,357 20,434 29'1(7:376) O.(S?OSOS)OS.LZ??Q
2002 8706 20951 pnd 0l (0p0o) 12050 20644 TR0 S Goos — S — — —
2004 8,424 21,007 1(51'21? (0%%2? (096%);; 11,202 27,027 18'(01‘&) (%'%%i) (Od})‘é%) — — — — —
2005 — — — — — 10,868 25,863 1%%’ (0%%?3 (OF’(')B‘Z‘)‘ 7,960 21,588 32’337598) (%%1131) 8%@177)
2006 — - — — 11,888 27,668 1?2%\;3 (o(.)dgg)s (o(.)d%; — - — —
2007 — - — — 11,119 25729 12’%2? (0(_)635 (0?6%);()3 — - — —

2 Numbers in parenthesis: standard errors obtained via 1,00@toap replications



Table 2 Estimatedk-generalized parameters for CNEF data, 1980-2007

Wave _ Parameters _ “logLP Mearf Gini¢ Theil
a B K
Great Britain (BHPS-CNEF)
1991 2.584 (0.027) 8,971 (45) 0.650 (0.020) 131,812 8,701 2840. 0.139
1992 2.518 (0.026) 9,604 (49) 0.643 (0.020) 128,916 9,324 290. 0.145
1993 2.400 (0.025) 10,057 (53) 0.565 (0.019) 124,676 9,609 2920 0.144
1994 2.483(0.026) 10,259 (53) 0.606 (0.019) 124,508 9,876 .2880 0.142
1995 2.504 (0.027) 10,633 (56) 0.656 (0.020) 122,031 10,367 0.293 0.149
1996 2.525(0.027) 11,162 (58) 0.635 (0.020) 124,901 10,807 0.288 0.142
1997 2.539(0.027) 11,822 (61) 0.628 (0.020) 124,295 11,419 0.285 0.140
1998 2.497 (0.026) 12,141 (63) 0.644 (0.019) 123,158 11,800 0.292 0.147
1999 2.622(0.029) 12,588 (66) 0.686 (0.021) 121,336 12,309 0.285 0.141
2000 2.617 (0.029) 13,533 (70) 0.656 (0.021) 120,871 13,129 0.282 0.136
2001 2.670(0.029) 14,285 (72) 0.670 (0.020) 119,903 13,881 0.278 0.133
2002 2.046 (0.020) 14,124 (80) 0.399 (0.017) 113,616 13,127 0.313 0.162
2003 2.784(0.031) 15,481 (77) 0.694 (0.021) 116,036 15,070 0.271 0.126
2004 2.759 (0.031) 16,033 (82) 0.715 (0.021) 113,404 15,709 0.276 0.132
Germany (GSOEP-CNEF)
1984 3.276 (0.001) 10,378 (1) 0.894 (3e-04) 596,373,508 4380, 0.257 0.118
1985 2.981 (5e-04) 10,783 (1) 0.800 (3e-04) 604,491,927 7010, 0.268 0.126
1986 3.003 (5e-04) 11,154 (1) 0.743 (3e-04) 610,107,762 9110, 0.258 0.116
1987 3.083 (5e-04) 11,742 (1) 0.779 (3e-04) 615,237,096 5511, 0.256 0.115
1988 3.020 (5e-04) 12,044 (1) 0.765 (3e-04) 622,455,192 8311, 0.260 0.117
1989 2.984 (5e-04) 12,578 (1) 0.733 (3e-04) 629,596,037 2812, 0.258 0.116
1990 2.745 (4e-04) 13,147 (1) 0.671 (3e-04) 643,844,471 7412, 0.271 0.126
1991 2.830 (4e-04) 13,991 (1) 0.705 (3e-04) 655,533,950 6363, 0.268 0.124
1992 2.545 (3e-04) 13,663 (1) 0.618 (3e-04) 827,719,391 1603, 0.283 0.137
1993 2.547 (3e-04) 14,499 (1) 0.628 (2e-04) 837,914,115 0014, 0.285 0.139
1994 2.596 (3e-04) 14,961 (1) 0.662 (3e-04) 848,064,767 5414, 0.284 0.140
1995 2.474 (3e-04) 15,292 (1) 0.617 (2e-04) 850,741,479 76B4, 0.291 0.145
1996 2.564 (3e-04) 15,662 (1) 0.640 (2e-04) 853,700,688 1605, 0.285 0.139
1997 2.651 (3e-04) 15,881 (1) 0.663 (2e-04) 859,137,399 4185, 0.279 0.134
1998 2.606 (3e-04) 16,110(1) 0.638 (2e-04) 861,601,716 5615, 0.280 0.134
1999 2.721 (4e-04) 16,453 (1) 0.715 (3e-04) 865,437,108 1416, 0.280 0.136
2000 2.653 (4e-04) 17,285(1) 0.677 (3e-04) 869,878,074 8386, 0.281 0.136
2001 2.713 (4e-04) 17,657 (1) 0.691 (3e-04) 868,448,331 2257, 0.277 0.133
2002 2.497 (3e-04) 18,026 (1) 0.658 (3e-04) 874,399,292 5997, 0.294 0.150
2003 2.540 (3e-04) 18,574 (1) 0.672 (3e-04) 876,321,686 1638, 0.292 0.148
2004 2.412 (3e-04) 18,733 (1) 0.591 (2e-04) 875,663,423 0183, 0.294 0.148
2005 2.418 (3e-04) 18,717 (1) 0.639 (3e-04) 875,106,299 2388, 0.301 0.156
2006 2.308 (3e-04) 18,592 (1) 0.651 (2e-04) 874,183,908 31108, 0.316 0.174
2007 2.417 (3e-04) 18,918 (1) 0.706 (3e-04) 878,491,225 8288, 0.311 0.171
United States (PSID-CNEF)
1980 2.223(0.005) 10,022 (12) 0.595 (0.004) 2,920,908 ®,75 0.318 0.174
1981 2.200 (0.005) 10,775 (13) 0.627 (0.004) 2,917,591 0B0,6 0.326 0.186
1982 2.108 (0.004) 11,802 (14) 0.544 (0.004) 2,942,808 861,3 0.325 0.181
1983 2.035(0.004) 12,488 (17) 0.583 (0.004) 2,952,852 2,2 0.342 0.204
1984 1.945(0.004) 13,538 (17) 0.532 (0.004) 3,204,164 78,1 0.347 0.208
1985 1.987 (0.004) 14,248 (19) 0.622 (0.004) 3,217,831 14,2 0.357 0.226
1986 1.922 (0.004) 15,143 (20) 0.568 (0.004) 3,184,868 4,9 0.357 0.223
1987 1.928 (0.004) 15,853 (21) 0.567 (0.004) 3,168,692 616,6 0.356 0.222
1988 1.924 (0.004) 16,709 (23) 0.588 (0.004) 3,157,653 415,6 0.361 0.230
1989 1.962 (0.004) 17,463 (23) 0.658 (0.004) 3,581,257 m7,8 0.369 0.246
1990 1.956 (0.004) 18,308 (24) 0.656 (0.004) 3,601,127 ou8,7 0.369 0.247
1991 1.925(0.004) 18,966 (25) 0.620 (0.004) 3,584,341 59,1 0.367 0.241
1992 1.980 (0.004) 18,875 (23) 0.602 (0.004) 3,623,369 9B8,7 0.354 0.221
1993 1.912 (0.004) 20,313 (26) 0.559 (0.004) 3,425,653 30,0 0.357 0.223
1994 1.842 (0.004) 19,605 (26) 0.617 (0.003) 3,515,388 (20,0 0.382 0.262
1995 1.901 (0.004) 20,387 (26) 0.623 (0.004) 3,665,639 720,6 0.372 0.248
1996 1.956 (0.004) 21,337 (28) 0.655 (0.004) 3,658,714 &a1,7 0.369 0.246
1997 2.013 (0.005) 23,796 (37) 0.650 (0.005) 2,386,326 24,0 0.359 0.230
1999 1.760 (0.004) 23,101 (37) 0.589 (0.004) 2,787,289 623,5 0.391 0.275
2001 1.978 (0.005) 27,085 (41) 0.760 (0.005) 2,906,628 88,9 0.389 0.288
2003 1.815(0.004) 28,704 (42) 0.584 (0.004) 3,183,241 628,9 0.380 0.256
2005 1.774 (0.003) 30,029 (38) 0.637 (0.003) 4,440,930 B1,2 0.400 0.293

a Numbers in parenthesis: estimated standard errors

b Negative of the log-likelihood function corresponding e test set of parameters found

¢ Analytic value obtained by substituting the estimated patarsénto Equation (16) with=1

d Analytic value obtained by substituting the estimated patarsénto Equation (22)
€ Analytic value obtained by substituting the estimated patarsento Equation (25)
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shown in Figure 1 for the most recent data available (foribyewe do not report plots for each year and country but they a
available from the authors on request). These are ploteafumulative probabilities of income expected given theresed
k-generalized parameters against the cumulative probabibbf income observed in the data. Excellent goodnesi-isf-
demonstrated by the fact that every plot lies extremelyectoghe 45-ray from the origin, and much closer than is typically

observed in plots of this type.

For comparison, the results of fitting other existing thpegameter distributions able to accommodate sufficienitilex

ity to model heterogeneous income data are given in Tablesl3la Namely, these models are the Singh-Maddala (1976)

distribution
-q
F(x;a7b,q):1—{1+ (g)a} , x>0, abqg>0, (29)
and the Dagum (1977) type | distribution
xy—a] P
F(x;a,b,p):{u—(b) } , x>0, abp>0, (30)

which are closely related (Kleiber 1996). The correspogdiensities are

agp@1
f(xab,q) = —————F7= (31)
ba [1+ ()%™
and
ap—1
f(xab,p) = —m (32)

e [1+ (3)7)°
In order to decide which distribution better models the data adopt the Vuong (1989) testing approach to model

selection for non-nested hypothesis. This approach setadtiuel selection criterion in a hypothesis testing frantéwdore

specifically, it tests whether the models under considanaie equally close to the “true” model. The null hypothstises

that both models are equivalent against the alternativéthés better tharHg or Hy is better tharH¢. The proposed statistic

is asymptotically normal under the null hypothesis and iseggtraightforward to compute. Tables 5 and 6 report theltes

of the comparison for the three candidate models. As candag Hone takes the 5% as the relevant significance level only

in two cases (i.e. when comparing to the Dagum type | didiiobufor Great Britain and Germany) the present distributio

is selected by the Vuong test as the worse model a high pegenf times. However, if one lowers the significance level at

1% the test concludes that the competing models are alwdgasitobservationally equivalent.

To further explore the performance of the above theoreteakities, we carry out a detailed goodness-of-fit analysis
by using six waves of GSOEP-CNEF data for the years 2002 ¢tr@007. Due to the inclusion of a special sample for
high-income households (“Sample G”), these waves areylilcebffer a more reliable picture of the distribution of imae,
especially for the top percentiles that are usually undprasented in sample survéydlore specifically, we run a battery

of widely-used goodness-of-fit tests based on empiricdfibigion function (EDF) statistics: Kolmogorv-SmirnoiK$),

9 Sample G surveyed since 2002 is the so-called “high-incomelsinsplected independently from all other subsamples fifearpopulation of private
households (see Haisken-DeNew and Frick 2005 for a moreelb@escription of the various subsamples in the GSOEP). Tigaal selection scheme
required that the responding household had a monthly incona¢ lefast DM 7,500 (EUR 3,835) in 2001. Starting in 2003, tHect®n scheme was
changed in such a way that only households with a net monthgnire of at least EUR 4,500 were followed. Sample G represents @3% individuals
in private households with the highest income, with a small remath them belonging to the top 1% of the income distributiorvéftheless, none of
these individuals would belong to the “economic elite” asridiin Bach et al. (2009), where the GSOEP data have beemdtgddy official income tax
statistics to shed more light on very high German incomes.
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Table 3 Estimated Singh-Maddala parameters for CNEF data, 198F-20

Wave _ Parameters _ “logLP Mearf Gini¢ Theil
a b 4
Great Britain (BHPS-CNEF)
1991 2.797 (0.033) 10,406 (219) 1.851 (0.073) 131,840 8,679 0.282 0.133
1992 2.729(0.032) 11,193 (237) 1.859 (0.072) 128,959 9,303 0.288 0.139
1993 2.583(0.031) 12,759 (328) 2.209 (0.101) 124,695 9,591 0.291 0.140
1994 2.669 (0.032) 12,542 (293) 2.053 (0.087) 124,548 9,854 0.287 0.137
1995 2.717 (0.032) 12,254 (258) 1.808 (0.070) 122,090 0,34 0.292 0.143
1996 2.735(0.033) 13,106 (294) 1.894 (0.079) 124,927 10,78 0.286 0.137
1997 2.752 (0.033) 13,897 (306) 1.907 (0.078) 124,330 B1,39 0.284 0.135
1998 2.712(0.032) 14,041 (293) 1.828 (0.070) 123,223 BL,77 0.291 0.142
1999 2.856 (0.035) 14,055 (282) 1.701 (0.065) 121,388 w,28 0.283 0.135
2000 2.835(0.034) 15,588 (327) 1.827 (0.073) 120,921 13,10 0.280 0.130
2001 2.894 (0.035) 16,206 (318) 1.771 (0.068) 119,979 53,85 0.277 0.128
2002 2.107 (0.024) 26,666 (1,100) 4.177 (0.269) 113,688 1213, 0.314 0.161
2003 3.010 (0.037) 17,295 (332) 1.718 (0.067) 116,107 5,03 0.269 0.121
2004 3.010 (0.037) 17,398 (319) 1.604 (0.059) 113,483 5,67 0.274 0.127
Germany (GSOEP-CNEF)
1984 3.674 (0.001) 9,987 (2) 1.170 (0.001) 596,498,624 0B, 4 0.254 0.111
1985 3.309 (0.001) 10,885 (2) 1.348 (0.001) 604,921,936 6880, 0.266 0.120
1986 3.322(0.001) 11,660 (3) 1.486 (0.001) 610,341,874 8910, 0.256 0.110
1987 3.404 (0.001) 12,092 (3) 1.421 (0.001) 615,479,419 53R1, 0.254 0.109
1988 3.285(0.001) 12,772 (3) 1.519 (0.001) 622,769,488 8arl, 0.257 0.111
1989 3.274 (0.001) 13,350 (3) 1.539 (0.001) 629,954,047 262, 0.257 0.111
1990 2.957 (5e-04) 15,008 (4) 1.802 (0.001) 644,533,135 7282, 0.270 0.121
1991 3.084 (0.001) 15,316 (4) 1.648 (0.001) 655,882,675 6118, 0.266 0.118
1992 2.768 (4e-04) 16,133 (4) 1.933 (0.001) 827,915,291 1313, 0.282 0.132
1993 2.735 (4e-04) 17,429 (5) 1.986 (0.001) 838,404,571 9743, 0.283 0.133
1994 2.795 (4e-04) 17,435 (5) 1.858 (0.001) 848,448,940 5184, 0.282 0.133
1995 2.645 (4e-04) 18,806 (5) 2.058 (0.001) 851,342,940 7414, 0.289 0.139
1996 2.738 (4e-04) 18,891 (5) 1.991 (0.001) 854,223,939 1285, 0.282 0.132
1997 2.824 (4e-04) 18,790 (5) 1.921 (0.001) 859,740,228 3785, 0.277 0.127
1998 2.773 (4e-04) 19,563 (5) 2.030 (0.001) 862,119,987 5215, 0.278 0.128
1999 2.924 (4e-04) 18,576 (5) 1.729 (0.001) 865,792,915 0915, 0.276 0.127
2000 2.838 (4e-04) 20,179 (5) 1.861 (0.001) 870,375,877 7985, 0.278 0.129
2001 2.937 (4e-04) 19,820 (5) 1.727 (0.001) 868,844,526 1887, 0.275 0.126
2002 2.705 (4e-04) 20,896 (5) 1.824 (0.001) 874,735,648 54867, 0.292 0.143
2003 2.772 (4e-04) 20,960 (5) 1.735 (0.001) 876,470,237 1188, 0.290 0.141
2004 2.602 (4e-04) 23,161 (7) 2.089 (0.001) 875,876,862 9717, 0.293 0.142
2005 2.635 (4e-04) 21,826 (6) 1.846 (0.001) 875,165,918 1888, 0.298 0.149
2006 2.540 (4e-04) 21,095 (6) 1.732 (0.001) 874,325,246 2618, 0.314 0.167
2007 2.668 (4e-04) 20,518 (5) 1.579 (0.001) 878,598,598 7618, 0.309 0.163
United States (PSID-CNEF)
1980 2.443(0.006) 11,961 (63) 1.913 (0.017) 2,920,987 9,72 0.317 0.169
1981 2.449 (0.006) 12,162 (58) 1.719 (0.014) 2,918,058 91,5 0.326 0.181
1982 2.308 (0.006) 14,944 (85) 2.115 (0.019) 2,943,232 7,3 0.325 0.177
1983 2.236 (0.006) 15,314 (90) 1.955 (0.017) 2,952,943 48 2 0.341 0.198
1984 2.133(0.005) 17,629 (110) 2.154 (0.020) 3,204,171 1583, 0.347 0.204
1985 2.209 (0.005) 16,403 (87) 1.740 (0.014) 3,218,064 54,2 0.357 0.220
1986 2.099 (0.005) 19,294 (113) 2.041 (0.017) 3,185,647 9314, 0.357 0.217
1987 2.119 (0.005) 19,791 (117) 1.987 (0.017) 3,169,123 625, 0.357 0.217
1988 2.126 (0.005) 20,221 (115) 1.882 (0.015) 3,158,121 6116, 0.361 0.224
1989 2.181(0.005) 19,499 (95) 1.635 (0.012) 3,582,061 8b7,7 0.368 0.237
1990 2.171 (0.005) 20,584 (103) 1.652 (0.012) 3,601,690 6318, 0.369 0.237
1991 2.123(0.005) 22,394 (120) 1.792 (0.014) 3,584,913 089, 0.367 0.232
1992 2.169 (0.005) 22,924 (117) 1.893 (0.014) 3,624,536 74178, 0.354 0.214
1993 2.066 (0.005) 27,022 (158) 2.172 (0.018) 3,427,034 981, 0.357 0.216
1994 2.002 (0.004) 24,253 (129) 1.887 (0.014) 3,517,721 9310, 0.381 0.251
1995 2.069 (0.005) 24,935 (128) 1.871 (0.013) 3,667,720 5980, 0.371 0.237
1996 2.147 (0.005) 24,807 (126) 1.732 (0.013) 3,659,886 685L, 0.367 0.233
1997 2.187 (0.006) 28,364 (175) 1.810 (0.017) 2,387,432 9643, 0.356 0.218
1999 1.917 (0.005) 29,854 (209) 2.000 (0.018) 2,788,055 4523, 0.389 0.262
2001 2.203 (0.006) 27,915 (143) 1.402 (0.010) 2,907,491 788, 0.386 0.268
2003 1.963 (0.005) 37,841 (242) 2.079 (0.018) 3,184,520 831, 0.377 0.244
2005 1.945 (0.004) 35,903 (180) 1.773 (0.012) 4,442,936 1481, 0.398 0.279

a Numbers in parenthesis: estimated standard errors

b Negative of the log-likelihood function corresponding e test set of parameters found
¢ Analytic value obtained by substituting the estimated patarsénto Equation (6.47) of Kleiber and Kotz (2003, p. 201)
d Analytic value obtained by substituting the estimated patarsénto Equation (6.69) of Kleiber and Kotz (2003, p. 206)

€ Analytic value obtained by substituting the estimated pataraénto the relevant expression given by Kleiber and Kaeog, p. 206)
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Table 4 Estimated Dagum type | parameters for CNEF data, 1980-2007

Wave _ Parameters _ “logLP Mearf Gini¢ Theil
a b p
Great Britain (BHPS-CNEF)
1991 4.171 (0.059) 9,608 (98) 0.584 (0.015) 131,801 8,683 283. 0.137
1992 4.134 (0.059) 10,405 (107) 0.567 (0.015) 128,903 9,293 0.288 0.142
1993 4,184 (0.065) 11,059 (119) 0.532 (0.015) 124,669 9,618 0.292 0.145
1994 4.240 (0.063) 11,270 (115) 0.538 (0.014) 124,490 9,849 0.287 0.140
1995 4,109 (0.060) 11,584 (121) 0.562 (0.015) 122,015 1,30 0.291 0.145
1996 4.129 (0.062) 12,011 (129) 0.575 (0.016) 124,893 m,79 0.287 0.141
1997 4.209 (0.063) 12,811 (135) 0.562 (0.015) 124,284 B1,39 0.284 0.138
1998 4.160 (0.062) 13,306 (138) 0.550 (0.015) 123,143 w,73 0.290 0.144
1999 4.154 (0.061) 13,491 (142) 0.590 (0.016) 121,322 12,24 0.283 0.137
2000 4.275(0.063) 14,643 (149) 0.566 (0.015) 120,849 B3,06 0.279 0.133
2001 4.376 (0.064) 15,557 (152) 0.556 (0.015) 119,878 13,77 0.275 0.129
2002 4.699 (0.080) 17,565 (162) 0.360 (0.009) 113,489 13,03 0.309 0.161
2003 4.468 (0.066) 16,722 (162) 0.571 (0.015) 116,017 4,95 0.267 0.122
2004 4.347 (0.065) 17,254 (174) 0.583 (0.016) 113,394 15,56 0.272 0.126
Germany (GSOEP-CNEF)
1984 4.218 (0.001) 10,215 (2) 0.796 (3e-04) 596,407,810 3780, 0.253 0.110
1985 4,307 (0.001) 11,223 (2) 0.657 (2e-04) 604,538,125 6010, 0.263 0.119
1986 4.467 (0.001) 11,586 (2) 0.646 (2e-04) 610,066,211 8510, 0.256 0.112
1987 4.461 (0.001) 12,115 (2) 0.668 (3e-04) 615,219,922 4811, 0.253 0.109
1988 4.498 (0.001) 12,643 (2) 0.632 (2e-04) 622,412,402 7481, 0.256 0.112
1989 4.559 (0.001) 13,279 (2) 0.614 (2e-04) 629,558,310 1912, 0.255 0.111
1990 4.644 (0.001) 14,563 (2) 0.522 (2e-04) 643,563,082 5812, 0.267 0.121
1991 4.446 (0.001) 14,935 (2) 0.592 (2e-04) 655,455,299 5483, 0.265 0.120
1992 4.218(0.001) 14,724 (2) 0.567 (2e-04) 827,593,618 1418, 0.283 0.137
1993 4.350 (0.001) 16,021 (2) 0.529 (2e-04) 837,628,474 9013, 0.282 0.135
1994 4.247 (0.001) 16,248 (2) 0.563 (2e-04) 847,863,227 4574, 0.282 0.136
1995 4.330(0.001) 17,142 (2) 0.508 (2e-04) 850,369,478 6304, 0.288 0.141
1996 4.362 (0.001) 17,327 (2) 0.529 (2e-04) 853,386,810 0315, 0.281 0.135
1997 4.450(0.001) 17,520 (2) 0.534 (2e-04) 858,836,472 2615, 0.275 0.129
1998 4.447 (0.001) 17,812 (2) 0.527 (2e-04) 861,260,138 4315, 0.277 0.130
1999 4.248 (0.001) 17,597 (2) 0.596 (2e-04) 865,237,809 0216, 0.276 0.130
2000 4.342 (0.001) 18,854 (2) 0.556 (2e-04) 869,602,555 6916, 0.277 0.131
2001 3.920 (0.001) 17,262 (2) 0.726 (2e-04) 868,608,351 08p7, 0.279 0.135
2002 4.069 (0.001) 19,544 (2) 0.570 (2e-04) 874,260,376 5007, 0.292 0.146
2003 3.983(0.001) 19,655 (3) 0.611 (2e-04) 876,263,599 1218, 0.291 0.146
2004 4.131(0.001) 20,542 (3) 0.540 (2e-04) 875,539,021 9807, 0.293 0.147
2005 3.869 (0.001) 19,885 (3) 0.601 (2e-04) 875,061,125 2418, 0.300 0.156
2006 3.657 (0.001) 19,768 (3) 0.607 (2e-04) 874,169,722 3018, 0.316 0.173
2007 3.635(0.001) 19,664 (3) 0.651 (2e-04) 878,459,102 7918, 0.310 0.168
United States (PSID-CNEF)
1980 3.649 (0.012) 10,725 (29) 0.587 (0.004) 2,921,084 ,79 0.320 0.178
1981 3.523(0.012) 11,467 (33) 0.603 (0.004) 2,917,761 31,6 0.327 0.188
1982 3.687 (0.013) 13,079 (35) 0.535 (0.003) 2,943,118 m1,4 0.327 0.185
1983 3.376 (0.011) 13,500 (40) 0.579 (0.004) 2,953,037 4R 3 0.345 0.210
1984 3.369 (0.011) 14,910 (45) 0.550 (0.003) 3,204,765 03,3 0.352 0.217
1985 3.167 (0.010) 15,156 (48) 0.611 (0.004) 3,218,086 64,3 0.360 0.231
1986 3.344 (0.011) 17,063 (48) 0.532 (0.003) 3,185,001 5,0 0.358 0.225
1987 3.289(0.011) 17,552 (53) 0.553 (0.003) 3,169,086 45,7 0.359 0.227
1988 3.211(0.011) 18,309 (56) 0.570 (0.003) 3,157,932 26,7 0.363 0.234
1989 3.082 (0.009) 18,690 (56) 0.614 (0.003) 3,581,518 367,8 0.368 0.244
1990 3.059 (0.009) 19,492 (59) 0.620 (0.004) 3,601,377 2188,7 0.370 0.246
1991 3.127 (0.010) 20,600 (61) 0.588 (0.003) 3,584,550 am,1 0.368 0.243
1992 3.355(0.010) 21,068 (55) 0.548 (0.003) 3,623,421 8,7 0.353 0.220
1993 3.442 (0.011) 23,466 (60) 0.501 (0.003) 3,425,215 8,9 0.356 0.221
1994 3.201 (0.009) 22,743 (59) 0.516 (0.003) 3,514,866 ™, 7 0.376 0.250
1995 3.251(0.009) 23,292 (59) 0.530 (0.003) 3,665,156 83,4 0.368 0.239
1996 3.146 (0.009) 23,352 (64) 0.585 (0.003) 3,658,546 &31,6 0.367 0.240
1997 3.322(0.012) 26,535 (82) 0.557 (0.003) 2,386,023 628,8 0.354 0.222
1999 3.014 (0.010) 26,203 (87) 0.541 (0.003) 2,787,106 23,5 0.391 0.275
2001 2.860 (0.009) 28,096 (99) 0.678 (0.004) 2,906,850 8,7 0.384 0.271
2003 3.187 (0.010) 33,079 (94) 0.517 (0.003) 3,182,711 128,8 0.377 0.252
2005 2.947 (0.008) 33,959 (91) 0.555 (0.003) 4,440,792 521,0 0.396 0.283

a Numbers in parenthesis: estimated standard errors

b Negative of the log-likelihood function corresponding e test set of parameters found
¢ Analytic value obtained by substituting the estimated patarsénto Equation (6.91) of Kleiber and Kotz (2003, p. 214)
d Analytic value obtained by substituting the estimated patarsénto Equation (6.103) of Kleiber and Kotz (2003, p. 217)
€ Analytic value obtained by substituting the estimated patarsénto Equation (11) of Jenkins (2009, p. 395) vjts 1
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Table 5Vuong model selection test for CNEF data, 1980-2007

Great Britain (BHPS-CNEF) Germany (GSOEP-CNEF) UnitedeStéPSID-CNEF)
Year K-genvs. SM K-genvs.D K-genvs. SM K-genvs. D K-genvs. SM K-genvs.D
Statistic p-value  Statistic p-value Statistic p-value  Statistic p-value Statistic p-value  Statistic p-value

1980 — — — — — — — — 0.258 0.398 1.486 0.069
1981 — — — — — — — — 1.147 0.126 1.696 0.045
1982 — — — — — — — — 1.465 0.071 2.194 0.014
1983 — — — — — — — — 0.300 0.382 1.490 0.068
1984 — — — — 1.647 0.050 0.687 0.246 0.026 0.489 3.263 0.001
1985 — — — — 4.324 le-05 0.702 0.241 0.648 0.258 2.264 0.012
1986 — — — — 2.423 0.008 -1.082 0.140 2.614 0.004 1.028 0.152
1987 — — — — 2.960 0.002 -0.443 0.329 1.542 0.062 3.125 0.001
1988 — — — — 3.543 2e-04 -0.772 0.220 1.292 0.098 2.483 0.007
1989 — — — — 3.571 2e-04 -0.645 0.260 2.133 0.016 3.398 3e-04
1990 — — — — 5.572 le-08 -1.779 0.038 1.743 0.041 3.350 4e-04
1991 2.413 0.008 -2.429 0.008" 3.560 2e-04 -1.285 0.099 1.661 0.048 2.038 0.021
1992 3.147 0.00r -2.235 0.013 1.862 0.031 -2.661 0.00# 3.636 le-0% 0.453 0.325
1993 1.917 0.028 -1.182 0.119 4.155 2e-05 -2.575 0.005* 4511 3e-06° -2.092 0.018

1994 3.444 3e-04 -2.576 0.005* 3.376 4e-04"  -2.499 0.006* 6.907 2e-12°  -1.983 0.024
1995 4.107 2e-05 -2.224 0.013 4.424 5e-06" -2.871 0.002¢ 5.915 2e-09° -1.965 0.025
1996 2.052 0.020 -1.845 0.038 3.932 4e-05 -2.235 0.013 3.320 5e-04" -1.178 0.119
1997 2.743 0.003 -1.616 0.053 4.511 3e-06 -2.067 0.019 4.091 2e-05° -1.581 0.057
1998 4.635 2e-08 -1.819 0.034 3.029 0.001* -2.185 0.014 — — —
1999 3.525 2e-04 -1.862 0.031 2.893 0.002* -2.534 0.006* 2.957 0.002° -1.309 0.095
2000 3.472 3e-04 -2.505 0.006* 3.500 2e-04 -1.735 0.041 — —
2001 5.089 2e-07 -2.151 0.016 5.020 3e-07"  2.373 0.009* 3.276 0.001r*  2.079 0.019
2002 6.801 le-I't -5.649 le-08 3.905 5e-05° -2.667 0.00#* — — — —

2003 4.943 4e-07 -1.605 0.054 2.126 0.017 -3.469 3e-04 4.247 le-05° -2.829 0.002*
2004 5.035 2e-07 -0.890 0.187 2.570 0.005 -2.301 0.011 — — — —
2005 — — — — 0.749 0.227 -2.272 0.012 5.270 le-07* -0.772 0.220
2006 — — — — 1.281 0.100 -0.516 0.303 — — — —
2007 — — — — 1.233 0.109 -1.569 0.058 — — — —

a k-gen =k-generalized; SM = Singh-Maddala; D = Dagum type |. The nyfdthesis is that the compared models are equivalent. Stasdod
significancexx = 1%, « = 5%

Kuiper (KUI), supremum class Anderson-Darling (AD), Cramvon Mises (CVM) and quadratic class Anderson-Darling
(AD2).1% We also compute the so-called “upper tail” Anderson-Daratistic, both in its supremum (ADup) and quadratic
(AD2up) version, which is convenient to use when it is neassto test the goodness-of-fit of a distribution in the rigik
of the data, while the fit in the left tail or around the mediamfi less importance (see Chernobai et al. 2005) pAlhlues
are derived by making use of a nonparametric bootstrap rddton and Tibshirani 1993} That is, given oun-vector
of incomes, we generate 1,000 synthetic datasets by draweiwgequences ofobservations uniformly at random from the
original data. We then fit each synthetic dataset indivigualthe three distributions and calculate the test statigor each
one relative to its own models. Then we simply count whattfoacof the time each resulting statistic is larger than thiei®
for the empirical data. This fraction is thevalue for each fit, and can be interpreted in the standard iviys larger than
the chosen significance level, then the difference betweermpirical data and the model can be attributed to statlisti
fluctuations alone; if it is smaller, the model is not a plalesfit to the datad?

Table 7 reports the goodness-of-fit results for the six skthata.P-values are always larger than 0.05, meaning that

(if one takes 5% as the relevant significance level) in alesdbe data can be statistically described by the threetimnsi

10 For more formal definitions see Stephens (1986). Notice, heryéhat within the class of supremum-type statistics for gesd-of-fit the KS distance
tends to be more sensitive near the center of the distributitmrespect to the tails, whereas the KUl and AD tests predual sensitivity at the tails as
at the median. Similarly for the quadratic-type goodnes§tatatistics, the AD2 distance places more weight on obsensin the tails of the distribution
than the CVM criterion. Again, the KS test is known to be leswerful than all the other tests in all practical situati¢esg). Thode 2002).

11 One of the features of the EDF statistics is that their distions are known for datasets truly drawn from any giveirithistion. This allows one to
write down an explicit expression in the limit of largdor the p-value. Unfortunately, this expression is only correctaugl as the underlying distribution
is fixed (see e.g. Stephens 1986). If, as in our case, the lyimdedistribution is itself determined by fitting to the datad hence varies from one dataset to
the next, we can not use this approach, which is why the proeatkescribed here is instead recommended.

12 Note crucially that for each synthetic dataset we computéettestatistics relative to the best-fit models for that dztamt relative to the distributions
fitted to the original data. In this way we ensure that we aréopming for each synthetic dataset the same calculatioriswhaerformed for the real data,
a crucial requirement if we wish to get unbiased estimatesepialues.
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Table 6 Conclusions drawn from Vuong testing approach to modettel&

Comparison at the 5% significance level Comparison at the 1tfisignce level
Country Conclusion Hi =k-gen Hf = K-gen Hi =Kk-gen H; =k-gen
Hg = SM Hg =D Hg = SM Hg =D
Great Britain Hs better 1.000 0.000 0.857 0.000
(BHPS-CNEF) Hg better 0.000 0.714 0.000 0.286
H¢ andHg equivalent  0.000 0.286 0.143 0.714
German H¢ better 0.875 0.042 0.750 0.042
(GSOEPy-CNEF) Hg better 0.000 0.583 0.000 0.292
H¢ andHg equivalent  0.125 0.375 0.250 0.667
. H¢ better 0.636 0.455 0.500 0.227
(UP”S'tFDC{ g,t\laéf) Hy better 0.000 0.182 0.000 0.045
H¢ andHg equivalent  0.364 0.364 0.500 0.727

a k-gen =k-generalized; SM = Singh-Maddala; D = Dagum type |. The nusibenote the (relative) frequency of times that a given
conclusion is reached for each pairwise model comparisonr&gmight not add up because of rounding

However, fitting thex-generalized distribution results both in lower valuestef test statistics and highervalues, thus
offering superior performance over the Singh-Maddala aagubn type | models. In particular, this conclusion is stigng
supported by the “upper tail” Anderson-Darling tests.

The above evidence holds wsvis a further check involving a class of fit criteria havimglistributional interpretation

that is close to the GE inequality indices (Bandyopadhya}.e2009). Members of this class are given by

o=z, (i) () )

wherex is the sample vector of incomesthe vector of the corresponding quantiles for the theambdistribution,u; and
L2 the means of the marginal distributions>fndy, anda € R a sensitivity parameter that can be calibrated according
to which part of the distribution one wants the goodnesstafriterion (33) to be particularly sensitive: choosingaage
positive value foro would put a lot of weight on discrepancies between the pregposodel of income distribution and the
data in the upper tail, whereas choosing a substantial imegatiue would put more weight on lower-tail discrepandes
Formally, we test the hypothedity : J (X,y) = 0 against the alternativé; : Jy (X,y) # 0, wherey is the vector of quantiles
yi=F1 (ﬁ) i =1,...,n, derived from the three models under scrufififfable 8 reports the estimated valueslgffor
a =—1,0,1,2 along with the associateatvalues computed by performing 1,000 bootstrap samplisge the discussion
above). Observe that all the three distributions providatsfctory fit to the data (high-values), but the discrepancy with
them is always larger in the case of the Singh-Maddala andiDagpe | models independently of the part of the distributio
one is interested in testing for goodness-of-fit. In patéiguhek-generalized density still results in a superior fit at thpem
end of the distribution according to the “top-sensitivebdaess-of-fit criteriotd,.

Our statistical findings are also detectable through gegplanalysis. Figure 2 presents for all GSOEP-CNEF waves
under study the relationship between the income log-rakl@gr-size. This double-logarithmic framework, known as th

Zipf plot, has been used rarely in economics, but is more comim physics (see e.g. Takayasu 1950 particular, it is

13 Like the GE class of inequality measures, expression (33pisiafined fora = 0 anda = 1, as the denominator(a2 — or) = 0 in both cases.
Expressions for these valuesmf(the “middle-sensitive” goodness-of-fit criteria) are #fere calculated by using L'épital rule, by which the limit of an
undefined ratio between two functions of the same variablgusleto the limit of the ratio of their first derivatives. Expegons for eackl, index other
than for the cases = 0,1 can be, instead, derived by substitution.

14 Note that we use; rather than!. Had we used; then it would automatically be set to 1 whies: n and the inversion of. would return an infinite
value—see e.g. expression (8).

15 Letx = (xg,...,%) be a set of incomes for which the cumulative distribution functiorFigx,) = ln i =1,...,n, and suppose that the observations

are ordered from largest to smallest so that the indeshe rank of;. The Zipf plot of the sample is the graph of loggainst log;. Because of the ranking,
+=1—F(x), solog = log [lf F ()q)] +logn. Thus, the log of the rank is simply a transformation of the cutivg distribution function.
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Table 7 Goodness-of-fit tests based on the EDF for GSOEP-CNEF da@2,-200%

Wave  Model KS KUI AD ADup CVM AD2 AD2up
K-gen  1.474(0.594) 2.565 (0.719) 365.950 (0.486) 224.245 (0.66D.465 (0.615)  3.682 (0.633) 28.655 (0.693)
2002 SM 2.066 (0.534) 3.572(0.653) 1,037.865 (0.491) 882.54864) 0.919 (0.573) 5.982 (0.576) 81.677 (0.551)
D 2.132(0.553)  3.800 (0.650) 500.319 (0.491)  1,221.4586(@. 1.113(0.563) 7.272(0.572) 134.325 (0.554)
k-gen  1.090 (0.865) 2.102(0.821) 567.808 (0.489) 357.853 (0.4940.300 (0.650)  2.381 (0.651) 23.093 (0.723)
2003 SM 1.529 (0.597) 2.649 (0.756)  1,710.225(0.491)  1,552(RMB5) 0.527 (0.580) 3.618(0.596)  33.167 (0.548)
D 1.513(0.672) 2.807 (0.701) 836.219 (0.485) 1,712.470@0. 0.569 (0.580) 3.936 (0.577) 43.227 (0.553)
K-gen  1.222(0.740) 2.088 (0.871) 6,022.054 (0.491) 4,728.16841) 0.349(0.633) 2.953(0.638) 166.113(0.502)
2004 SM 1.664 (0.683) 2.941 (0.730) 23,144.977 (0.489) 27,4W)(0.429) 0.681(0.570) 4.666 (0.581) 876.692 (0.493)
D 1.669 (0.690) 3.021 (0.715) 7,356.811(0.476)  30,271(06658) 0.719 (0.568) 5.110(0.569) 976.230 (0.495)
K-gen  0.918 (0.909)  1.826 (0.824) 144.364 (0.480)  2,530.70%d).4 0.243 (0.660) 1.938 (0.669)  72.351 (0.501)
2005 SM 1.241(0.691) 2.280 (0.717) 382.472(0.477) 13,912.83B5) 0.313(0.618) 2.073(0.652) 303.558 (0.479)
D 1.116 (0.824)  2.203 (0.743) 220.179 (0.482)  13,292.4894%) 0.315(0.622) 2.106 (0.639) 294.161 (0.481)
K-gen  0.742(0.974)  1.448 (0.944) 65.163 (0.595)  3,045.142 ®).440.138 (0.727) 1.193(0.742)  59.764 (0.526)
2006 SM 1.181 (0.779)  2.131(0.809) 145.467 (0.600) 15,625.8184(1) 0.324 (0.606) 2.087 (0.654) 285.903 (0.504)
D 1.121 (0.782)  2.070 (0.803) 88.641 (0.597) 16,889.35841). 0.289 (0.608) 1.897 (0.648)  315.304 (0.500)
k-gen 1.124(0.751) 2.138(0.712) 86.756 (0.587) 376.259 (0.608).247 (0.654)  1.924 (0.653) 25.336 (0.630)
2007 SM 1.546 (0.607)  2.613 (0.782) 198.295 (0.560)  1,451.25) 0.444 (0.603) 3.016 (0.615)  95.369 (0.531)
D 1.547 (0.586) 2.776 (0.641) 111.898 (0.569) 1,533.48534@). 0.446 (0.598) 3.046 (0.614) 106.879 (0.539)

@ KS = Kolmogorov-Smirnov; KUI = Kuiper; AD = supremum class Anslen-Darling; ADup = supremum class “upper tail” AndersordDg; CVM =
Craner-von Mises; AD2 = quadratic class Anderson-Darling; AP2uquadratic class “upper tail” Anderson-Darling. The riylpothesis is that data
come from the fitted-generalized£-gen), Singh-Maddala (SM) or Dagum type | (D) distributioRssalues (in round brackets) have been computed
via 1,000 bootstrap replications. Boldface entries detf@éest fitting model

natural to use when focusing on the top part of the distriloutiecause it accentuates the upper tail, making it easietéct

deviations in that part of the distribution from the thearat prediction of a particular model. The lines shows thedisted

Zipf plots obtained from the fit of the models considered. As figure reveals, all of them are in good agreement with
the actual data in the low-middle range of the income distidims. However, there is a systematic departure of engpiric
observations from the Singh-Maddala and Dagum type | ptiedis at the top tail, whereas in the same part of the income

distributions the theoretical Zipf plot for the-generalized distribution lies much closer to the empiricee.

To assess more robustly whether ihgeneralized distribution provides a statistically befitan the high-income range
of German data from 2002 to 2007 as compared to the Singh-dMaded Dagum type |, we repeat our hypothesis-testing
exercises by fitting each model to observations in the rich@%o of the income distribution only (to ensure that model
fit is maximized at the top of itf and then running goodness-of-fit tests with appropriateections for left-truncatiof’
Specifically, we determine the ultimate best fit on the bakih® ADup, AD2up andl, statistics, which assign a higher
weight to observations in the upper tail of the distributids can be seen from Table 9, these measures still suggest a
superior fit of thek-generalized density in the upper tail of the left-trundasamples for all cases, thus confirming that
our model does a better job than the Singh-Maddala and Dagoenl in the top part of the income distribution. This is of
particular relevance in the current context, since the uppkof the three densitites is heavy in that it decays liksower

function as income increas&s.

16 We chose the 8D percentile as the left-truncation point after experimersticing goodness-of-fit with ease of estimation, since timaetical
optimization routine implemented &is nlminb command did not converge with higher truncation levels. Timepsa log-likelihood for each year’s data
was specified as ldg= ST, {log f. (xi) —log[1—F. (2)]}, wherei = 1,....n indexes each individual sample observation arsl the level of income
corresponding to the left-truncation point. We do not répstimates for each year but they are available upon request.

17 See Chernobai et al. (2005). Corrections concerned the etinmibistribution and quantile functions of the three medminsidered. Nadarajah and
Kotz (2006) provide formulas arklprograms for computing several quantities of interest foitttiecated versions of any given distribution.

18 See Clementi et al. (2010) on the upper tail behaviour oktlgeneralized. For the other distributions, see Kleibe®612008) and Kleiber and Kotz
(2003).
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Table 8J, statistics for GSOEP-CNEF data, 20022907

Jo x 107
a=-1 a=0 a=1 a=2

Wave Model

K-gen  0.149 (0.620) 0.134 (0.577) 0.137 (0.572)  0.145 (0.564)
2002 SM 0.286 (0.540) 0.289 (0.513) 0.332(0.514)  0.398 (0.518)
D 0.321(0.541) 0.345(0.523) 0.406 (0.520)  0.498 (0.518)

K-gen  0.104 (0.740) 0.087 (0.705) 0.089 (0.661) 0.094 (0.619)
2003 SM 0.146 (0.565)  0.129 (0.524)  0.150 (0.517)  0.186 (0.516)
D 0.143(0.549) 0.137 (0.516) 0.161(0.514) 0.200 (0.512)

K-gen 0.681(0.541) 0.710(0.477) 0.971(0.474) 1.463 (0.476)
2004 SM 0.918 (0.544) 0.963 (0.469) 1.441(0.469) 2.482 (0.470)
D 0.858 (0.521)  0.980 (0.471) 1.479 (0.470) 2.568 (0.467)

K-gen 0.338(0.482) 0.414 (0.476) 0.548 (0.468) 0.784 (0.459)
2005 SM 0.435(0.484) 0.571(0.479) 0.835(0.470) 1.375 (0.459)
D 0.430 (0.484)  0.567 (0.476) 0.830 (0.473)  1.366 (0.464)

K-gen  0.346 (0.486) 0.430 (0.478) 0.577 (0.470)  0.842 (0.458)
2006 SM 0.520 (0.481) 0.669 (0.478) 0.959 (0.467)  1.560 (0.454)
D 0.529 (0.480) 0.686 (0.475) 0.987 (0.471) 1.613 (0.457)

K-gen 0.153(0.551) 0.154 (0.525) 0.170(0.529) 0.193 (0.527)
2007 SM 0.278(0.522)  0.305(0.504) 0.371(0.503) 0.474 (0.504)
D 0.277 (0.521) 0.313(0.511) 0.384(0.512) 0.493 (0.514)

aThe null hypothesis is that the discrepancy between thel fikttgeneralized £-gen),
Singh-Maddala (SM) or Dagum type | (D) distribution and tlageds zeroP-values (in
round brackets) have been computed via 1,000 bootstragaéphs. Boldface entries
denote the best fitting model

4 Summary

We have derived a function to describe the size distribudfoncomes starting from a generalization of the maximunnagyt
method that follows from Kaniadakis (2001, 2002, 2005).1Eegpions for the shape, moments and various tools for itiggua
measurement that are functions of the parameters in theliade been given. The performance of the distribution has be
checked against real data on personal income for GreatiBriteermany and the United States in different years and has
been found to fit remarkably well. Furthermore, we have fotlnad in a satisfactory number of cases the model is not to be
considered statistically inferior when compared to othéstang functional forms that have been considered suégkeiss
describing the income size distribution. In particulag tlew proposed model suggests a statistically superiortfigimight

tail of data with respect to the others in many instances.
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Fig. 2 Zipf plot (double-logarithmic plot of income vs. rank) folS® EP-CNEF data, 2002—2007. The lines are the predicted
Zipf plots obtained from the fit of the models under scrutiny
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Table 9 Goodness-of-fit tests on sub-samples of GSOEP-
CNEF data obtained by truncating the lower 50% of the dis-

tributions, 2002—2007

Wave  Model ADup AD2up Jo x 107
K-gen 440.321 (0.664)  49.524 (0.555) 0.399 (0.518)
2002 SM 447.491 (0.661)  50.720(0.558)  0.402 (0.509)
D 472.309 (0.576)  53.957 (0.504)  0.420 (0.478)
K-gen 853.236 (0.472)  21.972(0.524) 0.201 (0.484)
2003 SM 914.227 (0.477)  23.820(0.521)  0.209 (0.482)
D 965.152 (0.347)  25.251 (0.444)  0.218 (0.423)
k-gen  8,069.806 (0.497) 374.807 (0.549)  2.696 (0.499)
2004 SM 8,362.094 (0.443) 387.498 (0.483)  2.713 (0.440)
D 9,134.727 (0.439)  421.817 (0.480)  2.784 (0.440)
k-gen  7,402.94 (0.525) 229.861 (0.564) 1.746 (0.510)
2005 SM 7,839.985 (0.458)  242.191(0.519) 1.763 (0.453)
D 8,141.219 (0.426) 251.549 (0.469)  1.793 (0.442)
K-gen  4,334.116 (0.454) 113.217 (0.540)  1.549 (0.477)
2006 SM 4,535,821 (0.426) 118.336 (0.514) 1.571 (0.456)
D 5,372.537 (0.444) 139.648 (0.511) 1.666 (0.457)
K-gen 552.449 (0.630)  42.479 (0.559)  0.432 (0.506)
2007 SM 580.253 (0.631)  45.263(0.563)  0.445 (0.494)
D 613.266 (0.635)  48.426 (0.552)  0.461 (0.496)

@ ADup = supremum class “upper tail” Anderson-Darling test; A =
quadratic class “upper tail” Anderson-Darling teds; = “top-sensitive”
Bandopadhyay-Cowell-Flachaire test. The null hypothisgisat data come
from the fitted left-truncated-generalized K-gen), Singh-Maddala (SM)
or Dagum type | (D) distributions?-values (in round brackets) have been
computed via 1,000 bootstrap replications. Boldface entt@note the best
fitting model
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