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This paper explores how grandparental childcare influences fertility decisions, elderly labor supply, and
economic development. We model the time elderly individuals allocate between work and caring for
grandchildren. In high-income countries, higher wages lead to increased investments in children’s education
and human capital. Interestingly, the decision to work in old age does not depend on economic development
but on wage dynamics. Specifically, when the effective wage grows rapidly, grandparents are more likely
to work, even while caring for grandchildren. These findings highlight the importance of intergenerational
time transfers in shaping economic outcomes. Future research could explore the long-term effects of aging
populations on labor markets and family dynamics.

1. Introduction

In its latest report on global aging, the United Nations noted that in
80 years, 24 percent of the world’s population will be over 65 years
old. Indeed, In 2022 there were 771 million people aged 65 years or
over globally, three times more than in 1980 (258 million). The elderly
population is projected to reach 994 million by 2030 and 1.6 billion by
2050. As aresult, by 2050 there will be more than twice as many individuals
aged 65 or older globally as children under the age of five. Moreover, the
number of persons aged 65 years or over globally will be almost the same
as the number of children under age 12 (United Nations, 2022).

Increasing longevity has also increased the time that grandpar-
ents can devote to caring for their grandchildren. Specifically, retired
parents might invest time in providing childcare and such intergenera-
tional time transfers can significantly influence family decisions. How-
ever, limited attention has been given to the role of grandparents as
childcare providers, although many families rely on grandparents’ time
to raise their children. For example, in the EU and the United States
(US), 44% and 39% of grandparents provide care to their grandchildren
respectively (Glaser et al., 2013; Livingston and Parker, 2010).

The effects of grandparent-provided childcare are multiple: they
influence the labor supply and fertility choices of parents, as well as the
labor supply of grandparents, ultimately impacting economic growth.
(Hirazawa and Yakita, 2017) used an overlapping generations model
(OLG) with endogenous labor supply of elderly people in a context
where the elderly can allocate their (uncertain) time between work
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and leisure. The results revealed a positive relationship between per
capita wage income and fertility. This positive relationship stems from
the fact that as per capita income increases, so does life expectancy.
This induces individuals to leave the labor market later, enabling them
to earn more wage income and therefore increasing the number of
children when young.

Regarding parents’ labor supply, increased availability of grand-
parental childcare may encourage parents, particularly mothers, to en-
ter the workforce or increase their work hours. With this in mind, Car-
dia and Ng (2003) calibrate an OLG model finding that grandparental
time transfers increase the labor supply of the second generation. In
an empirical analysis, Dimova and Wolff (2011) found that this phe-
nomenon holds true for young European mothers. Similarly, Posadas
and Vidal-Fernandez (2013) determined that grandparents’ presence
increases mothers’ labor force participation in the US. Furthermore,
Aparicio-Fenoll and Vidal-Fernandez (2015) demonstrated that the in-
creased legal female retirement age implemented in Italy in 2000 led
to a reduction in grandmothers’ provision of childcare and decreased
the labor force participation of their daughters. Finally, Fanti and Gori
(2014) used an OLG model to investigate how exogenous provision of
grandparental childcare activity inside the home affects the relation-
ship between longevity and long-term economic growth. The results
revealed that increased longevity may increase the labor supply.

Previous literature has produced substantial knowledge regarding
the labor supply implications of transitioning into parenthood. While
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there is data available concerning the impact of grandparent-provided
childcare on parents’ labor participation, there is a noticeable lack of
information regarding its effects on the labor supply of grandparents
themselves.

Regarding the effects of grandparent-provided childcare on grand-
parental labor supply, the provision of grandparental childcare may
affect the labor supply decisions of elderly individuals who act as
caregivers. This is because they may choose to reduce their labor
force participation or retire earlier to dedicate more time to caregiving
responsibilities. This decision could lead to a decrease in the labor
supply of the elderly.

Rupert and Zanella (2018) showed that, on average, employed
women in the United States decrease their work commitment by
approximately 30% when becoming grandmothers, compared with
women who had not yet become grandmothers. Conversely, grandfa-
thers did not exhibit a significant alteration in their labor participation.
In another study, Frimmel et al. (2022) used Austrian data, finding
that becoming a grandmother raised the likelihood of retiring from the
workforce. Applying an instrumental variable approach, Backhaus and
Barslund (2021) analyzed the causal relationship between grandparent-
hood and working-age grandparents’ employment patterns across nine
European nations. The results revealed a substantial adverse influence
of grandparenthood on the workforce engagement of women aged 55
to 64. Notably, no significant was adjustment observed in male labor
supply after becoming a grandparent.

The contemporary rise in life expectancy and declining fertility
rates are the primary drivers of population aging, posing a potential
threat to the sustainability of modern welfare states. In response to
the anticipated surge in public spending on old-age pensions, many
European nations have implemented reforms intended to raise the
minimum retirement age in the past three decades (Hinrichs, 2021;
Borsch-Supan and Coile, 2021). However, as Frattola (2023) stressed,
while such reforms are intended to prolong the working lifespan, they
may inadvertently decrease younger generations’ fertility rates. Should
adult children opt to postpone childbearing until their elderly parents
retire, the upward adjustment of retirement age could further delay
fertility decisions. In fact, numerous empirical studies have empha-
sized the significance of grandparents’ childcare availability in shaping
childbearing decisions. Approximately 50% of grandparents in the US
and Europe contribute to childcare in some capacity (Thomese and
Liefbroer, 2013). As a result, younger adults’ fertility decisions may
be influenced by expectations that their parents will offer childcare
assistance upon retirement. Consequently, the likelihood and extent of
potential parental support in childcare directly impact younger adults’
perceived costs of raising children affecting fertility decisions.

Finally, a recent study by Cipriani and Fioroni (2024) used an OLG
model to analyze how pension policies and child allowances interact
with grandparental childcare.

This study investigates how the mechanism described above affects
elderly individuals’ labor supply, young individuals’ fertility decisions
and consequent economic development. In summary, when parents are
deciding how many children to have, they consider the amount of
childcare that is likely to be provided by their parents and optimize
the number of children they have based on this factor. Once the optimal
number of children is determined, adults allocate their parental child-
care time in a way that can sufficiently meet the needs of raising their
chosen number of children when combined with assumed grandparent
support. This concept has been examined ed in the works of Boserup
et al. (2016) and Miyazawa (2016).

Our OLG model enables us to consider the variables associated
with young adults’ decisions regarding how many children to raise and
elderly adults’ considerations of how to balance their time between
work in old age and caring for grandchildren. Therefore, we extend
the work of Fanti and Gori (2014) by considering an endogenous time
allocation for the elderly through the choice of how much time to
dedicate to work and childcare. This study represents a preliminary
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attempt to integrate into the same model the decisions regarding the
number of children to have, how much to work in old age, and how
much time to dedicate to grandchildren. These choices are evidently
interconnected. The results reveal that an increase in the effective
wage tends to boost educational investment in children’s human capital
in high-income economies, resulting in improved human capital over
time. The individuals’ choice to work when elderly does not depend
on a country’s economic development. This is because the decision to
work or dedicate time to caring for grandchildren is influenced by wage
dynamics in high- and low-income countries. Specifically, if the present
value of the effective wage growth rate is high (indicating a lower
utility weight for childcare in old age), adults will choose to work in
their later years, regardless of the degree of economic development.

The remainder of this paper proceeds as follows. Section 2 outlines
the OLG model setup, Section 3 presents the analytical and numerical
results, and Section 4 concludes the paper.

2. Model setup

We consider a production economy that is populated by overlapping
generations who live for three periods covering childhood, adulthood
and old age. Time is discrete and indexed by ¢t = 0, 1,2, ... ..n, while the
length of each period is normalized to one. In the first period, children
are raided and educated. In the second period, adults work, raise and
educate their children and save for consumption in their old age. In the
third period, elderly individuals can work while spending part of their
time caring for grandchildren.

The economy at time ¢ consists of N,_; old agents, N, adult agents,
and N, young agents. Assuming that adults at time ¢ raise », children,
the number of adult agents at time ¢ + 1 evolves according to the
following rule:

Ny =nN,, (€]

where n, represents the number of children per adult at time 7. Adults
decide how much time to dedicate to raising and educating children
and working in old age. Productivity in the work of the elderly depends
on old agents’ health status, which is subsequently related to life
expectancy'. As noted by Bloom et al. (2014), increased life expectancy
is associated with improved general health and reduced morbidity.
Nevertheless, since we consider the elderly to have a unit of time in
their old age (i.e. we do not ask about the elderly’s life expectancy)
and do not consider elderly health conditions, we assume in a general
(but realistic) way that the elderly have a lower earning capacity than
adults: consequently, the earning capacity during old age is given by
y €, ).

The novelty introduced into our model is allowing the elderly to
allocate the unit of time they have between continuing to work and
raising their grandchildren. This assumption clearly implies that grand-
parents can contribute to raising their grandchildren, enabling parents
to dedicate a smaller amount of their resources to raising their children.
Grandparents’ time indirectly affects adult childrens’ (parents’) fertility
decisions through the income effect as it replaces parents’ resources
in raising the children. Grandparents’ time transfers to their adult
children (parents) are not influenced by the number of grandchildren.
Regardless of the number of grandchildren, grandparents’ childcare
time is determined before adult children decide on the number of
children they will have.

At the beginning of the second period, each adult has a human
capital endowment 4, that is used to work and earn income from work.
Adults allocate income between consumption, raising and educating
children and save what remains for future consumption.

1 For a detailed analysis of the role of longevity see Cipriani (2018),
Cipriani and Fioroni (2021) and Chen et al. (2024).
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Therefore, the budget constraint in adulthood is as follows:

wh (1 —nz+ p) =c,+s,+ne,

where s, is the agents’ life-cycle saving, w; is the wage rate for labor, so
that w,h, represents the wage rate for effective labor, z € (0, 1) denotes
the child-raising cost per child, which is assumed, following (Hirazawa
and Yakita, 2017), to be equal to a constant proportion of the wage
income, and y, is the fraction of time that grandparents devote to
raising all », grandchildren. Finally, e, is the per-child educational
expenditure. Given parents’ income, the costs of raising children and
providing for their education directs resources away from alternative
uses (i.e. present and future consumption).

Elderly people choose labor supply during old age (considering the
lower productivity during this period) and the time to be devoted to
raising grandchildren.

The old-age budget constraint is obtained as follows:

o1+ W (L= pyy) = €141

where r,,; is the interest factor in the period 7 + 1, w,,, is the elderly
labor wage rate and y € (0, 1) is elderly individuals’ earning ability.

Individuals’ lifetime utility is assumed, as usual, to be represented
by a log-linear utility function of consumption, quality (human capital)
and quantity (number) of children, and the time dedicated to raising
grandchildren in old age. Therefore, adults’ utility is determined as
follows:

U=Inc;, +p(ncy,y +0Inp, )+ plnh, + Alnn, 2)

where ¢, , is consumption during adulthood, ¢, ,,; denotes consumption
during old age, n, represents the number of children, and h,,, indi-
cates children’s human capital and all variables are non-negative. We
emphasize the influence of the variable y,,; € [0, 1], which represents
the fraction of available time that adults at time 7 decide to devote to
raising grandchildren when they are elderly (time 7 + 1). Parameter
p € (0,1) represents the discount factor, 1 € (0,1) and g € (0,1)
respectively represent the weight attached to the quantity and quality
of children and 6 € (0, 1) denotes the weight given to the time dedicated
to raising grandchildren. Conversely, given the unit of time available,
(1—p,4) is the fraction of the available time that adults at time ¢ decide
to devote to working when old (i.e. at time ¢ + 1).

The human capital accumulation process is determined as follows:

hiyy = m(e+ ¢ez)5i’:_5’ 3)

where e, is educational expenditure and h, denotes the average stock
of human capital in generation ¢ representing the spillover effect from
society (i.e. the fact that the learning process is more effective if a child
interacts with more educated individuals). Note that 4, = h,, based
on the assumption of identical individuals within a generation. The
inclusion of the parameter ¢ > 0 guarantees that human capital remains
positive even if parents do not invest in their children’s education
(see e.g. De la Croix and Doepke (2004),%. Parameter = > 0 indicates
the technology of production of human capital, § € (0,1) indicates
the influence of parents in educating their children, (1 — §) is the
productivity of the average level of human capital in the economy,
and ¢ € (0, 1] denotes the influence of resources devoted to education,
increasing its effectiveness.
The constrained maximization problem is constructed as follows:

max Uy(€y s Coppts Mty Mys €) =Iney, +plncy g +01Inpy )

+pInh,, + Alnn, @

s.t: wh(l—nz+pu)=c,+s,+ne, 5)

2 As in Wang and Kimura (2024) this parameter can also consider the public
education provided by the government.
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Fep1 S+ ¥ W (L= ) = €44 (6)
Byt =7 (€ + de,)’ B %)
0<py <1 (€©)]

2.1. Constrained maximization solution

This section presents the first- and second-order conditions for
model (4)-(8). The main results are presented in Theorem 2.1, with
the proof provided in Appendix A.

Theorem 2.1. Let A — 6 > 0. The solutions to the constrained
maximization problem (4)—(7) are as follows:

and YW1
ﬂé [ 1+p+A

A if wh, > ¢— (1 + u,) then

hl
‘= I+(1+9)p+/1

¢ ﬂ[(1+/‘x)’r+l Wr+VWx+l]hx
2041 1+(1+9>,;+4

t+l

u po Tl
C, 4 +1 = 1+(1+9)p+z Wiy
aC
A=ps ¢

[(1+ﬂr)wt

(1+Hx)wr+7

— ﬁ5
e = A_—ﬂézw,h, -

lht

I—ps
1+(1+0)p+4

n, =
! zw,h,—fZ

5 = [+ 00001 + = (1 + D2

1+(1+9)p+/1

B if wh, > < L and L <

¢z ﬁ_ii Wiy 1+p+i~(1 + ) then

o = Atpp)w hy
Lt T+p+4

_ pA4p)r wihy
€241 = T4pth

Mg =1

_ _ps __A e
e = 5= ﬁézw,h, purres
A=ps  (I+u)w,h,
I+p+2 zw,h,—%
5= 1+p+/1(1 +”’)w’ !

A YW1
2 < £
¢z 'V ps <wh < ¢ ﬁ& and Wiry1 > 1+p+A

n, =

(1 + p,) then

lhl

[(1+Ml
Lt = T

¢ _ /J[(l+;l,)r,+1w,+ywl+]]h,
2,1+l 1+(1+9)ﬂ+/1
1+ppw,+
_( He)wy V Fiel
1+(I+9)p+& Wiy ’

Ce: Hipr =
e, =0

A

n=————
t 1+(1+9)p+A

r Wi\ 1
(1+M’ T4l Wy )7

[(1 +0)p(1 + pp)w; = y(1+ )T

5= 1+(1+0)p+l

YWy
< == <
< wih; < ¢ ﬁ& and wiry T 1+p+/1

Di f¢z (1 + u,) then

— Urupwhy
Lt T+p+4
_ pQtp)r wihy
€241 = I+p+4

Hyp =1
e, =0
n=-——7 ( +ﬂt)

=+ p)w,h,

1+p+/1

5= l+ﬂ+i
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Define R,, Ry, R¢, and R, as follows:

A
R, = {(wt,h,,ﬂ,,w,ﬂ,r,ﬂ) eR’ : wh, > 5275 and
w 0
VWi > 14 A+p) b,
wiryy 1+p+4
Rp=< W, h iy w,y () €ER wh, > £~ and
B to s g Wit 10 Tr 1 't ¢Z ﬂ§

w 0
Dol P2 (14pp !,
wiry ~ 14+p+4

€ A e A
Rc = {(w,,h,,ﬂ,,leJHl)GRS : #z\ 55 <wh, < bz o

Y Wiy oo

> ——(1+ s
1+p+/1( ﬂx)}

Wity

Rp = {(w,,h,,ﬂ,,w,+1,r,+1) eR’

: i\/z< wh, < £ A and
¢z \ ps ¢z o
Y Wiy PO

< m(l + ll,)} s

then, as long as 4 — 6 > 0, Theorem 2.1 establishes different solutions
Cy, Cp, C¢, and Cp for the maximization problem in R4, Rp, R, and
Rp.?

Note that, from a purely mathematical perspective, the second-order
conditions 4 — f6 > 0 arise from satisfying the requirement that the
Hessian matrix must be negative definite on the set defined by equality
and active inequality constraints. This condition may also have an
economic interpretation. Recalling that g represents the significance
parents assign to their children’s human capital in the utility function,
and 6 denotes the productivity effect of education ¢, in human capital
production 4, , the term fé captures the utility parents derive from the
human capital generated through investment in children’s education.
In addition, A is the significance attached to the number of children,
where condition £ € (0, 1) indicates that the parental utility associated
with having children is greater than the utility associated with human
capital. This condition has been regularly used in literature (Yakita,
2010; De La Croix and Doepke, 2003).

According to Theorem 2.1, we examine four cases, namely A, B, C,
and D.

Let us first observe that, with the exception of region A, the other
regions include a variable between y,,; and e, that takes on a boundary
value. For instance, among other things, regions B and D are character-
ized by u,,; = 1, whereas regions C and D are characterized by ¢, = 0.
From a mathematical perspective, the reason for these boundary values
is attributable to the complementary slackness conditions that arise in
solving the model. As illustrated in the proof of Theorem 2.1, these
conditions are as follows:

Wil

xe, =0 (C)]
and
& (MH-I - 1) =0. a0

For example, cases A and B are characterized by e, > 0; therefore,
considering (9), we obtain y, = 0.

Conversely, if y, > 0, based on Eq. (9), it must be ¢, = 0. This
condition characterizes cases C and D. Similar considerations apply
when considering (10).

Cases A and B represent developed economies with a high effective
wages (high-income countries), while cases C and D refer to underde-
veloped economies with low effective wages. In high-income countries

3 Partitioning of the solution space into four regions can also be found
in Hirazawa and Yakita (2017).
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(i.e. when w,h, > i 4 ) adults invest in their children’s education,
whereas they do not in low -income countries, i.e. ¢, = 0.

Note that an effective wage rate threshold exists at which an agent
begins to invest in children’s education. The economic logic underlying
this behavior can be determined by comparing the marginal cost—
benefit ratio of educating children with the marginal cost-benefit ratio
of raising a child. Specifically, the marginal benefit of an additional
child is given by 2 e while the marginal cost is given by w,h,z at
e, = 0. Regarding the marginal benefit/marginal cost ratio of educating
children, it is given by 222 If the former ratio is smaller than the latter,
then parents will prefer to invest in their children’s education rather
than have another child. In the contrastlng case at which the effective
wage rate is less than or equal to — ﬂ <, parents will prefer to have more
children rather than invest their wages in educating the children.

We can also make a further distinction within rich and poor coun-
tries, depending whether adults (at time ) decide to work when they

are old. In fact, in the cases in which this condition applies mr’“ >
+1

1+p+ /1( +u,), H41 < 1, thatis, in cases A and C, adults find it worthwhile
in old age to allocate part of their time to raising grandchildren and part
of their time to working. This convenience depends on the effective

wage growth rate in terms of the present value (ie. L'”’* Ly If the
tr1+1

growth rate of the present value of the effective wage rate (;tr’;‘l)
is high ie. the utility weight of childcare during old age (p0) is low,
adults will decide to work in old age. The economic logic of this
inequality is the comparison between the marginal benefit of raising
grandchildren (linked to deriving utility) and the opportunity cost of
dedicating time to grandchildren, ie. the effective wage they would
obtain if they worked when elderly. This condition of equality between
the marginal benefit and the marginal cost of raising grandchildren is
represented by the partial derivative of the Lagrangian with respect to
#i41 (Appendix A, Eq. (A.8)). From this optimal condition, substituting
the other conditions, we obtain the inequality mentioned above.

We can refer to cases A and B (C and D) as developed economies
(poor or developing) and to cases A and C (B and D) with high (low)
growth rate of the present value of the effective wage as economies
with positive elderly labor supply.

The positive effect of grandparents’ childcare on parental fertil-
ity is evident. Specifically, the partial derivative (%; is positive in
all scenarios, indicating that if grandparents spend more time rais-
ing grandchildren, this reduces parents’ opportunity cost of having
children, subsequently increasing fertility.

2.2. Production sector

For the production sector, we assume the economy’s aggregate
production technology is depicted by a constant-returns-to-scale pro-
duction function involving labor (L,) and physical capital (K,). We
assume that capital stock fully depreciates after a single period of
use; therefore, the capital stock in a given period equals the savings
from the preceding one. We denote aggregate output by Y, and repre-
sent, as usual, aggregate technology using the following Cobb-Douglas
production function:

Y, = AK*L]™". an

Assuming that the old agents work, the effective labor can be written
as:

Ly = Nih+ N_yy(1 = phy_ 12)
or in per-young worker terms:

L h + &y(l — Hhiy (13)
N, N,

ie.

=y TR a4



M.M. Baldi et al.

The first-order conditions for profit maximization are obtained as
follows:

A(l — a)K®
w; = L—’at (15)
and
—1
. Aoth”‘ 16)
ry .= ﬁ
1
K
Define k, = F’ Therefore, formulae (15) and (16) become the
following:
A(l — a)k®
t = me : a7
t
and
er—l
r, = Aa d T 1s8)
mf‘_

Referencing Hirazawa and Yakita (2017), we also have the following:
St

kipp = —.
+1 "

19)

2.3. Market clearing conditions and dynamical systems

In this section, we determine the discrete time dynamical systems
obtained by incorporating conditions from firms’ profit maximization
problem into the conditions of the constrained utility maximization
problem. Since the first- and second-order conditions apply to four re-
gions, we have four dynamic systems, one for each region. Proposition
2.2 illustrates these systems, and the proof is presented in Appendix B.

Proposition 2.2. Let A—p5 > 0 and consider Theorem 2.1. The dynamical
systems associated with the four regions are as follows:

k“

1 A
lfA(l—a)—h > ¢—— and (1 + p,)Aa m < *p”; ¥
Miy]
1 (1+0)p(1 +;4,)Aa— —y(1+4) Ky ke .
ko = s [zA(l -a)—h, - —]
A=ps (1 + p)Aa s 4y fe mi ¢
(20a)
o k@ &
S (f@) [zA(l —a)—'ah,— g] hi=4
1 1 2 Ko p0(1 A K
05 ﬂ61 7( +p+)l+]— 1+ p) a—-
zA( —a)—’h —<
(20b)
e mnat + ] o
00 (1 +M,)Ad— +v Y’:Il
Hppg = — ————— (200)
YL+ (1 +0)p + A] 22
5 k@ 10
hyyy = (Aﬂ ?5) [zA(l—a)m—’uh,—é] nl= (20d)
T
K
. K o
B if A1 —a@kh > o and (1 + pu)Aar— 2 1+ﬂ+j4y
Myl
Koy = —2— [zA(l a)—L K e] (21a)
= _ £
T A-ps ;1 ¢
Bop ) [ ki € 1-6
m., =1 zA(l — a) —h, — — h (21b)
) 1+1 <Z. _ﬂ5 ’ ¢ t
Hpyp =1 (21c)
8 a ]
5 k -
o <Aﬂ_‘;5> [zA(l —a)m—’ah,— 2] hl-? (21d)
t
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k“

Cif o ,/ < A(l - ¢i— and (1 + p)Aag - < %
Myy]
L (L+0)(1+ M,)Aa— —y(l + /1),’;’“1 K
t+
ket = /1 p Al —a)—Lh,
a+ M,)Aa— 4yl m
Mpyg
(22a)
Aa— YL+ p+ )L ksl po(1 + ) Aat
_ -6, 2 m
m,+l—7reht+}Lk1 P h,
t+
Mot 1+ ﬂ,)Aa— + ym':ll
(22b)
(1 +,u,)Aa— + ym[ ,
Hee1 = * (220
2 [1+(1+6’)p+/1]L‘
My
ey, = me®hl™0 (22d)
K
€ m¥ 14+p+4
ledJ_z <A(1—a)—h §¢—ﬁ—5 and(l+y,)AakP’rl > R
Myl
k P oAl — ) (23a)
= = — _— a
1+1 Az ( a)m;z t
my = me®h) 0 (23b)
Hpyr =1 (230)
hyyy = me®h) 0 (23d)

As noted previously, m,,; represents the total labor supply given
by the labor supply of young people and, where present, by the labor
supply of old people. In cases B and D, where it is not worthwhile
for the elderly to work, i.e. they use all their time caring for their
grandchildren, the total labor supply m,,; coincides with the labor
supply of the young, i.e. h,, . However, in cases A and C, we obtain
the labor supply of the elderly as the difference between m,,; and h,,;.

Referencing Hirazawa and Yakita (2017), we can construct a sim-
pler formulation of the dynamical systems. It is easy to see that the
ratios k,/m, are very common in the four formulations just stated.
By defining the variable x, = k,/m,, we can reformulate the afore-
mentioned systems as illustrated in Proposition 2.3, with the proof
presented in Appendix C. Notably, this variable (x,) not only represents
the capital-labor ratio but can also be read as income derived from

. A(1-a)k
wages since w, = i = Al — a)xy

Proposition 2.3. Let A — 5 > 0. The dynamical systems associated to
the four regions from Theorem 2.1 can be reformulated as follows: (see the

equations in Box I).

. e A X 1+p+4
A lfA(l —a)x;’h, > 4)—% and (1 +;4,)Aa$ < p_9
B if A= a)xih, > o= and (1 + p)Aa 7 > 12
. ¢ 1-6
o, 240 - wxen, - £]
Xpp1 = — — (25a)
T (B5pY (A~ p5)1=0h,
Ty <
B My =1 (25b)
ﬂ5¢ 6 ¢ o
by =x </1 — ﬁ&) [zA(l — a)x%h, - 5] hj=° (25¢)
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11-5
L [(1+0)p(1 + u) Aax? — y(1 + D,y [zA(l — W)xh, — i] X1
Xy = il 2 — (242)
Béd 1-6
n(l_ﬂé) [+ mAGXE + 7%1] Xt 70 4 T 15 [0+ 9+ Doy = 01 + ) A ] [zA(l — @)xh, — g]

Ty 3 p0 (1 + p)Aaxy +yx. (24b)

H =

T I+ +0)p+ A x,
S )
5
By =1 (Aﬁ_ ?5> [zA(l —)x%h, — g hl=0 (24¢)

Box I.
— o L_ 1+p+/1
C f ,/ < A(l —a)xih, < S5 and (1+u,)Aa " 57
z I+0)p(I+p) Aaxy -y (14+D)x14 _ a
_ i (A+p)Aaxy+yx, 4 A a)xf (26a)
Xe1 = 7[6‘5}1_5 " z Aa)c;z y(1+p+/1)x,+|—p9(1+/4,)Aaxt"
T 4 A Xpq1 Atpp)Aaxf+rx,4q
c p0 (1 + p)Aax? +yx, (26b)
Heg1 = —
T L+ (L4 0)p+ A x4
iy = neh) 0 (26¢)
o€ _ ap < € A 1+p+/1
le¢z‘/ﬂ < A cr)xh_d)ﬁ(s and(l+;4,)Aa 2=5r
p _s o
Xi = € SzA(1 — a)x*h? (27a)
Tpyp =1 (27b)
iy, = re®h) ™0 (27¢)

In addition to what was already demonstrated in Proposition 2.3,
with a similar procedure to that outlined in Appendix C and starting
from the first-order conditions, it is possible to express n, in terms of
the variables x,, y,, and A,. In particular, the following holds:

A—ps l—a [(l+;4,)Aax;’+yx,+l]h,

R,: n = . 28
A T4+ (40041 «a zA(l—a)x;rh,—; 28

Re: = A=ps 1+ u)A(l — a)x'h, (29)
B - T 14p44 zA(l—a)xf‘h,—ﬁ

A 1+1 1
Re: n=—"2_ (1 1 30
c- M 1+(1+9)p+,1< +”t+yAax;’>z G0
A 1
Rp: n=—2 _(+u)t 1
b M 1+p+/1( +”’)z 31

Regarding the fertility rates in the different scenarios, as already
noted, there is a positive contribution of the time grandparents dedicate
to raising grandchildren (x,) with respect to fertility. The more time
grandparents dedicate to raising grandchildren, the lower the expense
for parents, ceteris paribus, of raising children. Furthermore, it is inter-
esting to see the effect of x,, i.e. youth wages, on fertility. The effect
of an increase in young-age wage income on total fertility is negative,
since an increase in wages, ceteris paribus, increases the cost of raising
children and therefore reduces the fertility rate.

Systems T, Ty, To and T, describe the evolution of the physical
capital/labor ratio (x,), childcare time (x,) and human capital (&,) over
time. Due to the complexity of the systems, in the following section we
describe the main features of our model by combining analytical tools
and numerical techniques.

3. Qualitative and quantitative dynamics

This section describes the evolution of the state variables over time.
Unfortunately, the formulation of the dynamical systems in cases A

and C is too complex to be approached analytically. In these cases,
we use implicit maps that could be made explicit; however, their
manageability would remain prohibitive, which makes it difficult (if not
outright impossible) to examine properties such as the determination of
fixed points and their nature from a purely theoretical perspective.

3.1. Elderly dedicating all their time to childcare

We begin by considering cases in which the growth rate of the
present value of the effective wage is low, and adults plan to spend
all their time in old age caring for their grandchildren (i.e. y,; = 1).

In Proposition 3.1, we report the results for cases B and D, where
an explicit formulation of the respective dynamical systems enables us
to achieve more results. The proof is presented in Appendix D.

Proposition 3.1. Let the following conditions hold in region B:
zA(l — ) <L L)
3¢ A
> — (32)
zA(l - a) LL - —ﬂL pa
sy 1 sy 4
and
a—1
p 1 1+p+6
24| — — > — 1y, 33
() =t >

then the point with the following coordinates:

1 1
Eg(xpg, pg, hg) = P 1 1, = «
Pobai P pq ()
z '\ oo T [z
denotes an equilibrium point for region B.
Moreover, let the following conditions hold for region D:
gt [(2) 20 -0 < A
55 < o0 [(/1) 240 -w) 7 < (34)
and
2408 > z(1 4+ p + Dy(1 — a), (35)

then the point with the following coordinates:

L 1
Ep(xp. p. hp) = <[§zA<1 —o)| T, ena>

is an asymptotically stable equilibrium point for region D.

The results of Proposition 3.1 also lend themselves to an interesting
economic interpretation. In fact, we can argue that when grandparents
dedicate all their time to raising their grandchildren (4,,; = 1), then
two unique equilibrium points exist for regions B and D. In particular,
the equilibrium point Ej, is asymptotically stable.
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Fig. 1. Dynamics in case D for parameter values A =100, a = 1/3, f=0.1, 6 =06, e =0.1, $ =09, y =04, 1 =0.6, p=0.3, z =0.7, 6 = 0.3, and z = 0.075 and initial conditions

X =6, s = 0.6, and hy = 0.1.

The long-term evolution of the model in cases in which all the time
is planned to be dedicated to raising grandchildren in old age, can be
better understood by showing the computational experiments.*

In the following Figures, we present four subplots related to the
evolution of the state variables over time: in Panel (a), we will illustrate
the dynamics of the physical capital/labor ratio x,, in Panel (b), we will
show the dynamics of the childcare time by the elderly y,, in Panel (c),
we will demonstrate the dynamics of the human capital 4, and finally,
in Panel (d), we will display the dynamics of fertility choice.

In Fig. 1, we present the trajectories in R, (i.e. developing countries
and low growth rate of the present value of the effective wage). As
proved in Proposition 3.1, all variables converge to an asymptotically
stable fixed point, while g, settles to 1 immediately after the initial time
t=0.

In this case, due to the low labor income, it is disadvantageous for
adults to invest in educating their children as it leads to stabilizing
human capital at lower levels. Additionally, the growth rate of the
present value of the effective wage rate is low, making it unbeneficial
for the elderly to work. Instead, it is better for the elderly to dedicate
all their time to caring for their grandchildren. This contribution to
child-rearing will promote a relatively high fertility rate.

Countries in Region D are characterized by low income, high fer-
tility, older people retiring early to care for grandchildren and low
education and human capital levels. This scenario can be found in

4 We conducted the experiments using MATLAB, where the code considers
the four regions. Considering the significant number of parameters, we ex-
plored several parameter configurations associating each region with a unique
color. Specifically, region A is red, region B is magenta, region C is blue, and
region D is orange. The MATLAB code for reproducing all the figures presented
in this article is available in the associated repository (Baldi et al., 2025).

regions with strong intergenerational family structures and informal
economies, where older people are often more focused on caring for the
family than continued employment. For example, Niger has a very low
per capita income, an extremely high fertility rate (about 6.8 children
per woman, the highest in the world), older people leaving the labor
force early to support the family and low education levels. Another
example is the Democratic Republic of Congo.

In Fig. 2 we present the trajectories of the dynamics entirely in
region B (i.e. rich countries with low growth rate of the present value
of the effective wage). Once again,0 x, immediately settlesat 1 at7 =1,
indicating no elderly labor supply.

In this case, high labor income enables adults to educate their
children more easily, which leads to an increase in human capital over
time. Unlike the previous case, this results in a growth in human capi-
tal, which suggests that the equilibrium point identified in Proposition
3.1 may either be unstable or have an attraction basin that does not
align with region B. Furthermore, similar to the previous case, the
growth rate of the present value of the effective wage rate remains
low, making it unprofitable for the elderly to work. Instead, it is more
beneficial for them to focus entirely on caring for their grandchildren,
which contributes to a relatively high fertility rate.

This region corresponds to countries with high income, medium to
high fertility, low employment rates among older workers and high
human capital investment. These are generally advanced economies
with generous welfare systems, family support and high-quality edu-
cation. For example, France has high income, relatively high fertility
(around 1.8 children per woman, which is one of the highest in Europe),
older people leave the labor market at around 62-64 years of age
and accessible universities, high-quality public education and strong
vocational training support. A similar circumstance is observed in
countries such as Denmark, Ireland and New Zealand (high income,
medium-high fertility, low employment over 65 years of age and free
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and innovative education systems with strong focus on digital skills and
lifelong learning).

3.2. Elderly dedicating time to labor and childcare

As noted previously, a dynamical systems evaluation concerning re-
gions A and C (i.e. characterized by the high growth rate of the present
value of the effective wage) is too complex to be approached analyti-
cally.® Therefore, we only consider the open cases from a quantitative
perspective.

In Fig. 3, we present the trajectories associated with the case be-
longing to region A in which young-age wage income is sufficiently
high. While the values of x, and y, converge to a given value, per-
capita human capital &, increases over time. This dynamic of human
capital arises from the fact that parents in affluent countries find it
worthwhile to invest resources on their children’s education, which
increases human capital. In this case, the elderly divide their time
between caring for children and supplying labor, while the fertility rate
is lower compared with previous cases.

Countries in Region A that combine high income, low fertility, an
older population that remains in the labor market longer and strong
human capital investment tend to be advanced economies with high-
quality education and active skills development policies. A country that
meet these criteria is Switzerland, which has one of the highest per-
capita incomes in the world, a low fertility rate (around 1.4 children per
woman) and an average labor market exit at around 65-66 years of age.
Concerning human capital investment, Switzerland has an excellent

5 Technically, it would be possible to move to an explicit form, however,
the complexity would not be reduced and further qualitative studies cannot
be done.

education system, a high percentage of tertiary graduates and a high
continuing education investment level. Similar arguments could be
made for Sweden, Norway, Germany, the Netherlands and Japan.

The trajectories associated with region C are presented in Fig. 4
and refer to low values of young-age wage income. In contrast to the
previous case, a stationary equilibrium is reached (i.e. h, stabilizes as
parents no longer consider it worthwhile to invest in their children’s
education, resulting in a decline in human capital). Additionally, simi-
lar to the previous case, the elderly labor supply remains positive and
is associated with lower fertility rates of cases B and D.

Countries in region C with low income, older people still working,
medium to low fertility and low education and human capital levels
are often in developing countries with weak social systems and limited
investment in education. For example, Bangladesh has low income, low
to medium fertility, a high proportion of older people still working
in the informal sector, low educational attainment and a high school
dropout rate. India is also a low- to middle-income country with a
declining fertility rate, many older people still working in agriculture
and the informal sector, and low access to higher education.

3.3. Transition between regions

An interesting question is whether a switch between regions is
possible (i.e. situations in which an elderly person’s choices fluctuate
over time by time, or where transitions between high and low growth
rates of the present value of the effective wage can emerge). This
question relates to the mathematical properties of the invariance of set
R;, i € {A, B, C, D}. In the cases previously considered, a trajectory
starting in a given region does not exit that region, meaning that the
region is invariant. However, if a trajectory beginning in one region
eventually enters a different region after a certain number of steps, the
set is not invariant and transitions between regions are possible.
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Fig. 3. Dynamics in case A for parameter values A =70, « = 0.5, = 0.5, 6 = 0.5, ¢ = 0.1,

xp =2, pp =08, and hy = 10.

Considering the analytical complexity of our model, we can only ap-
proach this question by means of numerical simulations. Therefore, we
can show a transition from one region to another employing numerical
experiments.

One example is presented in Fig. 5, where trajectories starting in
region A switch to region C, with each variable reaching a steady state.
In this case, the elderly consistently benefit from dividing their between
raising grandchildren and working — indicating a positive elderly labor
supply — yet the economy transitions from a high-income to low-income
circumstances.

Fig. 6 reveals similar and opposite situations in the transition from
region C to A where x, and y, stabilize and h, diverges. This situation
refers to the same case as Fig. 5, but the transition occurs in the
opposite direction (i.e. the economy moves from a low to high wage
income).

This result demonstrates that it is possible for trajectories to begin
in region A and end in region C, but the reverse journey is also feasible.
However, the latter case does not reach an equilibrium point but human
capital levels rise. Furthermore, these results lead us to conclude that
while there can be at least one asymptotically stable equilibrium point
in region C, its basin of attraction does not coincide with the entire
region.

The final outcome of our system depends on several factors, such
as the parameter constellation and the initial conditions, meaning that
a complete explanation of the motivations behind such behaviors is
complex. However, some suggestions could be explored. In particular,
Fig. 5 shows the case where, unlike in Fig. 3, both the human capital
level and capital-labor ratio (as well as young-age wages) decrease
over time. As a consequence, after several iterations, the product h,x,
becomes sufficiently low, the condition C, on the effective wage is
meet and the economy transitions from rich to poor. This mechanism
could be linked to the value of 4, i.e. the utility weight of the number

0.38 . . '
0 20 25 30

$=057y=09, 1=05 p=01, =03, § =0.1, and z = 0.5 and initial conditions

of children. In fact, it can be immediately observed that if A is small
enough (even close to zero) then the weight attached to fertility is low
and education levels are positive, creating a virtuous mechanism with
higher human capital. In this case, condition C, cannot be violated and
the economy remains rich. On the other hand, with higher 4, condition
Cc on the effective wage could fail, no investment in education is made
and the human capital level shows a decreasing trajectory. The opposite
case can be explained as a sort of leverage effect that can emerge for
low values of 4, and as a result economies may move from poor to rich.

When a country moves from region C to region A, the most note-
worthy changes are the growth in per capita income, human capital
and fertility. An example of a country that has made the transition from
low income and high fertility to high income and low fertility is South
Korea. South Korea went from being one of the poorest countries in
the world in the 1960s, with a weak education system, high illiteracy,
low human capital investment and high fertility (in the 1950s, South
Korean women had an average of 5-6 children), to being an economic
powerhouse today, with a high average gross domestic product per
capita, one of the best education systems in the world, with a strong
emphasis on science and technology, high human capital investment,
with one of the highest graduation rates in the world and one of the
lowest fertility rates in the world (around 0.8 children per woman in
2023).

In the other case we theoretically examine (i.e. the transition of a
country from region A to region C), no possible examples exist in recent
years as economic development and human capital tend to be enduring
factors. However, there are some cases in which wars, economic crises,
political instability and bad governance have resulted in drastic decline
in economic and social conditions. For example, Venezuela was one
of the richest countries in Latin America until the 1980s and 1990s,
thanks to oil reserves, high education and health investment levels and
an average fertility rate. Today, per-capita income is extremely low due
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to poor governance, hyperinflation and corruption, and the education
system has collapsed, resulting in a mass exodus of professionals and a
rise in fertility among the poorer classes.

Finally, a different situation emerges in Fig. 7, switching from
region B to region D. In both cases, the growth rate of the present
value of the effective wage is sufficiently low, with the elderly primarily
spending time caring for grandchildren. This causes a shift from high
to low young-age income and the system stabilizes to the fixed point as
shown in Proposition 3.1. Additionally, by combining the observations
from Figs. 7 and 2, we conclude that both trajectories exist in region B.
These are characterized by increasing human capital levels that remain
in region B, while other trajectories overflow into region D, reaching
the asymptotically stable equilibrium point.

3.4. Different initial states

This section examines the behavior of orbits under the same pa-
rameters but assuming different initial states. Specifically, we aim to
infer whether changing the initial states preserves the behavior of
the orbits through further graphical analyses. For example, based on
what we previously illustrated, some orbits may remain entirely within
region A and others may migrate from region A to region C. However,
the two cases examined earlier differed in terms of parameter values.
Nevertheless, from these observations, it is reasonable to assume that
the initial state might influence the evolution of the orbit. In the
additional experiments conducted, we encounter situations that either
support or contradict this hypothesis.

For instance, using the same parameter configuration as in Fig.
2, Fig. 8 reveals that the orbits are entirely confined to region B.
Specifically, the dynamics of x, converge to the same equilibrium point,
while those of A, diverge. Although we are unable to provide a rigorous
proof that the basin of attraction coincides with the entire region, after
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conducting additional tests beyond those in Fig. 8, we consistently
observed convergence to the same value of x, across various initial
conditions. Therefore, it is logical to contend that the basin of attraction
includes at least the entire region B (i.e. developed economies with low
wage growth rate exhibit the same long-run dynamics), at least in this
case.

We want to emphasize the words at least in the previous sentence. In
fact, in other numerical tests, we find that the basin of attraction can
also extend beyond its region of origin. For example, this is the case
with the same parameter configuration as in Fig. 4, which pertains to
region C. As clearly shown in Fig. 9, the dynamics of x, corresponding
to different initial values converge to a point within region C, but one
of them begins in region A. Moreover, this result is consistent with the
previously illustrated transition from region A to region C. In this case,
the dynamics of 4, also converge. As a matter of fact, several numerical
simulations show that the basin of attraction of the equilibrium point
belonging to C can be larger than region C. Economies with high wage
growth rates can transition from being developed to developing. Such a
shift may occur if the product of the capital-labor ratio and per-capita
human capital falls below a certain threshold, causing the economy to
move from developed to developing countries.

In summary, the proposed experiments show that under the same
parameter configuration, changing initial conditions may produce dif-
ferent outcomes. In some cases, we observe that orbits behave similarly
within a neighborhood or across an entire region, while in other
cases, the behavior varies depending on the initial conditions. Hence,
economies can shift from one type to another assuming all other factors
remain constant.

3.5. Equilibrium in region B

This section explores the equilibrium point in region B, as men-
tioned in Proposition 3.1. It is not immediately clear that a combination
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Fig. 5. Switching dynamics from case A to case C for parameter values A = 100, a =
and initial conditions x, =2, u, = 0.8, and h, = 2.

of parameters exists that satisfies both conditions (32) and (33), and
that is also located in region B. However, it has been shown that
equilibrium point E exists when conditions (32) and (33) are met. For
instance, the parameter combination associated with region B shown
in Fig. 2 does not satisfy constraint (32). This naturally raises the
question of whether there is a parameter combination satisfies both
constraints (32) and (33), as well as the conditions defining region B.
To investigate this, we used a solver to find a solution for the following
nonlinear constrained optimization problem and determine whether a

feasible solution exists:

min 1 (36)
s.t.: A—B5>0 (37)
ap s € A
A(l = a)xEhy > 275 (38)
U+ ppAal » LH2HA, 39)
X po
X0 > 0 (40)
o >0 (41)
Mo =1 (42)
hy>0 43)
. . 1-6
L, [zA(l — @)xThy — 5]
a=7 5 1—6p,1-5 “44
T (P6p)°(A—p6)'~h,
=1 (45)
pog \' P
m=r( 7255 ) |FAQ-oxgh - 21 g (46)

60

0.25,

11

0.75

10 20 50 60

a
_ o 1
zA(l —a) (ﬂéd) T ) ;

aﬂ > ﬁ (47)

1 A=p5 1

ZA““”(@T T

o o

a—1 1 0

2Aa<ill> > 1PT 48)

pod 1 o0
a, B, v, 6, Ap, 0,2€(0, 1) (49)
¢ €(0,1] (50)
Ae, m>0. (51)

As is well known, optimization solvers do not support strict inequal-
ity constraints. However, these can be easily converted into > or
< constraints using appropriate techniques. In our experiment, the
solver successfully provides a feasible solution that met all constraints,
demonstrating that at least one combination of parameters exists in
region B that ensures the existence of equilibrium point E;. We next
approximate the values provided by the solver to two decimal places
and rechecked that these values satisfied all constraints (37)—(51). As
this check was successful, we examine the equilibrium point with the
following combination of parameters and initial values:

A =50.03, a =068, f =058, 5=079, =223, =046, y = 0.65,
A=079, 7 =051, p=021, 0 =052, z = 0.13, x, = 3.45,
po = 0.58, and hy = 3.38.

This combination of parameters produces the following (approximated)
values for the coordinates of Epy:

xp =2.336527, up = 1.000000, and hp = 330.121685.

In Fig. 10, we present the dynamics for the proposed combination
of parameters and initial point (x(, pg, hy) = (3.45, 0.58, 338), as well



M.M. Baldi et al.

Economic Modelling 149 (2025) 107102

3- 1r
095
08
07h
06
Z05F
041
03
0.2
12 01f
1 . . . . . 0 . . . . )
0 20 40 60 80 100 0 20 40 60 80 100
t t
(a) (b)
90 095
80+
70+ 0.9
60
sl 0.85
~ o} =
0.8
30+
201 0.75
10
0 : ) 0.7 . . . . )
0 20 40 60 80 100 0 20 40 60 80 100

t

()

Fig. 6. Switching dynamics from case C to case A for parameter values A =100, a =0.35, f =04, §=0.5, e=0.1, $ =0.6, y =0.7, 1 =095, p=0.1, 7 =0.35, =02, and z=0.7

and initial conditions x, =1, u, = 0.15, and A, = 0.01.

6.5 1
6 0.9
55 0.8¢
0.7+
5
0.6
45
g T 05F
4
0.4t
35
0.3t
31 02f
25F 01
2 | | J o | | |
0 50 100 150 0 50 100 150
t t
(a) (b)
10¢ 761

Fig. 7. Dynamics in cases B and D for parameter values A =100, a =1/3, p=0.1, § =06, ¢ =0.1, $ =09, y =04, 1 =0.5, p=0.2994, z = 0.9, 6 = 0.3, and z = 0.075 and initial

conditions x, =2, y, =0.8, and A, = 10.

12



M.M. Baldi et al.

30

25+

20

Tt

15,

10

20
t

()

Economic Modelling 149 (2025) 107102

X 10'3

25

(b)

Fig. 8. Several dynamics in case B for parameter values A =100, « =0.5, $=0.5, §=0.5,e=1, $=0.5,7y=0.3, 1=0.8, p=0.8, 7 =08, § =0.5, and z = 0.2 and different initial

conditions.
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Fig. 9. Several dynamics in case C for parameter values A =100, a = 0.5, f =04, 6=0.5, e =0.1, $ =0.6, y = 0.7, 1 =0.99, p =0.05, = =0.35, # = 0.2, and z = 0.7 and different

initial conditions.

as for the following initial points: (xq, ug, hg) = (1.45, 0.48, 238), and
(Xo» Ho» o) = (745, 0.68, 438).

As can be clearly seen, the values of x, converge to the value of
xp = 2.336527, and the values of y, also converge to 1. The latter result
follows from the fact that region B is characterized by y, = 1, except
for u,. However, the dynamics of h, may diverge. This result is not
surprising, as x, has been defined as the ratio of two quantities that
can diverge at the same growth rate, and thus their ratio may converge.
Since it is sufficient for just one dynamic to diverge, we can conclude
that the equilibrium point E for this combination of parameters is a
repeller.

To demonstrate the validity of this claim, we repeat the experiment
starting from the point (xo, ug, hy) = (xp. #p, hp +1075). The results
are illustrated in Fig. 11, where it is clearly seen that all the dynamics
remain constant except for that of 4.

As explained in Devaney (2022), if E; were an attractor, the dy-
namics of 4, would also converge to hp after several iterations. Instead,
we clearly observe that the dynamics of A,, although only slightly,
begin to diverge from this value as the number of iterations increases,
confirming that Ejy is a repeller.

In conclusion, we can confirm that there exists a combination of
parameters for which Ej exists. Regarding the combination found, we
observed that E is an unstable equilibrium point, as x, and y, converge
while &, can diverge.

This divergence is consistent with the fact that E lies within region
B, a rich region characterized by the growth of A,. Although these
experiments do not rule out all possible cases, they do support the
results presented in Proposition 3.1.

13

3.6. Sensitivity analysis

This section conducts a sensitivity analysis to assess the robustness
of our model. To do so, we propose various bifurcation diagrams,
displaying the steady-state solution as a function of a varying model
parameter. Considering the large number of parameters involved, we
limit our analysis to varying y between 0 and 1, and = between 10 and
20.

We present the same parameter configuration and initial point
in Fig. 12 as in Fig. 5, but with a varying y between 0 and 1. The
results reveal that as y increases, a transition occurs from region A to
C at a steady state for x, and y,. In both cases, the steady-state values
of the variables decrease as y increases.

Through various experiments on different parameter configurations,
we find that varying y between 0 and 1, elicits two types of behavior;
that described in Fig. 12, where the steady-state values of x, and g,
decrease and that shown in Fig. 13.

In this case, the steady-state values of x, and y, remain constant as
y varies. For example, Fig. 13 shows the same parameter configuration
as in Fig. 7, revealing a transition from region B to region D.

Since the parameter configuration in this case satisfies conditions
(34) and (35), an asymptotically stable equilibrium point exists in
region D. At a steady state, the system converges to region D, wherein
the coordinates of the equilibrium point do not depend on y, explaining
the consistent behavior observed in Fig. 13.

Finally, Fig. 14 shows the bifurcation diagrams for the same param-
eter configuration and initial conditions as in Fig. 2, but with z varying
from 10 to 20.
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and hy =1 and 7z varying between 10 and 20.

As shown, the behavior of y is constant because we are in region
B at a steady state, which is characterized by y,,; = 1. Conversely, we
observe a decreasing trend for x, as = increases.

We also find this asymptotic behavior for other parameter combina-
tions, leading us to believe that this behavior can be explained by the
fact that = values that are not too close to zero cause h, to diverge.
This behavior is clearly observed in the richer regions (A and B).
Presumably, for the same reason, = values also satisfy both constraints
that characterize region B.
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4. Conclusion

Increased longevity has extended the time that grandparents can
contribute to raising their grandchildren. In fact, retired parents may in-
vest time in providing childcare. These intergenerational time transfers
can play an important role in family decisions. Although limited atten-
tion has been given to the role of grandparents as childcare providers,
many families rely on them for support in raising their children.
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This study investigates how grandparents’ childcare efforts influ-
ence fertility decisions, elderly individuals’ labor supply and ultimately
economic development. Our model enables us to consider these vari-
ables, wherein adults must decide how many children to raise and how
much to invest in their education, while also determining how much
time to dedicate to work and caring for their grandchildren in old age.
Therefore, we extend the work of Fanti and Gori (2014) by including
an endogenous time allocation, focusing on how the elderly choose to
divide their time between work and childcare.

Results reveal that increased effective wages in high-income
economies tend to raise educational investment in children’s human
capital, which elevates human capital. Individuals’ choice to work in
old age does not depend on the state of economic development, as the
decision to work or dedicate all one’s time to raising grandchildren
depends on the relative wage dynamics in high- and low-income
countries. In fact, we demonstrate that adults decide to work in old
age in both region A (high-income countries) and region C (low-income
countries). The decision whether or not to work when elderly depends
on comparing the marginal benefit of raising grandchildren (related to
the utility it provides) with the opportunity cost of dedicating time to
grandchildren (i.e. the effective wage they would obtain if they worked
when elderly). Therefore, if the growth rate of the present value of the
effective wage rate is high, ie. the utility weight of childcare during
old age is low, adults will decide to work in their later years.

Following Gori and Michetti (2016) and Blackburn and Cipriani
(2002), further research could consider endogenous longevity or intro-
duce inherited tastes.
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Appendix A

Proof. We begin by expressing an equivalent model, substituting the
value of h,,; given by (7) into the objective function. Next, we evaluate
s, in (6) and substitute it into (5). We must also account for the implicit
constraint e, > 0. After incorporating all these transformations, our
model becomes the following:

max U, (cy, € pp1s Hep1s My €) =Iney  +plney g +p0lnp,yy + flnz+
+ péln(e + ¢pe,) + f(1 = 6)Inh, + Alnn,

A1)
€ 141 y

st e+ — — by (1= pgy) + nye, + zwghy) = w,h, (1 + )
Frt1 Fig1

(A.2)

e, >0 (A.3)
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0<py <1 (G

We approach the revised model using the Lagrangian multipliers
method. To do so, we rephrase constraint ¢, > 0 as —e, < 0 to
ensure that the Lagrange multipliers associated with inequality con-
straints are non-negative. The rank of the matrix linked to equality and
(potentially) binding inequality constraints is at its maximum. There-
fore, qualification constraints are satisfied. Let #,, x,, and & represent
the Lagrange multipliers associated with constraints (A.2)-(A.4). The
Lagrangian function L, is as follows:

Er(cl,r’ Cot1s Hig15 € s Mes Xt 51) = Ut(cl,t’ C2,r+l > Hig1s My er)+

€y 141 Y
- Wiy hy

= e, + (1 —;4,+1)+n,(e,+zw,h,)—w,h,(1 +u)| +

Ty

+ xe — ¢ (MH—I - 1) . (A.5)

Differentiating £, with respect to the decision variables ¢, ,, ¢; 141, #1415
e,, and n, and setting these derivatives to zero, we get the following set
of equations:

oL, 1

=0—> — —75,=0. A.6
ac“ - o, Ny ( )
oL
i B SIS (A7)
acz, t+1 €2 1+1 Tiy1
oL 6
o0 2 ey Lw, h =0 (A.8)
Ofiry Mt T
oL, 1Y)
—L =0 + =0 A.9
de, - €+ ¢e; & = mm (A-9)
%Lt 0~ 2 ey + 2wy = 0 (A.10)
on, n, e Ny - .

Setting the partial derivative with respect to 5, to zero results in the
original constraint (A.2).

The complementary slackness conditions associated with the in-
equality constraints result in the following:

xe =0 (A.11)
and
& (I‘H—l - 1) =0. (A.12)

Finally, non-negativity of the Lagrange multipliers requires the follow-
ing:

1 =0 (A.13)
and
£ >0. (A.14)

The complementary slackness conditions (A.11)-(A.12) serve as the
starting point for solving the system of first-order conditions (A.6)-(A.14).
According to these conditions, we consider four regions (or cases),
denoted as A, B, C and D.

Ryie,>0,p 1 <1- 4=0,&=0
Rp:e,>0,6>0- 1, =0, =1
Re x>0, 41 <1—>e=0¢=0
Rp i >0,6>0—>e=0,p,, =1

We easily obtain the first-order conditions listed next after performing
some algebra.

Region A

1 w;
———(Bépzw,h; — Ae) >0, (1+pu,)

1+p+4
7 —ps r

A # ps, ,
#P 0

r <
1+1
Wiy

[(1 + Hw, +7/'f’—“] h,
1+1
1t =

P [(1 + UIr W + VwH-l] hy
1+(1+0)p+ 4

5

T+ +0p+i 2=
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AR BTy zwh, = <
Region B
1 w, 1+p+4

A # pé, m(ﬁ5¢zw,h, —2)>0, (1+ ﬂ,)wtll Py 2 0 ,
¢ = A + u)w,hy c _ pU+ p)rw by -1
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w 1+p+4

Shzw,h, — re <0, (1+ : Pl
Bogzw,h, €= ( Mt)w,HrH'l 20 14

[+ e, + 22|
LT T Y0+ op+a

Wiy
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A Y Wi\ 1
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Region D
w, I+p+4 (0 + pw,h,
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pépzwh, > ( llr)wt+l 41 = 20 1,1 1o+ 4
P+ prig wih,
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n 1+p+i( Mz)z

To compute second-order conditions, we first determine the Hessian
matrix H of the Lagrangian function, given by:

[ - 0 0 0 0 ]
clz
((——] 0 0 0
c2,x+l
H=| 0 0 - 0 0
1+1 )
__béd _
0 0 Ctpenz M
0 0 —H; _n%
L >

For the stationary points to be local maxima, the Hessian matrix must
be negative definite on the set defined by equality and active inequality
constraints. We find that the signs of the first four leading principal
minors alternate as (—1)¥, where k is the order of the minor. Therefore,
it is sufficient to ensure that the determinant is negative. This implies
satisfying the following inequality:

P4

2> (.

A5
Ccrderm (A-15)

Substituting the values of ¢,, n, and #, for case A into (A.15), we obtain

the following inequality after performing some algebra:

1+(1+6 2
[1+(1+ )p+/1]2 <ﬂ/15_1>>0’
[(1+ﬂ,)w,+y—“"+l] h2
T4l

which holds true if A — 5 > 0. Employing a similar approach in case B
yields a distinct inequality, which is also satisfied under the condition
4—p6>0.
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Substituting the values of e,, n, and #, for case C into (A.15), we
obtain the following inequality after performing some algebra:

2 2
[+ 400+ 47 [% <£> zzwz_L] >0
[(1 + uow; + Y%]

t 2
€ ht

This inequality is satisfied if the following holds:

e [ A
wtht>& %

Employing the same approach in case D produces a different inequal-
ity but results in the same second-order condition as in (A.16). By
combining first- and second-order conditions, the claim is established.
In particular, for each region, the value of s, can be obtained us-
ing (6). [

(A.16)

Appendix B

Proof. Increasing time ¢ by one unit in (14), we obtain the following:

(L= p )by

My = Mgy + ®.1)

t
Specifically, when y,,; = 1 (cases B and D), (B.1) reduces to m,,; = h, 4.

By substituting (17) and (18) into (B.1), we can express m,,; in
terms of the ratios k,/m, and k. /m, .

Similarly, by substituting (17) and (18) into the formula for 4.,
we can express y,,; in terms of ratios k,/m, and k,,,/m,,,. In cases B
and D, this relationship is limited to x,,; = 1.

Performing the same substitution in (3) and considering the assump-
tion h, = h,, we can express y,,; in terms of the ratios k,/m,. In cases
C and D, this relationship is limited to h,,, = ze®h!=.

Finally, by substituting the values of s, and », from the first-order
conditions into (19) for each case, and then substituting the values of
w, and r, from (17) and (18), respectively, we can express k| in terms
of ratios k,/m, and k,/m,,;. O

Appendix C

Proof. We only prove the theorem for case C, and similar steps apply
for the remaining regions. Dividing (22a) by (22b) on both sides, we
obtain the following:

k% k

A+0)p(1+p) Aa e~y (1+7) L K
z my M1 Al '
i T -0z

<1+m)Aah—L+yﬁ d

— 1
- K ki1 K D
AEW y(l+p+i)mfp9(l+y,)AaW

kH—l

my

z
A Kk
Myt

TeSh® +

1 A k;‘ kig1
(Ip1p). aﬁﬂ/"‘zﬂ

By defining x, as the ratio k,/m,, (C.1) can be reformulated as follows:

z (l+6’)p(l+y,)Aax’;' =y (14+A)x, 41
A (I4p)Aaxi+yx, 4

A(l — a)xf

X =
1+1 z Aaxy y(I+p+A)xy 1 —p0(L+p) Aax)

(Ap)Aaxy+yx4

zz:e‘sht_‘S +

A Xyl

Extending the same substitution to the remaining equations yields the
desired result. [

Appendix D

Proof. We denote, by xjp, up, and hy the coordinates of equilibrium
points satisfying the condition x = f(x) in this region, that is, those
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points satisfying the following system:

. o118
5 [zA0 - @ hy - <]
xp== (D.1a)
T (BS)(A— ﬂ5)1‘5hi{5
Vug =1 (D.1b)
b5 5 e1°
a 1-6
hB=n<m> [zA(l—a:)thB—5 n (D.1c)
For convenience, we define F as follows:
€
F =zA(l —a)x%hp — —.
B'"B ¢

hp =0 1is a solution to (D.1c), but it is not acceptable as it would make
the denominator of (D.1a) zero. Therefore, we can divide both sides of
(D.1c) by hy and, after some steps, obtain the following:

1 pép
hp = F. D.2
B=T0 o I (D.2)
This implies the following:
1 A=ps
=———hp. (D.3)
o1 Pod
We can rewrite (D.1a) as:
1-5
xg=2 L (D.4)

% (Bod) (4 - p) iy
Plugging (D.3) into (D.4), after some steps we obtain the following:
p 1

= og

Substituting this value into (D.2), after some steps, we obtain the
following:

1
T

1

L\ s
ZA(l — @) (ﬁ”?) -2
Finally, we must ensure that the point Ej that was just determined
actually exists. To do so, we simply substitute the E coordinates into
the inequalities describing region B. We obtain (32) and (33) following
some straightforward steps.

Concerning case D, we denote, by x, up, and h; the coordinates

of equilibrium points satisfying the condition x = f(x) in this region;
that is, those points that satisfy the following system:

hp =

Sl
|H

@il

k3

€ 1-6
, [zA(l — @)X E]
xp=*t (D.5a)
T (BE)(4— ﬂﬁ)l‘éth_‘S
Vup=1 (D.5b)
pog \’ P
o= (7=g5) [FAC-Oxiho = 2| (D.5¢)

While Eq. (D.5¢) is satisfied for hj = 0, this solution is not accept-
able as it would make the (D.5a) denominator equal zero. Therefore,
since h # 0, we divide both sides of (D.5c) by A and after some
straightforward steps, we obtain the following:

=

hp =en
Substituting the value of A into (D.5a), we obtain the following after
some straightforward steps.

1
Xp= [%zA(l —a)] e

Since y,,; = 1 in the original system, this equation would produce
a row of zeros in the Jacobian matrix. Therefore, we construct the
Jacobian matrix associated with the system in case D by considering
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only Egs. (27a) and (27c¢). Substituting the coordinates of E;, into this
Jacobian matrix, we obtain the following:

L

5[§m<1—a)] -«
Jpxp, hp)=| “ 1
€mwo

0 1-6

Therefore, the equilibrium point E;, is asymptotically stable; however,
it is also necessary to ensure that this point exists. To do so, we substi-
tute its coordinates into the conditions governing region D. Following
some simple steps, we obtain the conditions (34) and (35). [

Data availability

I have shared the link to my data/code at the Attach File step.

Elderly labor supply, endogenous grandparental childcare, and fertility
in an OLG model. (Original data) (Mendeley Data)
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